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P, TR, AT R C 2B T AMIREME AR ARG R
B LR AR AE BERNEBERBIZ — ARNBEBHENRIEELE
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H 1949 4, Shannon &R CIRFBEFHE BRER Y MEBRFEFRAANBZN
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H 1976 4F Diffie f1 Hellman 2 AHABBIIRLIR, F 2 AHBE T ENZ
WA FEREHBRT, JLEIEFENEZamiRRE T LA B mE. 553
RRBEHO R BB BN B WA B E 2 T B &% 0.

NHERBARETZHMN AT ER TN, BERELXGUREEEFRL
N ASZAHI LT HPHEFLWE RSA HES DSABFEREL).
RSA W& 2MET KB E MBI, T DSA Mt E T AR ERERT W E
BOM . YA EX A MR A BT M k. XEREAE LMY R T
G REH L, Frif HREHAKE LIRS 1000 HEF. BT I, 7ERERE. 7F
filf 22 () LA ST 98 Z PRV 2 N S, BRI M L EAR B E A
HE .

1985 4, Neal Koblitz &5 Victor Miller i #i 2 H] T #HE R dh LR &, ZE
TR B R T A BR 3 G [ il 2 R B P A B O BRI . B H AT Ik, SRAE
(R p7 £ B RO 8501 Ay e AR T R AR T ) S0k, R v A BN B IR B
HIRFN 5 FORA R 22 2 HEBEK, AT AT LKA B f 2R B S L A T LR ey 2 /R
WA, Zatid B HIVEMER, WEMAFBEILCEGE) ZHNA, 3FE
4 ANSL IEEE 145 ISO SEHLA4 IETERHH B th R R H L — 5 LA bR L. 72
1999471 A, DSA BB M M4 (ECDSA) il T 2 E SR ANSI9.62 FRyE.

86 TR Y £ 2 R B R DA PR SR [ et 2R Y TR 20 B0 S k. SRR, TR
D A GHX SO A TEY, Wi AR R O H B RA FX SR A TR B B E A
T. AR, Andreas Enge FI WS EWHERESHEMIES BT XHIEARE. £
SRR AR A PR R i R Fm IS, R T XA BHRIRAE B Hl
B SR A AR, BIFE, RN Andreas HBUX AT KB RN, RIBEXTHR
SEAE TR PR L AR B 2R IR RO AR A RN AN, AR —A
NI B

S. A. Vanstone
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FRTE T B RS U 3L B LR AL R E X — ST B B 7T 2448

B B AR B AR ST B R — R R E R —AANTTHES, A
H—BE I ERAMBERIRIT TG 2 XA5H HFERE EHZHT iR
R EERTTHREBTAF, BY kMG RN EREL, EdAHaES
FLRE T W53 H BT RGBT AR 5 U, nh B sl 28 b s N Bl . XA IR B B
LA W e 2

BARMAR Bl ZR i AR T, IR R s RAEIE A, R R R I8 L A6 [ Bl
£, (HRIEHGSE TR A BOGBR ZAFEE Y 2 BN, A EE T X E fhi &t
T —BYERI TR, BT T FHEEDY S BB, 3B R Y E MR REA X
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Drik Hachenberger, Dieter Jungnicked, Charles Lam 45 Berit Skjernaa 675 i, fi
P T A -Brymssde g TREA BRI

A EBEE TN A i R RRAES A B ISR L R 8.

Anderas Enge



FEIE
B

HIE
B1E
1.1
1.2
1.3
1.4
1.5
F2E
2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
2.10
2.11
LR
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8

B L 2 T - 1
EoR 2yt S A 2 g 1
Diffie-Hellman BEHACHRBIIL - vvvee e 3
ELGAMAL BBRRE] - - oo 5
B G T G 6
73 - 8
#HE @ﬁi%#ﬁﬁ .................................................. 10
ﬁigﬂ'ilz‘ﬁﬁﬂgﬁ ......................................................... 11
15 546 [ B - 14
@Eﬁﬂ?ﬁé%’ﬁi?ﬁ%iﬁ .................................................. 16
gfr;ﬁglﬁi ................................................................ 20
JRERER O (B et 21
BRI R ] e 25
BRI I - o 29
S 31
= R U 35

Picard B - e 39

BT T e 40
PRI EAIMEEIEELS - 45
BB AT IS 45
ﬁ}]&ﬁgﬁgjyfkﬁ ....................................................... 53
K(E) FEBI G- - o 58
Ll B o 67
m fﬂ'j—i ................................................................ 69
[ = 22 = W 86
Weil X‘T ................................................................ 92
Hasse BB - o - e oe ettt e e 99



- viii - H 3

3.9 Well BHE - o v 102
3.10 %EH{;J% .............................................................. 104
311 HEREHLE - 109
3.12 ﬁ%w .............................................................. 112
4B SEIEERE - - 113
4.1 Shanks’s KB/ Ee o v v 113
4.2 Pollard’s p BEHs - oo 115
4.3 Pohlig-Hellman F7 k-« covrrerrieiiiiii i 118
4.4 FERRTFEE: o 119
4.5 HHE AR BT B - - v 121
55 MBS AR 129
5.1 R/ INBE e 129
5.2 Schoof B ccvvreri i 136
53 Elkies ZE - v rr e 145
5.4 [EIFPBSRIBIEZ I - oo 148
5.5 Atkin B oo 153
5.6 SEA BIJ v 154
o 1 NI 159
B R - e e 167



F1E AHPFEBHRE

HEE BT RS TE LR AT &P N, BRENNHACRRR T4
FEHAREIH, BT —MARKERIEE, %M UNO ([UNCITRAL, 19983)
Hl UNCITRAL [1998b]) 5 EU ([Commission of the European Communities, 1998])
FERAR NI ELFN AR LSBT 5EANEHML, AFEEN
RTEEEMZ. MAAEHEE R LR LR R HEMEAZ EZe,
HESE. E THMES S, RITTENFLHTRENFLSEESHARE, 48
H— B RAITIL. ROTHEEN BIMFEMBFEZ AR, X Lok 7T A3
TERRRE L, S HIR T LAMES ™ 2UAG B 1 220 S B L. SCHR [Stinson, 1995] A1 [Menezes
et al., 1997] X EHILH ZE L EHTRE.

1.1 FAEEZE SN HEEY

ERER-TE-IATHEE LR EENER, RN YEOHERERS
HIMERX AR SPETR. RE SR B gk & 8645 97 W B B4 26 10 15
B, i AREIKE AR A BT SO R TTELSEHE Rk E I R R R B 1 S SFr R %
1 RS T LABHER. ROTE BTN LIRS, 75 1.4 TR E
B ELICHE I LA .

— BRI A L AL T 2l T M REAT AR5, R, BN
BBARFT R A AR EE. BT BRI, SRS ENANES, K
SBR LI Sl BB FOR A BB R, RIGEMLA %

B, BRI R RIEREER R, — B, SIPRBs R & K BE
R4, A NP — MEREE — D S, X—RiE B R R AR
RISLEE, EARREBRGIN SN E L. XS BRNTAIEME R, RIHRREE
IGEIE R “THR.

BB R RIRA O R G HBER AT — B AL, 1SR BIALE R EEIK
HHBMHBE. AR OEIR R B MERE, SR E TR —
HIRUA R RT AL GRS ih IR ROR. AR ORI, XM MUE R BRI R T — 4
ARG



2. B1E AHEGELE

TR, A ERLAHEAERES MC MK BUR—ErE L&
fe: M — CHIRL, i M, CKARIRRALTE, EXZRUREATH, ke K.
BATER, M RRTHTRMFRBRIESEE, C REHILENEIRESS. T MM
FREERAIRE, fr BARBBEARTRIELEES. AFEHEAT, M=CH
Jr BRUG.

24 Kevin f8%5 Laura RE—PMREHE m € M B, i EBEE—1%4
ke K, REHHEHEX c= fe(m) 3 HWXE B M TRARLSNEERES
Laura. Laura #Z5{X %3 ¢ AT BB R —MEDHK 7', UFBE
IR m = fi(c).

EEEWARNEBLRET , fr 3F 7 5% F 2SN IBERE—E
RE I A N MRB S RUAR A, 2 ARAR. TR L T8 6 37 T 1 T W) 2 Bl s -

BRSREE AP MEEITRERE R RS RE RN ES. b
BUR LISl — R 2 EE AR HIL I FE H Y, B4 TT LA 255 T v
WA~ AMEBR EE R E LA T2 R RGN LA AE LA
RGRFEHN B ALZEFEERRBL. FIN T RDEEARENELE, B
IR BASKA Y. THXRB I T AN RAMBITRA. SHER, E—4F
ETBRAKFS S, B RENEAPRABRZRER ARG T, XiERe
25 GE B R R R

BBEE 5 T B RET s T P4k A UM Ak, BRI B BECE L B
BHEE=F (WEE) IEWAREN S0, hTEERANERRST, —/ ks
FCH A MBI A AERA TR, B2 E e, thik— A H FREN A EC
R WA LA M.

1976 4%, Diffie & Hellman {gH] T SLX B MIH — N k. MBS
RS H R T E ki [Diffie and Hellman, 1976]. Diffie-Hellman & DA
PriRE 3t oy 8RR, S TR IS & . BEG— 14 bk xt
RTINS A i W CBIE SN HGE fi, AR ARTREFE o', B4 Kevin 3t
REAAR ML N2 R, BRATIER A4 . KRBT A (235 Laura) B R BB
8% Kevin. {HZ AR Kevin H RSB MR 350, MRS T %
oA B9 I ((ELR X Rt 02 B I 7E S S I Bl b, B0 % 3 — A —
AN O %) XRETESIAMGTREWRE: X FREEITER fi kil R
A EENRE RSB £, BBEFN fi HRHE £ MF Kevin 5%
k, AR RE R fth BT B B 25 3.

AP IR T LR EPAE: 4 R B R R A 1 A



1.2 Diffie-Hellman #5453 #MY -3-

KBTI AP RATTE—A B E W7 UE R AR A 2 IR FE . iR
Kevin At —A & %48 Laura 148 m #1784 X MYETRERMITIZ HEH
#—ER4>), Kevin ELKMERE ' EHE m L, REW (m, f; '(m)) BES
Laura. §1 T Kevin M —%IEBERE 7' WA, BFI Laura fE@E LB m &
5 fe(fi M (m)) EREEMB=FER (m, £ (m)) MR E T Kevin. IRFTEK
RIHEEFREREWE, BATA c= film) R m, K fi & Laura A,

3CHk [Diffie and Hellman, 1976], p.648 R HIEMW “5Fit 8" st& “HEARTIF
XFEAEIER AR TR R BT ME T TRE, BRIG LA T B B 1] R B R AETE
— AR AT AR BB . AR ATR Gk B A Xl R ST s L Y R R
EE P EX — b B R E R B . B ER RS RAMRE <5 T H
B T RAA B A E S AR N R EY, B2 MEFY b sl ATE
ZWMART R NEEE fi B S FETMREMEL fi M 7, R LAFEL TeHE
HSER fr(m) B f7M (o) BIHE. B—FWE, BIEEA fu(EIHEZR m, fu(m)
MECRR), WATRESTAEMNESE f' K i (0. HEHEIHGHE
RGBT TRBREREELCEATEN : B BFE I EEN LTt
HEEAER fi' (o), WM — m FERIE fu(m) = c BERL. WHRF H
SEVESIATE 2 T 2 I ) P T AR 0 () R ) P 8 s e vk A 2 T e D) T A B ]
BR—BWiE, Bl P= NP, BARAFFIERL MRS T P = NP 2ERAL,
X FE T — A B A T )

TESERR Y A, BAa PG 1] R HO% B BIE 7R 568 A AR A9 18 5 T sk
“GHENY” BHESERGT AT REL, TR BT A R EE, EHERE IR IRW
B0 T WARBES BRI TR RE. SR E SURN T B,
BBV TR A SN AP AR BERTESBH R RGN, &
IPRE R L A S H R ILA

TER I BT, SH A%t M B C PREEEMSHITEE. BTSN
B2 B TERERE ST L BIXT HA T3 AR e, (RSB X 48 3k S e A 35 B, Y
BARMMER. —fH, RAITEE M = C ARBER AEROBTERT R
LR (EHORU, STTROART N SBOE AR Baim, FHIHX g R 4w
HEAR DR T RS ). X R AT X B B TS, FEETE&S A%
TEERE PR FF S EL R TR, TG R il 28 _E 0 s HR e p— R kiR .

1.2 Diffie-Hellman %4538 # il
FEH PR Diffie f1 Hellman BEiHiY. BT R 52L A S SR,
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Diffie f1 Hellman #3328 % “A4 B ([Diffie and Hellman, 1976}, p.468). iX
MI BEREA LW FEELRZBEAELE, YRR REIE 13k
FH#LH. FeTEME R HEMITREXANEHME R, HUARHE XA ILENE
5. ZIEFHRBEATEERENBEEY Z B BERRIT .
1. Kevin 5 Laura AJFHiEHE—MEREE G REAMT o . (TEFRFHCHRE G 3%
R RS TRRE. )
2. Kevin 5 Laura 7} BIRENLHEERER & A1 LB A& HEY. RESINTHE oF
M of IR HER.
3. Kevin 5 Laura #|f1# H HRBME R U R& B BEHITTH

akl - (ak)l — (al)k,

oM BRI .
HERE o WRARTREGHRRBESET Tr-F0 Fu8 ARt
7.

WiELl (“FH-R° WiE) Ro RBETH—ALEFE bk Z -8 RK.
TEHLER Oogk) RBEHMREETHH E = ok,

1.4 ~vy=1.

2. ELTEGFRAE k= 0.
B RRERFR A k- LRE K, jo RE y, EHETEE b ABL
3 R#k o Rita.

B ERXADHEREAEITERT, H vof B— AR, EHY k=05«
BEFENGER. RIEH TXMEEIERRE IRk R RREER r, 1
BE 2 <k <27, 3FH s <r RREBHBHADY, MAZHEBEEE r—1
YOFITBHM s — 1 WRBGEF. RIS H T 3 B0 5 22 BEIE A, o

MIXRRACHBER, 7E IR EFROITU AR S AERESE, 2
CEJT - e BB T A IS . X R TR R R e B e R RO v
H A, 2 W [Gillings, 1972).

— I E7EIREX Diffie-Hellman #413c#eth il R B2 )5, mEE
BERE N EFNIE, REN oo M o FHEH o XA HBRELE Diffie-
Hellman ¥} . REZ BN — MBI EREMN of FHE b XBEETEL o
JRE of B d BT . T b BREE G W ENTERER, NEMEHRE
ak’ =k k' %ﬁ‘éﬁ‘ﬁ akl = (al)k"



1.3 ELGAMAL # 4 5.

BARFIEATA L, AHIE Diffie-Hellman 68 58 B HIMEITH LESSE
#r, HEAIZNAX —FHRNIZZERY. (Eh L, 3 TR -2 HREEX
i, Maurer 45 Wolf B £iE8 & fi]Z MR EMr 7, 2 [Maurer and Wolf, 1996]. ) 1
REYrH9TE, Diffie-Hellman 4] ) 22 2P 2 8 37 78 B #0040 ] R R M1 i J
L. BT BRI R A SR R R TR A R IR n MTENEE G = (Zn, +)
BRRE A0, ,n—1} FH o =1, WABBI BB RBEESH. BITEE
5% 4 A FEBONEEE. BEEEAEX THAZIMRE A EMER R AR
HIFIERE, B B AR R AR B RO e B 2 = vk

1.3 ELGAMAL Zra{& ]

& Diffie-Hellman #4732 #tMY 2 L, ElGamal 7E3CHk [ElGamal, 1985] #2
Bt T =1 RIEBX EWAHEGEE. & G BRIGFE, o FHAERT; M =G,
C=GxG H—THAKFHERE—IMY o € Z FHAM o°. fRi% Kevin FHEED
—AE A m 25 Laura.

1. Kevin FEHLEHE—MEH £k HFEF Laura P o
2. Kevin I8 o = (a!)k, FH K% (of, ma*) 45 Laura.
3. Laura fH H EWFAH 1 75 oM = (oF) FHEKE HHE m.

XA BAR S Diffie-Hellman #4938 #e &, X ELGET A of W7
KD T —RBIEH K. ZERH—MRERE LY AER 2. HTHETIE
M= TTRIEBWE BERAX T, RLFEEFABETE. WE Kevin 76
WR A B FR — A4 o, IB2XFERTT B %, B Kevin HEE
BIXANAY of =P (B FRILE — RS MR EaE—4
HE — BT (ma, miakt), kAT LA T — 83 moo® @it it
——

Mo = my——r
miakt

WAL BT my. — A SEMH R RREE K 2% HERARANES b 7
& (I e-mail) PIZEE B H L ESEAE I ma,ma,- - ,ma SR, R
BRHIBARE of Hl mia®, moa, .. mpuakt SR, TP BT RRMEY 1+ =

HEREEI S 1.1 540 G0 — ML AAT e, 75 b b — AR TR B, T
BESLERARTRE: Hy Laura AL H EAEFEE 1 oF SAIF Kevin fA4H
oF, FAERAERWIX m @A E . FlGamal H— A RRAMEHSITE, RITEET
— LA A,
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14 EZFE

EX—TE, RNFHILIMEENELS TR, RRAMEIEHER BRY
Kevin R %E—NET HHEE m 44 Laura, MAMFHECHEE b LT
X, £ m ERnE—A “€48”. Laura @ BAFX 84 KIEH Kevin Z2EIER
KiEE, 3 Hil BFEER AL B HRA RN

ElGamal £ &5 X

3CHR [ElGamal, 1985] 7E45 & A FI R RIET, BT O THEX/ TR HE
T G L Diffie-Hellman W81, HAF G B o HERITHIENE. B
Bg: M=G—{0,---,|G| - 1} B— DA HROTHABBG, m HRFEHIL. Kevin
HWRHS AN HIE ko~

X

1. Kevin BENLIER—1 5 |G| RBE K, FEHH r=o~.
2. Kevin RK#EE &5

g(m) = kg(r) + k's(mod|G)). (1.1)

BT K Y I|G BE, AR/ T REAEH—® s {0,---,|G| - 1}.
3. BEREET (r,5) € G X Zig|, EELEOTE m —EHER AL Laura.
RIEEE
1. Laura R3E Kevin A4 of LLK& m, 1, s, THE o9 fl oF9(+E's — (gk)9()ps,
2. MRE—HIHHEBHEMEASE, BN X DEL R
MFXNEZ T REZLENIT S IS CHER [ElGamal, 1985], pp.470-471.
e R — U M TF ARG SN Y% 8 A W REALE &, 25 F B AN
R E 2 AR E N SR AFE (1.1) BRALRHE T RA, B £ LK Kevin By
FAEH k.
EPNFRG—ADEEREEEHERKENT B — SN E K R E W
BERENZM XY BRI LA B — hash & HORESE. 16Xk S,
—RETEFRERNBIEBET m1, ma, -, my, 2. T hash REGEE R

h: M® - H,



14 BHFE -7

XE M® FRE M P ERERAERTFIIES, K E—TEREE. RATTLXY
h(ma,mg, - ,m,) BITEZTARN G4 mi HAIEH. ATEHILAEES, b
WO — ™ B[] R 3K

KT E LA

1994 47, REERFERARF (NIST)YAH T —MFELMIRHE (DSS), #
H B R L FPI TN E LW RAE (S [NIST, 1994]). BR T #R%FE hash &
By ERLSE, DSS B T — 1 HFELFHL (DSA). (FEEFFHMAFH AL
{8/ RSA & 48y:, &1 [NIST, 1998). ) BEHREMTF:
L p B—PRYGEEMR 2" <p<2f, H

L € {512,576,640, 704, 768, 832, 896, 960, 1024 }.

2. ¢ & p-1H—NEETF, FEWRE 21 < ¢ < 2160,

3. aeF, BEEFY HHE—MN ¢ WFBNERT XELELEEETE (o) 71
O] AL

4. ¥

R g4t FF ae{l,---,p—1},
g{a) =a (mod g).

5 h: MW — 7 Bh%24 hash BEARHE (SHS) BREH hash BRI, HIFHER
Z: I, [NIST, 1995]. Kevin BRAGIRBE &k, 0 <k < q, HAHRE o~ Bk m
RIFEHE.

£

1. Kevin BEFLERE— B K, 0 <K < g, IFHE r = 5 g(r).
2. Kevin KR A2

h(m) = —kg(r) + k's (mod q) (1.2)

BfE s, 0<s<gq.
3. BEHMEROT (9(r),s) € Zg X Z,.



.8 FITE AHEEREE

BRI H
1. Laura 3R[A]AHF R ws=1 (mod q¢) Fff w, O<w < q. i+E

u; = h{m)w (mod q)
ug = g(r)w (mod g),

H 0< ur,ue < g, PR v =gla® (ak)*).
2. IR v =g(r), W Laura BEIAHIZELE L.
TERIE Laura B2 — NS4, B (1.2) T4

/ /
a¥t (ak)uz — ah(m)w+ky(1‘)w — ak: sw _ ak .

A 1t
v = g(a™(a*)*?) = g(r).

T Fy HURETE ¢ AL B REELKER 2L HAFES Y 320 K
. FR LETUREE B 9 Ff — {0,---,¢— 1}, BAXE F, WFemss
HIRAF ).

EAEZITROTUE M B ERFRIEFH G = (o), FFHTLUF N DSA
3 ElGamal SRATERMBE X TRAEMY . E4EREL—H, MRIETRH M
T—RBY, FIRXEAERR g(r) TIAR r.

L5 5 M

E T A G D A I BBk, TR R R 9 [ SR E R S IR B T
SR RS HARHEAL TAE. T HA TR — BT LA FF 3R B S 4.

FL ORI L T TR W 2 IEME A X AN GRS, G R A IS Sk . 64
77 5 A RABE 3L UL & — A SR & AOATHE [IEEE, 1998]. ZEBSHARAER N &Rt
AT EAT T —RFIMFRHE. R Diffie-Hellman By %4135 el —#E, [ANSI, 1998a)
VRARULRA T BT A R L RO BB R IR AR A A T 2
3CHR [ANSI, 1999] #1 [ANSI, 1998b]. [ANSL, 1999] 2% T & T4 [ il 28 19 585 49 35 36
J7%, T [ANSI, 1998b] FEAHULHE T 1B #1283 T DSA # 8k —ECDSA.

RAVE 1.4 FELU Y ZEBOFHLE B TFE KB DSA F1 RSA #9145 . BXZLE
REHRIE. N EEREETERGEENE, WEMATHREAERS, T
EMRS B — A S HER BHHRERFT LB, ERREERA = Lk
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RAEEAR . “REFHFEEXANALAABGEARFELWTRSTHE, KEAN
ERAHE R IR S ER AR ERPH, AV ZERAXRERREHILHZEZHAR. B
THESARMNERRERK AR, 8FENLHEEERHEEE, BBKE
Al BTEY. XEETFELEMBEETAYEBHEFEES, WEFBEETH
fEAE S BB FE4.” ([Commission of the European Communities, 1998], p.3)
B K B A B RB 45 [ B AR AE H TSR Rh Tolk R X AT . e TR A R 8
B Z R R E2 W, [Commission of the European Communities, 1998].
g TR —MEREEEAR, BAEEERAXMHER REREE S
Farp 2| —BAERR B R LRSS, £ W, [UNCITRAL, 1998a] fil [UNCITRAL, 1998b).
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TR R T B RS A RO MRS RN, BN EES TEY
1 EFEEATEER, X— S8R Koblitz 1 Miller 4+ %)7E [Koblitz, 1987]
A [Miller, 1986] {2 ). MEMAEBERIIAZLAETHESRARENFHE
BB R SR TH RSB BRI Y ML ER, NTaES B3 =
BINENREEE. AENEEHNRIEA LR E .

T i — BB E X2 G, RITEFHELRE S M3 S E W
B 28 EREE AN, Rl — S SR T RS EE A B e T g B AR
PREA. IRERAMNFEHOAEER, HERPSGRIEHERNEYE
HI. XA LT JLRE RS

—FH BT RARTEREMR L EMARZ G, #TEEMHE. HEHT
FEE AT BMARRE, SmARXWAEARR, XERBESZHERIMLITE.
FEREREH R, XREMIE IR AR REIR R HH P TE B A BORT TUATT 4. R I3 R i b
HAAMUEEF &S, MAREEREN. WFERHTX—&, FEIEZETA
2. PREETRB A AR H E I R e S S R A E B Y.

WEEE IR RBOR EAMBI M2, M 308 T 45 # R 48 7R LA ik
YL, P& [Koblitz, 1993], [Lang, 1978] 5% [Lang, 1987]. {HEX W TS, 4]
EBROGERI R PRI R B 2R, IR R B R AR AR k. N TEA
T, RATRAGREAN T, BT R E B RE M. At s Em s
B A AT 45 SR R L . ARG E M LR RS %
5 H iR AH 5 .

FE—RRIRYE T —8BGHS, Fulton ZEMLAY 45 ([Fulton, 1969], p.125) & T
— TR A S JLATER]. FIREAIE T2 W, [Husemoller, 1987] Hriy
3 B B —Fisb B RZM A Riemann-Roch EHE, BOGEIEE I 7E [Fulton,
1969] B4 8 A HEI L E. X FREUUT L FRYE, KR TR
R BN, X LMY 2% 45 [Silverman, 1986) 1 [Silverman, 1994]. A M
REULETHI S B, MR 8 8, ERE&ARHSALILAE
TR E L Tt 2 7T LA TR AR Y.

g, RATRA Charlap f1 Robbin % H ByHZ3E B 73k [Charlap and Rob-
bins, 1988]. —J7, EAIMBRBMLTE IS —HEAME, N iEET G
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— MR T F—I7HE, BATVIRWE LR LA R R, XHEF T 3

R RE BT SRR IR A8 LIERT, DT 3 258 5 i B4 M 2 at.

45 Charlap fil Robbins REIWRIEW RICFHFEE O B, BTG53 FSHELIRY

M, BME O MSIAEME R FARRMNS LR TFESRMIEAREET Bk

Ay, R A TERSER S, RPuafameh i ANSEST 2 MiEs.
RERFESD K BRRTAMMASE.

2.1 05 5T o 2%

FEATTHRNTE SN BE XM MR EAE LEARS, HEHILT
— 25 BRI A B i 2R3 i 2R
EX2.1 %4 KxK##4H K Leyty-Fa& , iah A2(K).

EXM2.2 HGHFIFOLATHEHRKX C € K[X,Y] 9L2HEESHANEL,
Bp
{(z,y) € A*(K) : C(z,y) =0},

WARA K L6945 44-F & v .

Bl M K=RAE, MIED=Y?—(X3+X) M E=Y2—(X3-X) W& 2.1
FR7R. |

~
%

K21 R vy?=XxX3+X2fY2=X3_X

BT KRR, FAER RO P E RO S TS A SHEBR
€K, EKFHRC@,Y) =0 BLHE-NEE y, IBBIME LAE P = (2,y).
TRBIABAH LT EANTHK, FILO5 TEER RS S N YEEER,
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BITHE LR Z TR C RFRZME, FHFHEHN B C Fra X, i
KRR C” HRHRH W C™.
EMN23 BRCOCRX—FWE, P=(z,y) RME C L& X

ax DY = By

AR P e C LRFFE. o ROKLESA —AFFE, RARZEEAFF %K.

z,y) =0,

Bl BT
oD oD
5)—((07 0) = —(3X? +2X) |x=0=0, v 2Y ly—0=0,

R QR D LA R A HER T

20,0 = (-3X2 +1) [xoo= 10,

FWESARME E LRaRS. NUETRAE LR, SHMETRERRE LA
SRR, PlnHZ B ER SRR EETL B Y #). WAE 2.1
WLLRE], ik D FEF R A (0,0) SAWEARRMYL: Y =X MY = —X. Wt
RSB A L A MBI RIIEN K &, A -£ZENR BITH
& 2.9 FWARSETHE VIR MBI s 0 5 X

BAOVBNBRRENEMR LW ETREH. BROERAZIR f,9 HAH
ECH—MER, B C| f~g, MFEMLR C L f,9 TUBEREMAM. L1, K
[T 4590 AR AL Y. BRATPHREFE 2.2 7 Tt S B i 205X — BRI TR 48 th A B O
B, XA EI LA T X

EM2.4 & K[C] = K[X,Y]/(C) A% C &L},

ARERR, BIWIRA X,V 2HIFR K([C] F X, Y FIEERRIAN, HEX
TE ETXHEIBE. BT C BRTAZHR, Hit K[C] B— R

EM2.5  K[C] 695 XRMMAAR C LA ZBERK , it K(C).

XT MR LA RN, BITTLUES RN X BARH Y AR E IR
R—ZMAEXCE HEXN FHERRW S, SAENBEARRITAEN, H
ARSI RERE. BIERKREERR KX, Y] BME—SBER, [HARF K(C) 3
RbREME— 5 FRIEIE.
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EM2.6 K PRAMEZC Léhs. wRMNTAREIHK re K(IC), £4 f,g€
K[C], #7% r= g B g(P)£0, Mk r fb PAAEERE, Sfhbs PARTE
J(P)

X4y, bl r £ P S EERE r(P) = 9P A PSRN AL 69 2 A A 52 & O

W AR A C A P LA, A Op(C). BF L r &£ P EALTENH, 32
# r(P) = co.

EEENEY EXTENAERFEL NSO ENEXEAEBEXY, R
HZEHERANEZTANBEHIRRERTLR: &
_h_h
91 g2’
HH f1,01, f2,92 € K[C] H g1(P), 92(P) #0, WAE K[C] FH fig2 = fag1, EIFELE
ZWK he KIX,Y) R fige — fogr = hC, HIE

f1(P)g2(P) — fa(P)g1(P) = h(P)C(P) = h(P) -0 =0,
g 1) _ f2(P)
91(P)  g2(P)
BHRIE Op(C) PR —NK, THEHR—FHIEF: HEs EIET)He
L% '

Op(0)* = {g . F(P), g(P) # o},
ol AT
mp(C) = {5  g(P) # 0, /(P) = o}.

Bl ®E:Y?=X5 X, HERME 2.1 B NITR. EEEEEMN - =

%4 P =(0,0) B, v
X(P)=Y(P) =0,

BRCEE ST, S Bk 0%, HERNTATUM r 49 5—FRRER.

o X_XY Xy _ v
Y Y?Z T X3-XxX  XxX2_1°

Bt Y (P) = 0,(X* ~ 1)(P) = ~1 0, [l 7 5 P SARENRY, E r(P) =
=0.
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o= =Y mstE P HAMASENN. BN s(P) € K, WTIREH

r

| <

1=1(P) = (rs)(P) =r(P)s(P) =0 s(P) =0,

XFET &

2.2 5 HGIR] i 2

AT PR AETHEREXR — WEHER. BRI L AT
HERBON, W ENTHIE R LBAFRE.

CEM2.7T AR
E:Y? + a1 XY +azY = X3 + (1,2)(2 + a4 X + ag, ai,as,az,04,06 € K
W A2 A K L6945 4t Weierstrass7 #%. id

b2 = 0/% + 4a27
by = 2a4 + ajag,
b = a% + 4ag,

2 2
bs = ajae + 4azae — a1a3a4 + aza3 — ag,

Cq4 = bg - 24b4,
A = —b2bg — 8b3 — 27b2 + 9babybs,
j=%, sazon

Aa ’

L AMARA EGRASK, jRAERA AT E. BIEFHWeierstrass 72K X 6
th 2 Ak AR A 5 B h 4.

ba, ba, b, bs, ca HEBHRMIL A 1 j EX. £ 24 WHRITHSER A H
BT Weierstrass HREGH R HEABF, RITHRIZHB R j AT, HEE
2.3 WITRARMEE R A K 3.11 FHSHB] j AR, AREEN, RATHHE
A ZMEE R R F AU XS, FHEBHAFS ERER. MR
FER—NEZHAN, MEHK E=Y2>+a1 XY +a3Y — (X34 a2X?+as X + ag)-

BESERATH I A BT B B4R A9 & SCRFS 2.1 Wil £Ri & SRy, Bl Weier-
strass F RN A 41,
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1 K(X) ¥, W3 g BRA
deg L — acg f—degg, 10 KLX)

HE T r,s e K(X), B
deg(rs) = degr + deg s,
1
deg =" degr,
deg(r + s) < max{degr,degs}, Hdegr # degs BtZES H L.

HTMTF Y M5 ERE—FHX, H KIX] BHE—HFRER, Bt E %
KX, Y] PAWHRRRERHRITE K(X)[Y] FATA. &Rk B 2T4H, M
AURTA YV + )Y +5) MERX, KA rs € K(X). & Y HREWH

r+s=a1X+az, rs= ——(X3+a2X2+a4X+a6),

I deg(r +s) < 1 H deg(rs) = degr + degs = 3 & H, FTLA degr # degs. H
AR . 3
1 > deg(r + s) = max{degr, deg s} > E(degr +degs) = 3

XETEH.

B EWE E BRAT LN, Eikh 2.1 FHWEX K[E] = K[X,Y]/(E) k&
SRR K(E). K[E) FHENTEIMEEMERSE F LEW— 2T EH. H
Bt K[E] FRANAREMTTRIER ML LA AR RBEREARY. X AR BT
5K BOIMIEKIEH X —4. BRAEIEYN: MR f e KIE|1EH E L%
PUEETE, BXMERK SN Pec E#E f(P)=0, W f BER K[E] FIHET X
—ZIRIMER R MR R BLE, B4 E AR M ZRet, JEI R ey

BRI B — M AEREEAERER K(E). BR K(X] & K[E] BWF
®, it K(X) & KE) 78 3 KX) FinAR Y 338 E BB L =
K(X)[Y)/(E). BF E £ K(X) LRAA48, B L B—1P8. BT K[E) C
L ¢ K(E), T K(E) % KE] ®aRE, LRSS K(E) WE/MIE, BT
H L =K(E). HETH K(E) & K(X) SR, Bt K(E) fyM—3EFR
K(X) BR#¥H Y fEHE E % K(X) LB —MRY = -Y —a1 X ~a3. A F
For fW3LEE, A Y REBGAN Y. R, MTH P = (z,y) € B, & X3t
P=(X,Y)(P) = (z,—y ~ a1z — a3), FHH F(P) = f(P).
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EXN2.8 ATFRSF K K(E)/K(X), RX K(E) L8385 & A ik & 3 5 5
#
N: K(E)—K(X), f~ff,
Tr: K(E)—K(X), f—f+Ff

Bl XTAIRER XY, A
N(X) = X?, Tr(X) = 2X,
N(Y) = (X3 + apX? + a4 X + a¢), Te(Y) = —(a1.X + as).
B, MR f=v+Ywe K(E), B v,we K(X), U f=v+Yw. B3
N(f) =v* + Tr(Y)ow + N(Y)w?,  Tr(f) = 2v + Te(Y )w.

B PRSI M ARTRN — 2R, HEREREE
BHE—TENAHAMLIE TERAHEREOEN KIE]) B2 E LEHRE
PHBHER: & fe K(E) B2 E LWZEH, W N(f) % E LESTE GT
N(f) € K(X) BXFEEN z € K, HERE F LS X &45, Filk N(f) =0,
M f=0. '

2.3 AREARHREGIRHER X

BRBONEBHEME M R F A TEES ZWERMIA, EXregE
HIBRS EREXRTHE. AW ITRGHTHE, 5B E K2, &
BRERY o FT 0. BARMWITERIHENBBAL LB MRH 4.

EM2.9 AT B Weierstrass 7 4244 5 69 7 £ v 2%,
E: Y2+a1XY+a3Y==X3+a2X2+a4X—+-a6,
E': Y?4+a|XY +a3Y = X3+ abX? + a,X + af,
o X E TWBFRTHANTET %532 £
X wX +r u?2 0 X r
P — = + ,
Y w3 +u2sX +t u?s w3/ \Y t

AP ue KX rstec KAMNREFHGFXHULLA L uS), WA E fo B ZEM
89, MAE e ) MAAREHGE T E %
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Bl AERREAIILHE

(X, Y) — (—X_,_Y) = (X, -Y - a1X - a3)

BRE—NAFHERRKR, HP u=-1,r=0,s=—a1,t = —a3, MHHE—/3
4, YT HREEEEE.

Lhr ERL B E R E R RS A RBFRT e TEBE T, fER
T Weierstrass FRAEWHE—FH 4 E BF ERTRERMER. & TRIVER
FTHIEE % I RBUUTR X RE, MU LR E X —SE S E AR 2%
T.

HARMGEH LEREXREE XA, Bl Weierstrass FRZ BRI X R
—AENRR BRY u=1,r=s=1t=0, N[ HHELI

)~ ()

B— AR RS, FrUARRE ERE © iR

=y X N u=? 0 X\ u 3
\y —u3s w3/ \Y w3t —rs))
BAHMEFFHZ R, FHIKFEHXERESTREY. S — SR aa 8t U

IERA RO R AT R A 1. RARHIEN AT
A—IH, HABE AR, MAFHEREE ¢ X E LR SUH

¢:E— E\(z,9)— (u(z—1),u 3y — sz —t+rs)),
¢ E' - E\(z,y) = (ulz + v’y + ulsz + 1),

HE ¢ op=id|g, poy' =id g, HI “FH" SRS 4.
RANEAE 55 e pr A e, AR LA RAFTED S8R . FEX—ERT,
BBV B R — T REA . ]

3= 0)
Y v 6 Y t
¥ E A E(aX +BY +1,7X +0Y +1t), i E(aX +B8Y +7,7X+6Y +t) 5 E' }

E-AEENT BTEE T X HRESET 3, T E FY BWKEET 2, ARG
B=0. MEHT X3 Y BRI BTHREUAMEERET 0, Bl a® =02 £0,
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FUSH FRA v e KX H a=1,6 = o*(ER K B—MREAR). BF4 s =
BpHT.

WATERAA B W7 it B WO BT R M, A B
HRB o) DURSEX 2.7 FIHAHNA NSRS B PHNSHZEMXRME 2.1
B, EERFME MR § R R B, SRR Rl GRE. #
% b, AAEEYI TRIGAR K, R K LREMRBEHAY j FER, WE
1w RFMA. (B X [Silverman, 1986], g 1.4(b) 1 A.1.2(b).)

%21 EHREGSEGRS
ay = u" a1 + 2s)

ay = u”3(az + rai + 2t)

ah = u%(a2 — sa1 + 3r — 5?%)

ay = u*(a4 + 2raz — (rs + t)a; — saz + 3r? — 2st)
ag = u%(as + r’az2 + ras — rta; — tasg +r° — t2)
by = u=2(ba + 12r)

by = u*(bs + b2 + 61°)

bg = u~®(bs + 2rbs + r2by + 4r%)

bs = u~8(bs + 3rbs + 3rZbs + r3b2 + 3r%) -

¢y =utey

A =u"2A

=3

BBV RS » TGOy KB, KB Z MR, S iRy
K(E), K(B') Z [ FH. XHHBENIBRI ¢ HFR. BT » RESTAREHEE
B, B TERN P e B, v WTT AR Op(E) M Oppy(E') ZIH
K.

LA w(K(X)) € K(X) H ¢ H(K(X)) € K(X), B¢ R K(X) 8
M. BT LHES ¢ R, BIXT f s K(B), & v() = %0). #
R K(B) LH3E0BST, B /= goroy™ B K(B') LEHRW, HEZRY
K(X):

(orop ™) f)=f
=) =¥ HS)
=y N f) e K(X) (BTHMEEBHHIKX))
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—f € Y(K(X)) = K(X).

B R K(E) L3EHE. L aT

$(f) = (o )(f) = W o )(f) = %(7),

B HABE N (f) = ¢(N(), Tr(¥(f)) = »(Tx(f)).

B EMTHE TR, TR EHEBEERPCEEL IR E R Op(E) BT By
E W R 1R, REREBILE. BURT, HABELE E s RIS,
AHA TR S MR MR, fSHRE “FR BRWFRWRR.

% char(K) # 2 B, B5EX Weierstrass M ZEMHATRLS, MW A FE &

1 N
B (XY) = (XY - JaX +an)) B AR
E':Y?=X3+a X?+a\ X +adj.

b, MBXH char(() #3, Wil (X¥) = (X - 3o ¥ ) RATRMEAR
X BT, BE .
E":Y?=X3+a]X +af.
% char(K) = 3 B, RNMFEREFE B PHE—F. WME o, = 0EIY
A#O0R, K j = 2= =0), Mike B EGRFFEOIRERR. Bl (X,Y) -
a_l4 -
(X + o’ Y) kS
E":Y?=X%+ayX?+al.
= clllzar(K) =2 B, ATWSBFEHRIMLTE. 24 a1 =0 BF, BIY4 A £ 0B
Hj= EAL =0, H (X,Y) = (X +a2,Y) AT AW E X BFHT. B0, FAL
WA B AR
(X,Y) > (a2x + 92 gy 4 G104+ 33
) ay a1 » @7 T ’
M TR Ak
E":Y?+ XY = X3+ aX? +all.
K224 M T Y A0 MMEHRERR (At j REREAE ). RITE
SFF], X TEUM a1,00, HEH A TTEERE.
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R LR REHE

*® 2.2 HBEshSMEETX

PR A J
char(K) # 2,3
4, 3
Y2 = X%+ asX + ae —16(4a3 + 27a2) 1728 — 4

char(K) =3, #0

Y2 = X3 4+ a3X? +ag —alas —Z—:
char(K) =3,5=0
Y2 = X34+ a4 X +ae —a3 0
char(K) =2,5#0
Y24+ XY = X%+ 02X+ a¢ as %
char(K) =2, =0
Y2 +a3Y = X% +asX +ae as 0
24 &F R

XFF 1 Weierstrass T REE KB MR, HOZE 2 50T LUH — N iy 7 g hn bl

FIW.

FEIE2.10 B Weierstrass 7 L X G MZF R A BLBZ A HHNXET 0.

R R 2.1 TAAE], AR HRT T ISR A RS A
FFE T, T HE T 5 RS R R 2 RAEAA, HI R B 2.2 iy

YRAHETE R UIE B % 5 ZE B AT

2 char K # 2 fit, WA REMA E BERE V2 = X3+ 0o X2 + a X + ag.
HAFK A FFTEY f = X3+ a2X? + aaX + as FIFIRBY 16 45 g o[ %0
A=0RBEFHGR fFER BT P=(r,9) BRE LWHREAWTELMGRE
E(z,y)=2y=f'(z) =0, Bl y=0,f(z) = f'(z) =0, FHHEERT.

%4 char(K) = 2 Bf, RA1H LA FRRE R ITE:
LYME=Y2+XY+X3+asX?+a¢, A =ag B, &

OF )
ax (X Y) =Y + X2,

OF
W(X, Y) = X.
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it P=(z,y) B F LHHRENTERGR 2=0, y+22 =0, E(z,y) =0,
R = =y = E(0,0) =0, FrlIH as =0.
2. M E=Y?+a3Y + X34+ a4sX +as,A=a} B}, B

g—f((x,y) = X2+ ay,
OF
6—Y(X,Y) =as.

BRAEY az=0H8}, EAHFHFRL MM (/ag, /as) ME—TEFRA. O

2.5 ”/EH Op(E)

TERE X 2.6 FRIELHE N Op(E) B—NREF, BIHAHE—HRKEE mp.
Fhr b, Op(E) ER— B HIRE:

TIP2.11 M TFMEwK E YA E L# 3 P, 3% Op(E) 2 —/4 8%k
I, AL uemp(E), RIFHEEE s € Op(E)\{0}, MTUAFTH

s = udr,

L dR—AEEREK, & reOp(E)*.

u WHHNE Op(E) B —BAL £ 2. TTLUHEH d 5—BULSH v MIEBR X
Y. KRR L w2 mp(E) WAERST, T d Z2WE s € mp(E)? H s ¢ mp(E)*H gy
—IEREBH

SER 2.11 kR ERBR T AER MR LAE4 7 R, 7E 2.9 W RATHUEHIZE
G RAEH — R ER, WRHARMAIEZSSH RN TE, BLAKELRE LA
RS — A —HAL SR MEX R, RITELN &N HBURE M —S ik 250k
EBEE 211 PHRATEESA T 2 I ails, HAEIEWHNS B RE R,

EXN2.12 *oRE P=(z,y) HR P=P, ¥
Y(P)=y=-y—aiz—a3 =Y(P),
ﬁl'lﬁi P # 2 M 8.

2 B SRR B 2.11 WehE BRI ST 2 M8 BAEE 2 A
MITFTEYE. B T HE R AR R SLIE R (B 23 %), AR BESER
2.2 FPARHETE B 6 B sl R BT
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o charK #2; Y2 =X3+0a,X%+a4X +as
Yy =—y =00 (z,y) H 2P A ZHEBHEHE 3T 2H A (2,0), HF 2 &
X3+ a2X? + as X + ag(AFEA]) HIHR.
echarK=2, j#0; Y24+ XY = X3+ asX%2+ag, a6 0
2 0=2y=x b} (z,y) 2 W&, B2 ERE A, B (0, /a6).
echarK=2, j=0; Y?+a3Y = X3+ a4X +ag, a3 #0
WR (z,y) K2, W0 =2y = a3, FHLIE 2 B SHFAFFLE

TIE 211 WOIFH BB mp R P YR RSO RA R, T
OF BT P HAEN B RS TR BRI R,

& s € Op(E), Ml s = § R f,9 € K[E] H g(P) #0, Hilt g B4z, N
AR ETREH f SRR ETET. MR 7(P) £0, N f 1286070 d = 0,
FrAE FEBER RIS R £(P) = o.

o« WE P =(0,y) R 2ME M u=X — o R —BiLB%
i f=v+Yw, HF v,we K[X], REABHFRIRN v #1 w F4MREEF
X -z, HE v Ml w HESH—ARER X — o W, WA

f=X-2)"(vi(X) + Ywi(X)),

Hp oi(X) 05 wi(z) #0. i€ fr =v1 + Ywr. TR fL(P) #0, N f, B
fLH d=di. W3 fi(P) #0, W fi B#LL BT

A=NfA =X -2 hf

Hi f, € K[X], fa(z) # 0, W fofi = RBAIH d=di +do. 4 fi(P) =
Fi(P) =0 BY, (@, 8) = (vi(x), w1 (z)) BFFRLRHEI B

1 Y(P)\ [a) _ 0
1Y) \B)
B BT PR 2 B, EILREATIIR (V- Y)(P) £ 0, FrLlr B
HE—f# o =8=0, NI 5 vi(z),w:(z) REHEFE.
o MR PR—A2WAE charK £2, Mu=Y + (X +a5) = 2V ) 3t

B— M3
X3 H B Weierstrass 2 & u, P B A P02 A #1

(X,Y) (X, y - %(alX + a3)>
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AH, RREE
E:Y?=X34a:X?*+a4X +as, u=Y, P=(z,0)

Bper, B B AXE =AARANER 21,22,23. BT

X gy = X me)X —2)(X —23) _ y2
1 (X “‘$2)(X —1‘3) (X “-752)(X —(173),

XS BIE P RAARFTE. D

Y2d1
f = (X —.Tl)dlfl = (X —l'z)dl(X _$3)d1 f17

He fi =v1+Ywy, v, w1 € K[X] H vi(z1), w1(z1) AERE. MR f1(P) #0,
N d = 2d,. BEMAF vi(z1) =0, B v1 = (X —z1)va,v2 € K[X] H wy(z1) #0,
NI

fi= (X —z)(X —22)(X —z3)va+ Ywy voY + wo

(X = 32)(X —~ x3) (X —z)(X —x3)’
He wr = wi(X — 22)(X — z3) HERWE -AHETFEBAL, FFUAA
d=2d; + 1.

o MFEPR—AN 2 H charK =2, Ml j #0. W —FLBEHI Y +v.
Xt E YEH A

¥y (X + 20ty +e)),
1
Hof t = (afas + af)/ad, TR ML
E:Y2+ XY =X3+a,X%+dl,

H¥A PERN @, y), HPF Y =a®y+t) MW u EAN 3Y +t+y =
a}(Y +y). HEATEATE B, P=(0,y), u=Y +y HIFEH A, HF
y? = a6 # 0. S LHIERIAIEH

X X
X = (Y+Z/)2m =Y+’ t
= (Y +y)? X _ (Y +y)?

X3+4+a2 X2+ XY X2+4+a,X+Y’
HAPoEAE P SARETE. 2

¥ +y)*%

=X%f =
d h=xraxTrE




24 - F2E MWHEMEKLWEEH

HA fi = v+ (Y +y)wi, vi, w1 € K[X] B v1(0), w1(0) REHRE. & f1(P) #0,
WHE d=2d;. HEWE v1 = Xvg, HH vz € K[X] H wi(0) #0, Hik
2
fi= (v 4y T r i e X 2 T)

M EXWE - NMEFERERAL, FTUIEH d=2d; + 1. O

MEFHEL—F, —TEHBEREFREELSIAR ELEXT —MEHRE &)
RE): XX TEHA f #0, 10 ordp(f) FREHE 2.11 PB4 RTHE, 4
£ ordp(0) = oco. ordp & K[E] B Z LEyaIEE, AP ordp(fg) = ordp(f) +

ordp (5) — ordp(f) — ordp(g),

FHY BE XF K(E) L.

EM213 T re KE), PeE, fRordp(r) Ar /& P 568H. %
ordp(r) >0, AR P & r )R &, 4R ordp(r) <0, R P £ r 694 5 . B S fo
M EGGEHA |ordp(r).

BEEREH 2.11 WIEMRMEELY, ARTUHEEERELEL &84
HIBA.
Bl B P=(z,9) € E THHE X -z FFEHESEEH.

o MR PARE2HA, WARFERHANEN X BIF%ETF o, P P. M X -z &
XA KA RIIAE—BBE, B X - £ P, PAAEMEY, MEEW
HAt AL BT 0.

o M3 charK # 2, i P Z2—4 2 A H E FHEER, U P = (z,,0) T

E:Y?= (X —21)(X — z2)(X — x3),

HA 21,29, 23 BAMFA. BT Y B—BULBBE (X — 22)(X —a3) 75 P A4
AETE, FlL X — 21 75 P SAMNET 2. 7855 2.11 hE R MHER
THRAGHEF: X4 E REAZEIE R ERARRL, B X — 2 78 P S4E 2
MER, MELESLNRSETE

o MR charK =2, P &—A 2 H E HHFHEER Y24+ XY = X3+a,X2+ag,
WA =0, y?=ag # 0. XEME—— X BIFETRENLE, H—Bibaia
Y +y. IEWMAEERE 2.11 WiEB R ErEIN, &

1
X=VY+y)l—es—---a—
¥+ X2 4 a3 X +Y’
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[
1 1

- (PY= =
X2+a2X+Y( ) y

RAEXWHASETE, i X & P fAAF 2 i F S MER M SIS T
ZF. i TRIAEERICR AN REHRAXZEAY, HKZGRX—RIE
A E R

THBENS HXTHEREN M EAHE, HEFRMEHAPRIEEHH

$RE2.14 & ord B3 L & B, A
ord(f + g) > min{ordf,ordg}, Vf,g€L

- B % ordf #ordg HFF R . £ —MeA

n
ord(Zfi) 2 minfordf; :1<i<n}, VneN, fi,---,fne€l

i=1
HARDEE—HAFFTRE.

W W TFRIBEEHF CIME MR HERL), ZaETh e 211 &
BEE. ME-REHER, E2WESH 2.11 IHE LT XEBRER, HR0E
B, SO B B BOREE Y — 4>, RJE B L8 B B BOR A 3R
B O

2.6 SRSV 22

AREIMGE ML LR ERN, RINTBEEREE - FEXSHAHEE=
MRR, BARRZMEH I ARENERSHRN B EEEX F—RH
W, RAVERHAFZH Bézout £ ([Bézout, 1779], p.32): EHBERKH M
YOI T, WESIFIHN m,n WFARRMHARE mn DS BREGHTH
FRXAEEIFARRIL: FRFATREERRARE. WHRNBETIATE LU
Bézout HE M L. M EHEMPITELKERTBIA—A KT, TWEBNRESBT
. X T4 2 Mgk, RATEIRMBLITINR R, Fe 05 5T i 2 X B 51 5 i
2.

O HERMPZENR, HREREH AR — 55




£ 26 - F28E MEMKENHEHE

EX2.15 %4 K3\{(0,0,0)} AFH X4
(z1,51,21) ~ (22, Y2, 22) <= X € K™ : (72, Y2, 22) = (21, Y1, 21)
TG FNLEGLARBARALZ K LHHE-FEH, 23 PXK).

EWMGL, SR TEHTE 7 RSN TR AR EZ. A
(z,y,2) RABIFMHK K> (2,9, 2).

MR BTER B E N K([X, Y, Z) FHZ T, HERNLHFHR: WRESE
TRIE (2,9, 2) BETE, MHBLEEFNE K (2,9, 2) PEETRLEFTE.
HURERZEZTRARE—TFRETX, SRR ERMA . LT
ZWMAH BN K[X,Y, Z]hom-

EN2.16  HHBFEHTFARTLERALX C € K[X,Y, Zlnom BAHES,
MAGEEA—EHYFOME . RN THE C LS P, A

oC

ocC ocC
B_X(P)=¢_9—f(P)=<_97(P)=O’

R P 5 R 5.

FIHATCA L, BITEHABERTELEN N PFHRGSMAEL “FmLTE
YRR ARRNTER A BAZE P? J, JFE A BT LHMRERE, #5 E
ST RAED SRR L 4 HAY HSR AR R ST R 2 L.
ERBIASIFHEZIR. 8 U KR P? HITE Z SRR AR SRR EE, 5K
U i P? AR A, LT LB BRLL Z 4R, U R SEH—H (2,y,1)
ERBNFET, MEXFENRERRGH A (2,9).

BU217 AR
A% U, (CE, y) — (a:,y)* = (.’II, Y, 1)

3

U— A2, (x,y,2) = (z,y,2)s = (;%’1)* = (—:—’ %)

AsRT Z 2breyFRiL SRR, ©NR A2 § U 29 2 69304

Z BARFTEH SR AALTIZ L, XRENE LHE X PFEEILSFET
F.EMESEFEF “H3IAML. BERNEE X KX, Y] # K[X,Y, Z)hom
Z EIHSFFRMAESFIRBU, 1% “P € A%(K) & f € K[X, Y] B WRER 4R



2.6 SHEETmEHZL .27

“P* I frIFR. [t “PeUR f € K[X,Y, Z]hom MR KITTEFMHR P 2
f MR XERBEANBEREGEL: HRIEf(z,y,1) =0 <= fu(z,y) =0,

z

R&S [ = [(X,Y,1) WA B, RNERE /(5,Y) =0 f*(z,v,2) =
0.7 5 = 1 (5.7 ) HRR—TZTR, HIRLARN 2 (RATK, B4
f* =Zdegff (%’%)

EN218 A

K[X,Y]_)K[XaY,Z]homa fo*:Zdegff <§’§>

Z
K[X’Kz]hom—"K[va]v f""f*zf(vavl)

A SRR Z BAREGF kA dEFRAL.

WATEE R MR C B, N C* BREHHMR, RZTFR. RAFHRE
BLEASTIR FAEFF IR RIS A AT 204 Ry, SEPR LiZGR R T Bl BT
ARRRHYE B LB B, RATPRF AR5 5] B 4R

©2.19 & f,g€ K[X,Y], F,G € K[X,Y, Z)hom, N
L (fg)* =f"g"
2. (FG), = F.G,
3. (fI=Ff
4. 4R 7 %% F, 0] (F,)* =F.

Hif2.20  FAK Ce KX, Y] RX—ABHURMNLRAMHL C* LN
T— &MY B,

EM2.21 R CR—LGHGBE, VNHKC HCHHFHE . C*d C
L6 SRR T A ey B R F IR S AR

IEfn 2.1 994, RINBEREN C* ERABEKE. HEEXEE, uMER
X R L r R RIS TEHIFTTIR R

r(AP) = \»(P) =r(P), VA€EK*, PecC"



28 - F2E MEMHKENREH

EN2.22 »&KWW=KWJJVWﬂ%%iﬁ¢,wi&&#ﬁhr=§
8 3 B R8T RAAR A O LA LI HIK, e H K(C*), AF f,g RkscA
ﬂ%ﬁ&?ﬁ&.%ﬁgﬁﬁriﬁ%%r=£,%*ﬁgixﬁﬁﬁ%%&§%
X, L g(P)#0, P=(z,y,2)€C*, Rk r & P SLERN, Xfr & P ST
K. A A P EALER B SEA RS TFRAAL O b P 2R EHERE,
Op(C*).

A RRIED_E % X B A M A SRR RS, FEEAL T BRI
VALY O 51 i 2605 T A O, 5 S P EE R MU . W T 5%
KALBS TS, RN

r=§ewa,fgeme
/%
o fxYY

Tx = .
= g(Xa le)

#Fr =L e ko), g€ Ko, mEe - L axnn aray -

T g
7511 (G ) WUHT | WOUCHIRATIIEG, B des ] # degg B, [*,q" 2
w¢mﬁxﬁmﬁwzmﬁ,ww§§¢mmwwwﬁ#&M%§%uzm%¢
wR, B4 *
r* o= f(X/ZvY/Z) — Zdegg—degf_f__'
o(X/2,Y/Z) e
R ETHEATRE Y, KEENY [ € K[C] i, RATHTIEFK

IR, —HT | TARRR—ETR, B 1 = 2517 (5. ) st

BFRENR. AW, [ =L m—rammg, 1 - 7 (3,7 ) wan

FREERE. BT LERIEFRALE, Z WRFRIFALXT f At a®m, Frd
BAT T IR BAE B —

HEg2.23 &

i
K(C) - K(C), g o giegg—dess L _T\Z' 2

g*
o

NI
N——”’

N > N >
SN—



2.7 SRR iR 29

Fo
fof_ fXY)

g g9 9gX Y1)

R EF kA F Rk SR ZiF 6B, 2oR P R C Lés 5, Ml bagst
5% Op(C), Op.(C*) L&TR$| R BHEFRZ R AAZEGIREH, A&
r € Op(C), # r(P) = r*(P*). '

K(C") — K(C),

W WE-IFRME, FRRIEM LSRR MEARE, BENEE
Wy B A GIRRRERBEERR f(X,Y) = f*(X,Y,1) BpA]. O

PAEBATERRST Z SARHAT IR AEFTIRAL. 24481 7 3k th BT LA [ R A
Bl X,V AR b XA E TS TS BT EE SN EALiRh RS —
PAAE, BHELXXADA R TR IRHATIEFFRAL, Z AT LE N R Sk
SLFE. G, TEREMINME, SR EFRAEM ST UEY “Pi & SeabH. 7
JETE LT, BAT PR B M7 O S R0 SR T 2 [ .

2.7 SRR

FURBILIT BRI, SR B il 2088 7T LABiEse SO0 596 B it 28 4 53 PR 4.
XHRTLT PRI SRR D B 5T MR R L.

EM2.24 A4
E:Y?Z4+a1XYZ +a3YZ% = X3+ a3 X%Z + as X 22 + a6 Z3

69 7 A2 A 4+ % Welerstrass 742, X HAX A KRR j FRESHREXARLLN 2.7. —
ANEF R 69 H ¥ Weierstrass THALX T2 H ¥ HAHZ. b

E:Y’Z+a1XYZ +a3YZ? = X% +a3X%Z + a3 X 22 + a6 23,
B Y?Z+a\XYZ+a}YZ% = X3+ a4 X% Z + ay,X Z° + o} Z°

AXEHAEMA B XR MR BEXTHEZTERT S E 75 E

X wX +rZ
Y~ | WY +u2sX+tZ |,
Z Z

At ue KX, st e KGHHRABEGFAMEHE o). EHHEE T RAA
AREHE FEH
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225 T —AH¥ Weierstrass 7R T £949. AE SR RFiZ
& 0=(0,1,0), BAFRGLERMFZ A=0.

JEBH B E. AT A R 2.19 EEV B EWATAE &R P =(z,y,2) €
E B—AIFFmAE, Bl z=0, WA 28 =0, FHilk P=0. XTwE&E 2.25 WKRE—
ANGEW, BB 2.10 H, REEH O Ru[§ER: Weierstrass J7 M a7 F sl Bl 7. &
L ERINTE .

570, 1,0)=1£0. ]

FIH2.26 M TFHEMEBL F LB S PcE, 3L Op(E) & —ABHEMA
3R,

W 201 SRR, % P = O B, —BUkSH
Y u = . B Y AR RAL

E,:Z+aXZ+a3Z%=X34+a2X%Z 4+ ay XZ? + agZ>.

B A 2.23 B R BAERT ue = X & Oo,0)(E) B—EALSEEINT, H (0,0) =
O.. HHRERBIIE O)0)(E) BH X B Z:

zZXx3
=%
_ zZX3
- Z4+a1XZ+a3Z% —apX2%7 —ayXZ? ~ ag2®
1
3

14+a1X +a3Z —ax X2 — a4 XZ —agZ?

Hepa 8 (0,0) AHARFETER. MTEHR f € K[E], B Rl X° H E, F
MR TREE, B8 f=r(2) +s(2)X +t(2)X?, 1,5t € K[Z]. LA

f=r(2)Z' +s1(2)Z° X + t:(2)Z* X2,

B, s, BAKE, BEARGEN Z B ¥ Z H

X3
1 +a1X+a3Z—a2X2 —a4XZ—a6Z2

RE, WE
f=ra(X, Z2)X3 + s9(X, Z) X3! 4 15(X, Z) X342,



2.8 B ¥ .31-

St 50,12 HTE (0,0) MENMHERS, HENELRERK, FALE (0,0)
SRSTE. 8 d 5 3G ra £ 0), 35+ 108 52 #0) 7 3k + 20 ta 7 0) FHIRA
B BT d B HR 36, 3j+1, 3k+2 FHFE—, W f=Xf, Hd ' 7E (0,0)
REMERETE o

Bl BT L A O B A 3 MBS (RERLM Y BTEFRM
. 7€ (0,0) € B 44 3 MEX). PR, o 5 o 7 O 20K 3 kA, T
ordo () = tondo (5 ) =3, Bt 0 dtmmse X1 wwR (2R A
2.4), LA o € Knf, S22 = Z2I0 T g0 0 4 2 bl AR A E
X213 JFHIBIER, RITRBET X — 2 WHAEEA.

2.8 Bg +

ATEH-PHAEFERPHFANRL, RIVES E LMEERKEH
KBFET, WA ERPF SRR OB Z S H R B, I3 E A KR
InEA 4B BF AT

EX2.27 E&KRTHED E Le§ 5 ATA R A8 X B,

Div(E) = { > mp(P):mp € Z, L T HBA AP € ESF, Amp = o} :
PeEE

R E B EERAEN X e, LEZEERENRLE 210 FALHMHE @& ey

m%*ﬂ‘(ﬁu’ﬁ' F A= ZPGEmP<P> ?%’-/l\%"f_, U8 degA = ZPeEmP AR

KBk i Div(E) THAKFTRYLFHAGTFHAN DIVVE) . ¥ FHRIK

r#£0, RXBTF dive = ¥ pepordp(r)(P), T 698 FaAb L% T,

TEHER 2.30 F, RIVESEFAFESHRAERENTEMRE, B divr
BB — BT
Bl & P=(z,91)cE, f25M 2.7 FHHTa4

div (X _Z”Z) — (P)+ (P) — 2(0).

BT ordp(rire) = ordp(r1) + ordp(rs), W&

div: K(E)* — Div(E)



.32 FoE MEMRLMBEHE

RSBz MR, bl AR THaRN RS RT3 Div(E) T,
id#d Prin(E).
R ¢: E-E BHMEMKZXZHMHFEE, ¢ : K(E)-K(E') RANNEFERE
B, M o L4 o((P)) = (¢(P)) TS BRI Div(E)— Div(E). f 23 4
H, MFHL E LWER—K P, ¢ WR Op(E) M Oypy(E') ZEMFEM, Hik
f
div(y(r)) = p(div(r)), Vr e K(E)

H o R ERFH Prin(E) f Prin(E') Z EH R, FF7HE

div(7) = div(r),

Brid r 1 7 9 F SRR BB (EEE ST RREARE).
THRITTHEERBEOF SRS, HERFERE:

EH2.28 LAHEFHHGHEALT, ARIKGRI B ENKAAR, B
Prin(E) € Div’(E).

XY

A g, (77)

5 2.23 1, (ERT— A AEES r BTLISR r = —2 24 R,

g (E’ _Z_>
Sk £, < KIE), FER@A 1 = 1 (5.7 ), 1 € KIB) dyhmmaen
FESUTEIEN T, KRNI IR £ 2RI (AR L) A O AR )
LT

5(32.29 AHFAEKGHKALT, f € K[E,] LA deg(N(f)) Ak, £F
deg k7 X ¥k

B 38 no=deg(N(f)), fF=N(f) = (X —z1) - (X —z,). B 2.5 ¥y
PIFHH, X —x; 7€ B FHBARE, BEl [FREE MABE BT fRTH
BENYHER, B f HBEMHET n ) |

5158 2.29 BARTTELL T |

#i2.30 ARIHHBAHAR SRS AM S

5[3#2.31 4R f=v(XHYw(X)€EKI[E.], N f* £ O LA —4~ max{2degv,
2degw + 3} Mr#R %,
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FEX#K [Charlap and Robbins, 1988] i, XZ5RBAE A HEERAE O LBHIE
X 1EX BB ATAST R HI R42% R SCE #1680 R

B EHAEHE w=0MER. i€ n=degv, NI

n Xi
f*:Zaiiv aniéo
=0

RV ordo(f*) = 2. M as 0, Wit 27 FHHRBTR ordo (a3 ) =
-2i. BARY i = n B, —2i BREB/ME —2n, HIHME 2.14 & ordo(f*) = —2n.

£ OB, B [ = (g) +§w (-’-Z(-) W24 v 0 B, LA RHEST T

X
ordp (v (—27)) = —2deguw.

SCE 2.7 7 A 450 R LA B BT TE 4 SIE B T

et (5(3)) - i (3) e (o (3)) - 20w

MR v =0, WEE; FNHT ~2degv, —3 — 2degw A% (AX —IMREE, —
MRFE), FIE M 2.14 F5| R L. O
FHATHASIE 2.32 A A Z R EHE 2.28 BiEH.

5|32.32 4R f=v(X)+Yw(X) € K[E,], N
deg(N(f)) = max{2deguv, 2degw + 3}.
WA HE X 2.8 FHYBIE R A
N(f) = v? + Tre(Y)wv + N(Y)w?.

B ¥
o deg(v?) = 2degv EBEL.
e deg(N(Y)w?) = 3 + 2degw AT ¥
o XtF deg(Tr(Y)wv) < 1+ degw +degv &
—— Y degw > degv Bf, BRH 1+degw+degv < max{2degv,2degw+3}.
—— % degw < degv, B degw + 1 < degv Bf, W 1+ degw + degv <
max{2degv,2degw + 3},
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Bl deg(Tr(Y)wv) < 1 +degw + degv < max{2degv,2degw + 3}.

B AT &0 deg(N(f)) = max{2degv,3 + 2degw}. O
#i£2.33 A RFEG SAXES AR NARERS.
JEER B 51 2.29 5|3 2.32 BARWE. o

BE2.34 R rA-NHAREIKAZTHARBRSE, U r, —AHSFA.

W8 g =v+wY,v,we K(X). B 2.14 ), FEEUTHAAEER
0L v, w BEAERA (EEHLERF, B8 mEHE “HREE"), Mk v,w
WX AZ IR, B, B0E v,w FHRMEE. TEMEAE - AEER AT
B B TEFHERT AR 2R U KBRS GFATENE, By AL o2,
gk E BRVWEER. BT ro WAERS, Hib 7 WBERE, B

Ty —Tx = (2Y + a1X + az)w.

ULETAIIE P = (2,5) % w 64K, T P SRR 2V + aiX + ag (9B, B P
B2 B

1. ¥4 char K # 2 B, 7755 3 1 2 M. IS 2.29 YIRS M 2.32 &1, 84

2 BN 2V + aiX + a3 EES, B P N w ERE. B—HE, it

w = 5 e f,9 % KIX] FERMETR. BT P % v BEME, Hi

X—zlg, X—z{f @25 FWHATR, X -z & P G40F 20T H, Hik

w7E P mAbELE 2 MR, T,
2. Y charK =2 B}, hEH j#0 H P HE—K 2 &, i E. HFEEER

Y2+ XY = X3 + a2X% + ag, ag #0,

M P=(0,ya5). BF r« —Fu = Xw € K(X) BERE, A r. -7 B—4

ZIR w1 X + wo, HHF w € K[X],wo € K. BEH—HHE wo # O(FN w £

P gt AE R AR). BHILTIH w7 P SbE—4 2 s, S 2.14 Hl v

TE P GAbAE 2 iR, BERBEMTTUSE Xo B— P 2HR i X + v, H
H o € K[X], vo € K*. HIlt,

r = nX + v + w1 X + wgp

X X
Y +2
= (v1 +w1Y) +wo Xwo .

Y
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BT X 76 P A4 2 BB AT r WERS, EY + w—‘; £ P U T

H—A 2 BMBA, B 2 = Jao. HEEE 2.11 WIERLBRTH Y + /oo £

Wo

Op(E.) —ZAZH, HR Y + as 7 P SARE—-NEEH, FF O

#8235 BAR-ANEZRTF, MR AARTFHAREIZKES R4aE K+
—ERFHBET.

B B9, g BRRL A NBRTFWHEERE, Wr=9/i WRFETE ifr
& 2.34 Hl, ro Be—AEWA, RN B#E 2.33 MELH—HH o

THEMFETRFERPELA T 2RO T AL, EREF ARNEBRT
RERT E—Bdt, RITHE Div(E) MERTRFBHRRE BEHE 228 A7
5 R B FHIBR T . B BRI TRyE L.

EX2.36 FoXHASRTF A, A HR
A; — Ap € Prin(E),

RARCME LM FHE, 2Hh A1 ~ Ay, # Pic(E) := Div(E)/Prin(E) % E #
Picard 2t &% T £ 2 , ®#k Pic’(E) := Divl(E)/ Prin(E) A% F % 2 64 K ok 455

RiF REEFEN B LECUFILAEIRR, BAERTFERETIERY,
LM IS FEEN FHRENSGHE XL, MEAMK LA EERY
HI B 78 0T b B (R B A SR IR B B TR 2. 7E 2.10 FHF R TR — i
AT, FATHEXERMBR T BB Tl T ERN R SRS RRAS R
BENE, R LIRLAHE Pic®(E) FRyERF.

29 H E57

EX2.37 —HKBHEL RIE—A—KSHAX, B l=aX +0Y +, £
Fa,fReAR BRERR KX PHEMMLSHET, TABE o X 5 ET L

EHEKEREAHERY, ARMTERESE: 1. e L HR, BEE+
HHBRT? 2 B2~ MRTRBRTHHELT, BREFEEUL YR FHES?
XMFH—ATE, BiE— S eEA N TR RS MR =X -2, N

div(l") = (P) + (P) — 2(0),
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HF PR E, LR z 8 X AR R, XS LUEEE o AN 5T Weierstrass
R, R Y (P.) 71 Y (P.) RAGH.
A B # 0K (WETEE 8 =1), BHERLIERL.

5|¥2.38 ®I=Y —(mX +0b), P=(z,y,1) 2 *NE ¥#& .4, 0 ordp(l*)
FF s HARLEFSAX EL(X,mX +b) R EK.
B —H, BT
E.X,T)=T*-Te(Y)T+NY)= (Y -T)Y - T),
5]
E(X,mX +b)=(Y —(mX + b)Y — (mX +b)) =1
AT, BT Ed(X,mX +b) BEREWA, FMTAMEN = R4H FH R

n:
Ei(X,mX +b) = —(X — z1)(X — z2)(X — z3),
HAr 1,20, z3 WREME. BHLAT 4
div(*T") = div(l*) + div(")
= div((Y — (mX +b))*) + div((¥ — (mX + b))*)
=(P1) + (P1) + (P2) + (B) + (Bs) + (B5) — 6(0),
He P& (X —z)* TEE LHEH.

L d TR MR EdX,mX +b) FEYER, W z 1E 21, 22,23 PHI d K.
FETH P B2 XA, = = BRERMR P e (B, B} FTERNSBRH S
Wit

L. 4 P=PH,z=z, REKE P=P, =0, Nl PERFHHEN 2d Kk, HK

2d = ordp(I*) + ordp(l’) = ordp(I*) + ords(1*) = 2ordp(1*).
2. 4 P£PH, o=z, BHKE P HE P, P PE—4, Hlk
d = ordp(I*) + ordp(l") = ordp(I*) + ords(l*).

MHE P, P WERRAE—%, B X —z. ;1T P EHL I* L, WEMELEMN
E-TRBHETHHELT, | 5 (X - o) BARKRER, FHl P ¢ 1", FFUH
ordz(l*) = 0. O
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FAUEHSIERTTUBRNE L =Y — (mX +b) BRFHTE: BEHHE
E(X,mX +b) IR z1, 22,23, RIFL P = (x5, mz; +b,1), W div(l*) = (P1) +
(Pp) + (P3) — 3(0).

#iL2.39 RIR—FEL, WELATURAXKUHIANGATRSE PQ# R, AR

a1+ B =200), =X —a,
(P)+(@Q)+ (R)—3(0), =Y —(mX +Db).

ALEH “-3(0)” A TX Z KA B, HEZRISREXRTHE R
FIHL K Bézout EH: WHIIHIN 1 M1 3 WP RMALA =N R. EFE—
FE R P, P,O, FEE_FERLTHE P,Q Al R.

T MERIAIFIRES ERLFEEHHWELR. IHERTLEL M EE
LM TRBAFA R TFRTETFHRELER. BTFREMRRSN SR TS —
AEL, FMWHHERESLR, A KRBT AESHEm s Wyt g
X MTHEENFL P,QIREMR), BREFEEL | LEK R, 18 div(l*) =
(P) +(Q) + (R) — 3(0)? MR MW ELRBAFTER, AR InfaI g ve ?

EH240 % PQAMAWE B ERLHAFES O M2, MALETX
Kt H R — e — R AEE | UEE—8.5 R, B

div(l*) = (P) + (@) + (R) - 3(0).

B & P=(z,9,1), Q=O(RZIMR), ML 239Kl = X -z, R=P.
% P = (zl,yla 1)’ Q = (1?2,112» 1) %Wj/l\xlﬁj%nﬁ’ m‘]ﬂ P> Q #ED‘E_‘E@E
RILWMEP=Q, lzi=20, MI=X—-21, R=0. EMWI=Y —(AX +p), H
A= Y2 — Y%
o — T
i R W LAE e i i 58 S iy ik . O
4 P = Q BHHIEH LR fF AW ERERESLE 1 LEETH T

PR EX R ELR U ERETIZL, HIEHX R RE SRR

’ u=y1—)\x1,

EN2.41 B#P=(z,y) RHEHEL C L& NEF RS, ML C AP
B A& A 5C 5
C
O_X_(P)(X —z)+ W(P)(Y )
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ERHETRANELXNELE -MRFBEAZFETE, BHUEXTFURY
R XRE K.
Bl B ER—FUSHEME, P=(z,y), Nl E1E P SAMTIERN

(a1y — (322 + 2a0z + a4))(X — ) + Ly + a1z + a3)(Y — ).

UTHSIEE P RLAKTIRS P AHMHBRR. HERMERBRE R L
B, (B B BT R ReF 66 IR oty 28 4 475050 o LASE B

SI¥2.42 BRPRAMBABZLGARS, | A—FHEHK, N2 P S48y
RGLREMR ordp(l*) > 2.

B BRK P AEHEL I* LHRELRMER ordp(l*) = 0. RiHik P =
@y, 1) €l*, HIKBAR ao(X ~2)+B(Y —y), HF 0,8 FE - %T 1. TH
BV WRAESLITIE
L4 P=PH, H2y+az+a3 =0. WAL KNt =X —z H ordp(t*) = 2.
RZ# ordp(l*) > 2 Hft FAFMZ BA GRS BAR R E A4
A2, HEARGE E /R 2.2 FURME—IFEER. B 25 ¥H Y -y RE—
BALSH, H ordp((Y —y)*) = 1. TEH ordp((X — z)*) = 2, FHIH &S
214 MAFY B =004 RER ordp(l*) > 2, FMb I =t
2. 4 P# PR, & =0, W | RRYILHd#L 2.39 8 ordp(l*) = 1. EHHHA
BA=1, NELR | HUIRHRERMGE

OFE,

_x™
*(P*)

P,)
o=

X 5|2 2.38 A ordp(l*) > 2 MIRBEHMR Eu(X, —a(X —z) +y) £z 4K
ZEF, W

9. m0(X =) 40) )

BE
(@) - ade (o) =0

OFE,
P,
Bl o= OX( )

O
8E' (P*)

ﬂﬁﬁut%ﬁ%’ﬂiﬂ%ﬂu%l&%ﬂi 240 WIER: X TREHE P, M
—HTE P QLMK TET 2 WER, BI7E P A48 o
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2.10 Picard B

AFi i B EXT Pic(E) FEE—TERREI—A4 @8 fRT. FeR
IEH Pic(E) 5HE ML E LR S RFEE— NS, HILRATAEM Pic®(E)
FHBHEEEE X E LHEH.

TIB2.43 & AcDiv(E), NAA%R—8Ss PEEBR
A ~ (P) + (deg A — 1)(O).

B BERT A= pepmp(P), A= ZPeE‘\{O} Imp| 7 A REE. B
SR @ X B TEEGHEAT I AR A R (A > 1, NEE RN &S Y
BT, BT A FrEBRFERF, RBBZ-NEREFE/PMEBWERTF BT
ZBRTH A EFR—MBRTFEF, BiZBRTS5 A KEST REAIRBOT:

o MRFEMNR P, Q, HRE mp, mg >0. W1 RN P, QWHEL, NEEE A
FIE | BIERT, BAEER Imp|, Ime| B 1. F div(l*) = (P) + (Q) — 2(0)
B, MITEEL |A] B> 2. BN div(l*) = (P) +(Q) + (R) — 3(O) Wi [mg| EXH
1 TR REAES, 1A BELRED 1.

o MRFLEFNK P, QWRE mp, mg <0, M@ LD P, Q EERMET, 2
PIF LEeHeHEAE (A Z20ED 1.

UTREZE A BB m(P) —n(Q) +o(0) LR, HF m, n>0.
o MR m > 2, ME A FEE P EAYIRHET: 2(P)+(R)—3(0). IFn>2,
Wt Q MAIZRERF. REEEFFER, (Al HEDRA 1.
o MR A=(P)—(Q)+0(0), MM tit& Q,Q ERHWETF (Q) +(Q)—2(0), &
FIMBRT (P)+(Q) + (0 —2)(0) 5 A HAERMTER. T T mp = mg =
1>0, HbZBFRFELITIRMFER, BIHIEEHET A —E AL
o MR m,n PHE—-NETE, NELIEE
AU EHEBRERINRT A ~ A HERELZ R 1. mE (A =0, W
A’ = (0) 4 (deg A — 1)(0) MEFIBHMER. R A = —(P) + (deg A + 1)(0), W
#idin it PP ERIERTF (P) + (P) — 2(0) AIBERT (P) + (deg A — 1)(0). X
BERLSEAL T TR E B,

NIEWTHE—E, BAVBRBL A ~ (P) —0(0) ~ (Q) — 0(0), ] (P) — (Q) BR—
N ERTF. GIEFEELLH, BEd PP ERMERTF (P) + (P) — 2(0), w8

(P) = (@) = ((P) + (P) = 2(0)) = —(Q) — (P) +2(0).



- 40 - Fo2E HEMRENBEER

Finli P,Q HEEMEKRT (P)+(Q) +(R) — 3(0), IRERT
—{Q) — (P) + 2(0) + ((P) + (Q) + (R) — 3(0)) = (R) — (O).

MEPA£QMPYEH Q FILEHHMEL 2394 REHRE BT (R - (0O) &F
BF, & rH (R) — (O) VW HERLE BT r REAHREA, Al 2.34
HMEE—NLHX. HRr RE-TMERES, H5#R 2.33 F&, B P=Q.
JEEE. a

#it2.44 T AcPic(E), A#EhE—4 PCcE#HR A~ (P)—(O). 4t
o:Pic°(E) = E, A—P

3
k:E — Pic®(E), P~ A

PERECE R

211 # % W

BRAEBATTAT LA E SO 1B T 28 L BRI A, & SE AT JLAT XL s A 2%
£ (ZWE 2.2), FHEEE A HIRMEE: hEXFHNE P, Q BRI, RILEXH
RAE—RL (R P =Q, NME P SAMYIZR), BEHSHEMKNE=/1K
M R, W4 P+Q=R. REJLABERE, &M RIE—FELX, WHEHRN S
—PRERER R (BEARARE O).

) — s

R

R=P+ -
0 \R=2P

Bl 2.2 HEEML B SES0HE

FVEZEHMES: ORIE E EXFE XWBEH TR OR/HFAIL
HMEHHEAKX. ARRITE RS LY EEHNERE X
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EM2.45 AMBHEELEXXEF 47 4T

e O4+0=0.
o MTAHAFTZEGHEANSE P, Q, X 240 5o avE—H K | UEFE—E
R, # R
divl* = (P) +(Q) + (R) — 3(0),
A~ P+Q:=R.

EI2.46 (E,+) R—PRHH.

Ul B PR SHERTLLES BEERIUES LAIER -

o + ETHH.

e O RBEAIT. MR PREFEL, WHEXHM P+O0O=0=P; FU P =
(z,9,1) ML H P, OWERH | =X —z, HEFW divl* = (P) + (0) + (P) —
3(0), Hit P+ O =P =P.

e —P=P R PHMIT MR PEEFEL, UXEBRY. ME P=(z,v,1),
Wi div((X —2)*) = (P)+ (P)+(0) - 3(0) I P+ P=0=0.

ME— LR MERY B 25 S TR AT, X AT LB AR B 2 B2 (2 W, [Fulton, 1969),
p-125) B LUEH. FERRIIFARRK AN L, TEETIESR (B, +) 5 Pic®(E)

RIHIESEMR. B 2.10 750
k:E — Pic®(E), P (P)—(0)
R—AXU, BATIEN « 5§ E_ EWZEHERAAGENT, BEE
K(P+Q) = K(P)+k(Q), VP, Q€ E.

M4 P=Q=08, XRBARY. BEARGE P, Q FELHE-IMRAERA. &1
BRFH
divi* = (P) + (Q) + (R) — 3(0)

HHEZ, Wl P+ Q=R THREIEH
(R) ~ (0) ~ (P) +(Q) — 2(0),

HREEIEH (P) +(Q) — (R) — (O) B— A EBT & I B (R) + (R) —2(0) K
BRFHEZL, N
div — = (P} + (Q) — (R) — (0)

RE—ERF O
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HEi2.47
1. (E,+) 5 Pic®(E) Fl44.
2. %R E,E' B#, R (E,+),(E',+) LB #.

B B MRERMTEIEANSER. FetH 2.8 TS AN R g
o] ) E 5 H R TR RAAN, HIE ARt ar. O
HELBMHBEE LR, BEBT P+ Q 2155 P, Q BIRZHXER.
MR P, Q PHEELFES, W P+ Q MHHERBRH. Bk P = (z1,u1,1), Q=
(22,92,1). MR Q =P, Bl 21 =23, yo=-y1 —a1z — a3, W P+ Q= 0. FM5it
PQ R ELRN
I=Y — (AX + p),

He
Y2 — %
e P#Q,
- 322 + 20271 + a4 — a1y
, P=QZEN Y 2.41
e QB RLEX 2.41 R HYHIE),
M=y — Azy.

I 5 EWBE=ZAKA R = (23,93, 1) WM 5|2 2.38 FHEBIM R T
—(X =21} (X —22)(X — z3) = Eo(X, X + )
RN £ X X2 WRESFIH 21+ 22 +23 A2+ a1) —ap, Hil
z3 =N +ad—ay—z1 -T2, Ys=Az3+ 4,
PNIE=]
P+ Q=R = (z3,~ys — a123 — a3) = (z3, —(A + a1)z3 — a3 — ).
MF P=(z1,1) = (2,9),Q = (¢2,92) B P # —Q, ¥ 2.3 T 2.5 B&ET Mt
U BRIHMEST 2 BRERRAME MR LS AR, P —EEmen e
R 24 PHEMBR X LIRHAR. BE 2.3 FHHEARTH

2 2 2
x° +
-’133=( y) +$+y+a2

T x

zt + y% + 28 + 2y + a02?
22

z* + ag
2
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% 2.3 HELE Y2+ a1 XY +asY = X2 4+ a2X? 4 a4 X + as BINARK

_ 2 -y
<£_£>+m(£_;)_@_m-m, P#Q
o2 — X1 T2 — 1
- 2 2 2 _
3z* + 2a2x + a4 — a1y ta 3z* + 2a2x + a4 a1y)_a2_2l_’ P=Q
2y +aix+ a3 2y+ a1z + a3
Y27 U1 (x1 — x3) — y1 — (@173 + a3), P#Q
T2 — 1
vs= 322 + 2027 + a4 — a1y
2 4 — a1
- —y—(a1zz +a P=
R (xz — z3) —y — (@123 + as3), Q

#F+ 24 charK =2,5 # 0 B, #Bdhsk Y2 4+ XY = X3 + a2X2% + as HENAR

+ 2 + Y2
T Y2 +<y1 )+a2+w1+x2, P+#Q
1+ z2 T1+ X2
r3 =
z2+a—g, P=Q
T
Y1+ Y2
= (x1 +x3) + y1 + =3, P#Q
T + T2
Y3 = 2
w:yw3+zz+$3, P=Q

#+& 2.5 charK =2,5 =00, HE#L% Y? 4+ asY = X3 + asX + ae BENAR

2
(u) + z1 + a2, P#Q
T1 + T2

($2+a4>2, P=Q

as

T3 =

VY2 0 4 2) +y1 +as, P#Q
T + T2

wB=q ,

x“ + aq

- (z + z3) + y + as, P=Q
3

HAa — M FXBLRER: BT (2,9) B E LBA, BRE »* +oy+23 +

2

azx” = ae.

BIHAETA L, BA1T—EMETTEARBA R LR E L. ERRITERGEH
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B (ERPRSABChHETIHHE, NTEATELZEIR) BARE. & P+Q M
—P IR EAXRAMRBAITTBAFER DT b C K PR SHFTINERIR
WIEH, MR S LARRRTE b . ARRIUT R L E— 125

HiL2.48 i K & A& (ALRREFR), ERZN A K WA w
%, N (B, +) -2, APmEEa TR REAXE L.

B BT Fa = {0, 1,0, + 1}, HF o B Fy FEBHEMTT, U
d=al=a+1l,(a+1)=a*=q,a(a+1)=0a®=1.

BFy FPAMEMEE: Y2+ Y =X34+X+1.

BT =0, Eltd 25 VAKAFE2HNE THSE E LHERA P =
(,y). Hz=0Kz=1, Wy+y=1, Aby=aHy=a+1. Erz=aR
z=a+1, Wy +y=q, HEFTRLR

HUEHHETH E LEMEHR: P =(0,a), = 0,a+1), 3= (l,a), P, =
(L,a+1) R O, HIZBSNER 5 MEXBAER P HhERT FTERN
TR P REACRIMBAE. h3% 25 FHARTHY P = (z1,1), Q =
(z2,32) # P B}, R=P+Q = (23,3), H+

P=(.’E1,y1+1)7
2
Y1+ Y2
2 = <$1+$2> + z1 + x2, P +#£Q,
et +l=xz1+1, P=Q,
3
Y1+ Y2 Y1+ Y2
Y3 = (.’B1+.’L‘2> +(m1+x2>m2+y1+1’ P#Q,
(D%+y1, P=Q7
55)is4
0P, =0,

-P,=P = (0,a+1) =P,
2P, =(1,a) = Ps,

—2P =3P =(1,a+1) = Py,
3P, =P, + P; =Py =-2P,,

BiH 5P, = O.



$£3E FHRELHHESES

15 2 BPRNBIER R EHE R0 SR — N8, BT L E
1 BRRE A AFAEGEE. B EAKXTH, HEE ERZ R ER
R ARBHRRGER, AR RE S E R ARIE. — Bk AU L&
BOSA R (BARH BEEEM — i B BT L se i s i i 5, EEMERD
B BARTTRWRRIEN R, NMBRTHERE EEENR L RN
R dh 2 DR R B BT R A 5 R, EA TS, RITABEBUTHE:

Lk =T, 2 ¢ THRE, HIFERNRE p, K =k RRHABAG. EREX
TE k LEOREIE LR, BOMEIE] Bl 2200 REL a1, a3, a2, a4, 06 € k. FIBTE—HE, RATK
KA E BB MK LA LRE K P GTR R R RITBEGENE, W
B i1 28 LB A AR AT & PR (B8 & FHELR) TR, ek Bx. BT k B—
NERREL, W Ee FAE X AR Y AR RATREBRCE FRME, BN Ex BiR—
MERZBEE. EH 4 BFRIHSER, £ B LRV ENEHYZEEEE
BT Ee FURNEL ARRERIHRIERIEN FH A1) Hasse BH. %
B B BT T M3, BP

lg+1—|EBF,|l <2V

B CFA Ee FHTTRNEE b R RN PR Y .
X BRAUIIRAAR K FSCHR [Charlap and Robbins, 1988] #4bBE X, {B/RHh
WEHHAR. Xt TERBIFHESFT 2 WHE, RIMESH THNE B IEHR.
BRALH-LFPRABR RN TERNH R TR R, HERN
POSH FRIBUN X 262518, BRI, LR FIIERT 3.8 T7 5% Hasse EFELA K
HWHEE 5 B B WTRM EAENRTIS, RITTRAMRE EREE5kRY
MR R4 i Ex BRGEH.

3.1 HHEBSHE RS

BIHAIE, RINFEHNBZHMBME £ 2128 k(&3 K) Lrpgt —
AHERY THHEX E PE S MBS ST HHNEE, RESEEEEH
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M a=(a1,02) € K(E) x K(E), H#RE: T E LEE—H P E, o(P) =
(1 (P),02(P)) AR R F LAy &, Psshil, B2

(Eoa)(P) = E(a(P)) =0, VPcE.

HEEER E(a) = Eoa MV UEFE, HIMRIE E BEREENES K(E) b
HIREI LR, WA o = (a1, 00) ZEWEMK LA AHBRITEUTE
M.

EXM3.1 AWEBK Exp LOHSHE-NAERS. HBERA, £
LKW LR FIZE A (0]

LRy E T B BIARME ML B E > HEEIRS (B X
5.12). BB TE— MR T3 T4 R0 ERrE LR,

T HERS, RITELZME B HEATARHFERR, DR LTS
Xl P € EEREYS o THR EEMTEMRS 0 s, HEME EEE—
RBRA B LHFTIFER O. FMIL @ = (a1,0). MR a1, a0 76 P SAEE TN
Y, W4 o(P) = (a1(P),a2(P)); MR a1, a2 1 P SAREN, M4 o(P) = 0. B
EEMEBT a1, 00 R

o3 + a1onas + azag = of + aza? + ason + as,

R a1, 02 BATE P SAIEN, BAKARIEN: # ordpa; < 0, ordpag > 0, Mg
R 2.14 MAERTE P SN KT ST ordpen, TIARTE P ALY 3ordpay <
ordpay, FJE. 24 ordpag < 0,ordpay > 0 Bf, L ATIS{BIHIERH.

T BN B E SORASERIE B B 2R i, R @S i B T
P LB ?ﬁﬁﬁﬂ?ﬁﬂ]?%lﬁ—“ﬁ\'ﬁﬁﬁﬁ&ﬁﬂy&ﬁﬂB@YEFQTE@%» X T E R
EHL N T . WEENFSREREYE, BRIFHELRANSIE.

EH3.2 & o0 REAH ZuA, 0
(a+B)(P) = a(P) + B(P), VPE€EE.

UERA CHIERAERE, FREARYEANE M2 b IS RS R AR L i
. BIERHR GBI A I0E BR R SCHE R R84 B e (B Ex(p)MEK)
WIS IESE. FIRTEIE o # +6, M TABRIE P, BRTEER o(P) = £8(P). X
HURMIENI R LT ® PR E EMEAMEE A
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o Yo, HEHE —NFT 0] B, EBE BRI
it a = (a1, a2),8 = (b1, B2)-
e Yo=-F8, Fa=>00=-LF—-abf —a Fa=>0TEPRLARE
i, A
a(P)+ B(P) =0 + 0O =0 = [0)(P) = (a + B)(P);

=
a1(P) = B1(P), a2(P)= —p2(P)~a15:1(P) — a3,
B a(P) = —B(P), B} a(P) + B(P) = O, H LB L.

TER TSRS, B a+6 # [0, BEAHIE a+8=7=(1n,72)-
e Ba#pH, H

Y1 = —0a1 — 1+ A% + da1 — ay, (3.1)
Y2 = XMaa —m1) = B1 — (a1n + as), (3.2)
Hrh 5
_ B
A= B —or’ (3.3)
Xt R X 43 AT ILFEG -

— & oP), B(P) BARMHERS, H o(P) # —4(P), ¥ P RA

F (3.1)~(3.3) MATLARE| o(P), B(P) FEIMEEH FTHHEAR, Hik

v(P) = a(P) + B(P). ‘

—— & o(P), B(P) RARMAME, B o(P) = —B(P), N ou(P) =

B1(P), az(P) # B2(P), HILE P Ay A M. Al 2.14 51, P HE n

B, B v (P) = O = a(P) + B(P).

— % o(P) = B(P) BREMRE, BARN 2 &H, Bl au(P) = 61(P) =: =,

az(P) = fa(P) =ty H 2y + a1 + a3 # 0. FIF7E a+B8 fl o(P) + B(P) B9

HEAXTHE—REWRE ) EX TMTEES, BRIE

3a? 4 2a200 + a4 — a1a9
200 + a11 + as

XN(P) = (P),

A L FIER A(P) = X(P) Biv]. BT
_Be—ay
A= fr—o
_B—0ay Patoartaiontas
fr—ar B2+og+ara; +ag




.48 .

F3E AR AR

(B2 + 15152 + asfz) — a1B2(B1 — 1) — (02 + a1a102 + azas)
(61 — a1)(B2 + a2 + a101 + a3)
_ (B —a}) + aa(B} — o}) + (as — a152)(Br — 1)
B (Br — a1)(B2 + a2 + a1a; + a3)
_ (B3 + Bra1 + of) + az(B1 + 1) + (as — a152)
B2 + a2 + ay10q + a3

HAEE 4 MFESHLHIREE: A ERSTRE XA, o 8 LEWHE TR
E. XHT o(P) =B(P) = (z,y), HI

322 + 2007 + ag — a1y
2y + a1z + as

— # o(P) = B(P) BAR 2 B, NIEMaT—FERIEE, A

_ (B} + Bra1 + a?) + az(B1 + 1) + (as — a152)
B2+ a2+ a1a;1 + a3 '

A(P) =

= N(P).

A

FHAE P A ERS . SFIESIN O (a(P) B - 22 (a(P).
BF a(P) 2 B, FE D2 (a(P) = 0. XiT B AR, B

O (a(P)) # 0. LTS P b A BBLA, FMEI A 2,14 51 4 5L P
AR, T v(P) = O = 2a(P).

—— & o(P),B(P) FHRA—NREFEMR, APR o«(P) =0, M a; =

uhed, oz = u®al, HH u & P HAH—BALSHH di,d2 < 0, T
o, af 7 P JAIEN HARETE. RNE—BREIEN v(P) RERA.
B E(a,02) =0 R 2.14 715

min{2dy, dy + d2} < ordp(ag +aja100 + agan)
= ordp(03 + aza? + asa; + ag)

= 3d,

B K di,dy <0 A1 d2 < dy, BB 2.14 W41 2d; = 3d;. ¥ (3.3)
A (3.1), 3HH o + a20? + as01 + as — ar102 — agae R 2(3HF 42
WARLILTE), WH

_ (0181 + ag)(a1 + B1) — a1(e1 B2 + Braz) + 2a201 6
Y1 =
(a1 — B1)?
_ a3(a2 + ﬁ2) + 2a2ﬂ2 — 20,6
(al - ,81)2




3.1 FHEBEFBERS . 49.

BT ordp(B1), ordpB: > 0, HILEH M 2.14 A

1
ordpy: = min{2d;, dz} — 2d; = min{0,d2 — 2d;1} = min {0, _Edl} =0.

ZIBPE MM BZ N R SRR, WAHE a=v- 8, HF
v M B 7E P RERARN. hESIEHNHR TR o(P) = v(P) - B(P).
— & o(P) = B(P) = O, B v(P) # O, N ELIEHYHBR R
a=v-BH O=a(P)=+(P)-B(P)=~(P), F&.

o Ya=0#-08, WAE v HE 3.1), H

_ 301% + 2as2001 + a4 — ar0g

A=
202 + a1a1 + ag
XX 43 AR B RME L -
— # o(P) # O, WH P RN (3.1) BIH[18 v(P) = 20(P), HAAIFRER
E LifES AR
—FH a(P)=0, B Y(P)# 0, MH a=v—a UKEZIEHEBHRL
H[H O =~(P), FI&. ]

Bl BREFRA id = (X,Y) UREEBS cq = (z,y) B NEEBE, H
FQ=(zy) € E. AUTHEL - EEBENBRS — XF Q S0 TBst

7Q: P P+Q.
SEFR 3.2 KU B sUE KRB o FRR K
o = id +cq.
HTFERE—MEEEH, Bt o hR— M EEBs.
WRE3.3 AERHBLARBH, 2R —AF M.

B EERNTEEERA - MRMUNEL. & r B— M ERENEE
REL, W r EE—FE. FHESEERY -« WL EFEES, Hb ek,
F r BUR K PETA #IE.

THEBAERS o = (o1, a2). W o1 B—MERK, U oo HEEEEFRME,
Bl E(on,Y) € K[Y] 7E K MR, B 0o —EARRIEST, T L8y has,
BT o BER—IMHEBS. S TEHERYE o, YHAREHK, B Laye
B—AWS, BRHLEE T H. HEHE 2.28 MEMLEET LS, A
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FHISS o HEEBERE] O. XMTEEMN Q € E, IR 7_qg oo, NI MUER
ES PeFE HEB

(T—@oa)(P)=1_q(a(P)) =a(P) - Q = O,
H o(P) = Q. O
EX3.4 REAAZREHEZ-ANBEE, NALHOBRAXB s st E
b B Rl &MA 4kt A End(E).
3.5 End(E) & =43, AR EAekiteso k.
8 BARAFBEARHMRESRRINY. # o, 8,7 REAEHER, WE
(o (B+7))(P) = a((B+7)(P))
= a(B(P) +~(P)) (E# 3.2
= a(B(P)) + a(v(P)) (a2—FZ)
= (a0 B)(P) + (ao7)(P).

25)l: 4
ao(B+vy)=aofB+aon.
FIFEMMAFIEN (o +B)oy=aoy+Bor. U
Bl Xt TRT— B R N S U R T BRS, BREFRE o =
[0), 7o =id A H AR RITEBRXNBHR TER m RS
[m] : P — mP,
HiftmeZ e 3.2 4

(m-1)P+P, m>0,
mP =
-((-m)P), m<0,
boIE 3
[m—1]+id, m >0,
-
—[~m], m < 0.

FHBATTLLEHHE R (m] B—MEEBRS. ANXET m(P+Q) = mP+mQ,
HEHRE— AR
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#££3.6 End(E) 2—4 Z K&, £+ m € Z 4 End(E) L& L& HAK
RXARLE [m] 44 5.

AEBA  7EME 3.5 FRAISALIEN T End(E) B—3F, Ml EXT m F
BRETEIBITF AT A, Z 2 End (E) 973, HIk End (B) 154 Z BRH, AR Z R
. O

EM3.7T %X End(E) ¥% [m] v, THARR AR L, WA EF K.

F k=F, B— AR, W E UEFEER, BFTEH Frobenius HRIZ
¢ =(X9Y9: & P=(x,y) & E LBS, W E(p(P)) = E(z%,y?) = E(z,y)? =0,
At o(P) € E. EBIEWH E(29,y9) = E(z,y)? Bf, RATMAT “E BEXE k
LHIMR L X — &, BT REE of = ai. BT ¢ SHEEBRSMEL
KEHAY, HKFTH ¢ WHE—NEHFZ. Frobenius § R RIE Hasse EH
WEETR. FRPFESR Z IEWKH E RS End(E) ERE m S HBRIEHZ
ERWEEFE, MX—HEE m RS EVIHXEH.

EN3.8 BMmA-NEK PEE, E#mP=0, AP R—A mins . e
Elm] 272t m 2 MAHELS. X mP=0 AXTFT#£EG m', 0<m/ <m,
A mMP#O, R mA P 50

EE m HRHR T B R [m] M.

EIE3.9  wom R-AEEREM, U Em] RARESE [m] #[0]. @
& [m] = (gm; hm). HEBIK gm, hem B3F R E[m] 65,8 44 5.

WE BB [m] # 0] FMT |Elm]| < co: #F [m] = [0], W E[m] =
kerfm] = E RERBPE; & [m] = (9m, hm) # [0], W [m]P = mP = O Fik#E
gms hm LA P OB B THEREBRAER M, Bl Elm] L5, FHE
RBEUEH [m] # [0] BIW): F E[-m] = E[m], FILREHE m HERGHN.
HAEBATS LA LA b0 LA 38 -

L % m=108, SEBRHL.
2. % om =20, HATRRREGH (2] # (0], BF [1] # [-1]. XA R BARA.
3. Hm B—ARMH p# 20, B 2.5 WHILKE 2 & P, B

mP=(m—-1)P+P=0+P=P+#0,
HULTTH [m] # [0].
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4. M m B—FARBHp=28, Fj#0, Mh 2.5 FHFE2H A, BE L
HIIEBIRIFE RIS [m] # [0]. & j = 0, MATHAKLERE SH, REHEH
FIRER TN AER]. B 2.3 40, IR E: Y2 +a3Y = X3+ asX +ae.
B P = (z,y) BIESTHHELXTH

x(@p)= 2%
a3z
A
X(=P) = X(P).

41T 3 HK PRI 2P = £P, B X(2P) = X(P), HHR = € K WS
2! +“4-z#1amzmummﬁm Y) =0 BE&E P = (z,y), Wl PRk
B3 WA MR m A3, W mP £ O, BHH [m] £ 0. RIS

B[3) = {(z,y) : 2* + a3z + a? = 0, E(=, ) = 0}

BER—NHRBE: z THRNBEZEZ RE 44, MBSz ZEXNE 24
FTRERY y {E, B [3] # [0].

5. ZmB—NEEE, RITMEREFIMOHTIEN. & d B m —HEHBET,
e IS8R, BEFEZS

p: E[m)— Eld, Pw %p

W Bld @—AHRTFR, 28 B[Z] WR—AHRTR KR
|E[m]| = |Im p|| ker p| tRAFREY, HIL [m] # [0]. m

#it3.10  # m#n, A [m] # [n].

B & [ml=[n], W [m—n]=[0]. HEHEE3IH m-n=0. a
BT g1 =X, hh =Y, NF AL 3.10 EATLHKKHEHY gm, hm. HHE
92, b2, H [2] = [1] + [1] URBERHHEARXTE:

g2 = —2X + A2 4+ a1\ — a9,
ha = —X(g2 — X) —ai192 —as - Y,

3X?2+ 20X +ag—a1Y

A=
2Y +a1X + a3




3.2 SRS RE 153

#Fom > 2, MHHER 3.10 H [m —1] # (1], Bl MHEAKXNTHE m] =
[m— 1]+ [1] T

9m = —Gm—1 —AX—|-)\2 + a1 A — ag,

hom = —AMgm — X) — a1gm — a3 —~ Y,
hm_1 =Y

A= .
gm—1—X

3.2 rIEEERE
B oo = (a,00) B—NEEBRS, WEEW r(X,Y) € k(E), Hroa =
r(a1, 02) € k(E). EATHRINEFBE o FriESHOBE
K(E) - K(E), reroa.
B EeRE Fad 3.3.
BEE3.11  deR a R—AEFMMEGAEEH, N o* £ —ARER L.

W BR o BEAS R roa=soo, WMNTFHEEH PcE &
r(a(P)) = s(a(P)). B#EWR: 3.3 M o B R—PHS, Bl o(P) BUR E LFTHH &,
HEXHERH Qe E, B r(Q)=5(Q), B r=s. i

PR P, ®uka(P) W—BULSE. BT v & o(P) N ST 1, £
WRERLIR woa 7 P MY 4T 1, (HEERIE M. XA F R X

EM3.12 | o R—AEFEGAZGSM, Pe E & ut ofP) Abeh—HAL
A5, AR
eo(P) :=ordp(uoc a)

Roaf P AW HARK. oR eo > 1, Mk a A P SRS HE, TAHLLE
P 233 R o & E STA SRS, MR o IS,

E%ﬁﬁ#‘“ﬁ S u WERBUR TR & v R o P) b H——3k
BH, W = 7 o(P) HRENMHFETE, [ﬁﬂt —oafE P RAMBRIENRH

AAHE, ﬁ)fuﬁ
ot o0) = entp (1) o)
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’
= ordp(u o a) + ordp (% o a)

= ordp(u o a).

RMNPBEH o B HERTH Div(E) ZEWBS o, BEZRNS LHHES
HEIRBUE K(E) Z HEBET o 2 “H8F #, BRI o 5ERTFR 38
THEHR G 3.13 8, T KA BETE X R ER

o :Div(E) = Div(E), (@~ > ea(P)P)
Pea—1(Q)

HHH Z KT REIEA Div(E) |, BimE

D = "nq(Q) € Div(E),
Q

UUES
o*(D) = Z nga*(Q).
Q

SHRES.13 A TIEWAMAIA kS o, TEHL X%

K(E) —* > K(E) r

rToo
ldiv ldiv 1 l
Div(E) —> Div(E) divr — div(r o a)

5I33.14 & o RIFFMEGAERM, r AREHYK, PcE, A
ordp(r o @) = eq(P)ordy(p)(r).

WS BuRa(P) S —BASE Y r=u i, B4 E XTI E
R BRBALE. IE r = uiry, HPEEEE r 7 o(P) RLENERETE, N

ordp(r o @) = d ordp(u o @) + ordp(r; o a)
=d eq(P). O
%8 3.13 fHiFEH

div(roa) = Z ordp(r o a)(P)
PEE
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= ) ea(P)orda(p)(r)(P) (517 3.14)

PEE
=Y orda(r) D ea(P)(P)

QEE Pea-1(Q)
=Y ordo(r)a*((Q) (o WREX)

QEE
=a* (Z ordQ(r)(Q)>

QEE

= a*(divr). O

ATEEEHE, BOITESBR N GERGHE S

WRE3.15 & o, RAEFMGAERY, A oo w2 IFF MG, LA
eoa(P) = ea(P)es(a(P)), VP €E,
(Boa)* =a* o .
S T o B AR, EIE oo LR, M 6o BIEMEN. &
u R (B0 a)(P) AbH—BALBH, M
egoa(P) = ordp((uo §) o a)
= ca(P)ordagmy(uof) (313 3.14)
= ca(P)es(a(P), (31 3.14)

R — 42U
Boa)* (@)= D> esoalP)P)

Pe(Boa)~1(Q)

= Z es(a(P))ea(P)(P)

PE(Boa)~1(Q)

= Y e(R) Y. ealP)P)

REA-1(Q) Pea-1(R)

= > es(R)a*((R))

Rep-1(Q)

=a*( > ea(R)<R>)

REB1(Q)
=a’o 8 ((Q)),
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BrASE — AL m
T H LB BRI T

5|3¥3.16 & Q€ E, NakH 7o £ IEHH .
W BT o AHAEHBE o, FHIL
1= €d(P) = €r_qorg(P) = €7y (P)er_o (P + Q).

T F erg(P) Ml e, o(P+ Q) MELR 1, HM e, (P) =1 o
P EXRTFFHBRGFMERTTHTIEA TEXT ARSHEL — & 3.17.
BT L B R A5 B o B H B R B,

FE3.17 R aR—NERARE, Mea=e(P) 5A P LE.
B W PRELEMA BITMTFEEN Qe E, F a(Q+P) = a(Q)+a(P),
A aorp =714y 0a, W

€aorp(O)
erp(0) (i 3.15)

= eqorp(0) (F|H 3.16)
= €ry(pyoa (O)

= ea(O)er,p, (2(0))

ea(P) =

= eq(0). 0O
#ig3.18 & o, RIEXHRALE, N
€Boa = €a€p.

WEEA  BUEEE 3.17 Rl 3.15 M AR R BARAY. o
YERE—NIEF LB F, BATHE k = F, L Frobenius HFZ ¢

SEE3.19

ep=4¢

EH 27 TR 3 R O = p(0) MBS, H

s 0 = nto (X o) =t (X)) =0 -
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AFPREIANNEMMMSEAAT o WK BT o* WBRER LE K(E)
B —AFi, HMR E AR, dega BBE BT K K(E)/o*(K(E)) B H
F K(E),o*(K(E)) #Z K FERXEET 1 My 8H [K(E) : K(X)] < oo, H
I deg o WEEHFRAY. FTLAUERA deg o = eq| ker o (B W, [Shafarevich, 1974], p.141-
143), ZESEHIER SEIR P XT BT R S B R R BER R E
BHERIRRMIN. BHE—HH, eo. |kero| SHIRBY I K(E)/o*(K(E)) BWEIART
SRR RE. B T EGRHIEEES A SRR, ERRITEIXESIE
HsE X, EXFRA B ER SR SRRIFETEENE R, FEBERS gL #E
[237€ &

EN3.20 RXIEKRAFAL o dhRHEA
deg o = ey | ker a.

B fEdrE 3.19 FRITCLHE ¢, = ¢ XHFMTHRBRE P = (z,9),
HABR o(P) = (29,7 LEBMA, HH kerp = {0}, NI degp = ¢. iC
J =" (K(E)), BIERY B K(E)/J. BT K(E) B7E K LFEM X, Y B3¢y
BH ¢ 7 K ERESES, Eik J 2% K EHEMN X9, Y BIMT R, FUH
R K[X,Y/(E) (5R3, WA K(E) = J(X,Y). % p#2 5, Rk E Riiue
R Y?2=X3+0a2X?+asX +ag, HIk

Y = (sz)g:;_l _ ()(3-{‘0,2)(2-*'0,4)(4-0,(5)!%i

Y4 - Y9 € J(X)$
N K(E)=J(X). #Fq=2", 1
_ X4 aX?*+asX +ag+Y?
Y = X to € J(X,Y?),
H A
K(E)=J(X,Y)=J(X,Y?) =J(X, Y} =--. = J(X,Y9) = J(X).

BT X BATHZHER T~ X € J[T) R, Hilk [K(E) : J) RET ¢ = deg .
HEit—H, T EEMARNTLHY, Bt K(B)/J BRI, X SRR
HEHE |kerp| = 1.

Wi83.21 & A€Div(E), a, BRIEHRA, N
1. deg(a*(A)) = dega degA,
2. deg(ao B) = dega degp.
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L
1. BIRBEHAER T ERREEL R o MRENER, RAT/HE A= (Q) W7

deg(a*(A)) = deg (ea > (P))

Pea~1(Q)
= ea|a~1(Q)|
= e, | ker o]

=dega.

deg(a o B) = eqop| ker(a o B)|
=eqep|{P € E: B(P) € kera}| (Hif 3.18)
= eqeg| ker a| ker 8| = deg o degS. ]

AT HARRBIFRBRET [m] UK m #3 Elm]. $ERIHEAIXT [m] #9553
em) TRBNE. HUBRINBE—EHEMIN, BAENAERLUTILY.

3.3 K(E) EMSH

FHHRNBEEX K(B) EHSH ESEFBXT K(X) L SEREER
PIR1ER, TTATHBEERRR SO ER

EN3.22 BRILRA-ANKAREK LEGSEKAL—ANK KMk$t D: LI,
H R AER N
D(fg) = fDg+ gDf.

% f =g =1 RAREMNTE DI = 2D1, FK D1 = 0, ATIX T4 %K
ce K, # De=cD1=0. % g & L "Hiy2fr, iBf=§, A

g9 g g

55)lid
pl__Dg
g g*
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%S D (fé) RO, BT T AR

f_9Df-fDg

D
g g2

BULATS cf, fLg, fo, g HISME Df, Do Wi—Wis, Bt f e L, g€ L”, c€ K.
HARRNFE K(X,Y) _EFA TN S5

@El3.23 & f,g € K(X,)Y), MA K(X,)Y) LAAE—4S$H% D, AR
DX =f, DY =g. BthdF, #*TF re K(X,Y)

[ or ﬂ f
or=(5xv) (1)

W EEFEM—M BT KX, Y] B X, Y ARH K A%, Bl
DX, DY WE#RE T K[X,Y] L S3 D, HhBREANTHSE D 7TH
—Hy BE K(X,Y) L.

NEig BF, REME DX, DY H S D WHEEHRET X, Y £ K b
ARSI Y. S BARE S3, RITHE K KR

D' :K(X,Y)— K(X,Y), r+— (g—;,g—;) <£>
M D' g K(X,Y) LRSS B S B0 it DA R s v 4 Bk BB v LA A5 3]
D' R R HIREN. FedXE D'X = f, D'Y =g, AWEEERSL. O

LI K[X,Y]/(E) W5 K(E) LE XS¥Et, YHBE DE=D0=0. %
HWRMNHAARBERIKLR DX, DY, MEER DY 5 DX BRHEEBEREN.

wiE3.24 MT feK(E), &£ K(E) L% —t%5% D #R DX = f.
AAhdmT, B

_ 3X2+2a2X+a4 —a1Y
- 2Y +a1X + a3

pr— (2 0o\ (DX
“\8X’'6Y )\ DY /"

W XETHE—HERGE, EREIE K(B) £ 0= F, i h R w78

DY DX

BT re K(E)#

0=DE = (2Y + a1.X +a3)DY — (3X% + 202X + a4 — a,Y)DX,
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Bt DY 2 DX FrvE—@iERy. T K(E) 2l X, Y £, Bike a8 3.23
¥ D ¥ RE K(E] LT XZEL RE—F. BhBREANSRERBEE T K(E)
E#FHD.

MR, FIB R

D:K(E)—> K(E), rw (%’%) (ID);()

Hv DX, DY mep@ifi/R. HIL[18 DE =0, HIAE K(E) & D HEXREEE
H). B EET RS T LES D MBE— 2R ]

L ERB A a8 T] IR S e B — R RO i L B K s
F n RB, BIFERBMIMITER X1, -, Xp € L, (78 L/K(Xy,--+, Xy)
R AT fi,---,fn € L, 7 L LHEAEW—HSH D, HE DX, =
fi, 1<i<n

K(E) LHS¥SMIPZEHRATHATHRAER R S A ERNE&H
S5

hRE3.25 & a=(o,0) B—AFEBRHS, r L—AAR LK, R
Oa; Oay
Do) = (Lo 2 o) ('g‘x‘ g‘y) (25).
0X Y
B B 3.24 IR roa IR SFHMBERN, B RBASBEN. O

FMAME 3.24, X T DX H—MREARMESE, WE DY € K[E], \TifE D
£ K[E] Loy HHRE—FH

EXN3.26 MARRTHEHKA K(E) LR S

OF
DX—2Y+a1X+a3—~é?,
OFE
Y =3X2+ 222X —aY = —2=
D 3 + 2a9 + a4 ay aX’

or Oor DX
DT:(E}’W) (DY), TEK(E)
UTEATHRNBITRHESE. EA—-PBERELE, RIIHE 9m, Anm
HIS 3.

EIE3.27 E m A —ANEEK, UK
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Dg,, = m(2hm, + a19m + a3)
—m2E o im)
()% ’
Dhy, = m(3g2, + 2a2gm + as4 — a1hm)
0E

=-—ma=o [m].

MR AR m FATIHG, R m =1, m = 2 BEER. B TEA
TTHEER B EBR, BRI S LAY, BUUEETEFSAH
BB T ARSI 4R IERTE.

Hm=10, THENERNE DX, DY X

H m=28, AAFIHEAKXTH

DX =2Y 4+ a1X +as, DY =3X?+2a2X + a4 — a,Y, (3.4)
_ 3x2 + 2a9X +a4 —a1Y
A= 2Y +a1X + a3 ’ (3.5)
g2 =—-2X+ A 4o — az, (3.6)
hy = —=(A+a1)g2 —as =Y + AX. 3.7)
AR
D\ = ((6X + 20’2)DX — alDY)(2Y +a1 X + a3)

(2Y + a1 X + a3)?
(3X2 + 202X + a4 — a1 Y)(2DY + alDX)

(2Y +a1X + a3)? (3:8)
Dgs = —2DX + 2ADX + a1 D), (3.9)
Dhy = — (/\ -+ al)Dgz — gD\ — DY + ADX + X D). (3.10)

H (3.4) Fiy DX, DY RN (3.8)~(3.10) K, ¥ DA A (3.9) & (3.10) &,
HERBEIN Dy A (3.10), BETPK Dgs, Dhe WK X, Y WHEERRIE
. [, FA 3.5)~3.7) R, WATUA X, Y FRH g2, he. BXEEERMAAN
Dgz — 2(hy + a1g2 + a3) Ml Dhy — 2(3¢3 + 2a2g2 + a4 — arhs), LRHAE Y W&
=, BUwIig

Dgs = 2(2h2 + a192 + a3),
Dhy = 2(3g§ + 20292 + a4 — a1hs).
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7 PRI ARG IR b £

Zm > 28, FIASMAR (&R 3.10) 7178
hmo1 =Y

A= 3.11
T =X (3.11)
Im =—gm-1—X + A%+ a1\ — az, (3.12)
hm == (A+a1)gm — a3 =Y + AX, (3.13)

(Dhm_l - DY)(gm_1 - X)

D) =
(gm-1 ~ X)?
(hm-1 = Y)(Dgm-1 — DX)
- ) 3.14
(gm-1 — X)? ( )
Dgy = — Dgm—1 — DX + 2ADX + a1 D)\, (3.15)
Dhy, = — (A +a1)Dgm — gm DX — DY + ADX + XD, (3.16)
B AR TR

Dgp—1 = (m - 1)(2hm—1 +e19m-1+ a3)7 (3'17)
Dhyp—1 = (m —1)(3g2,_; + 2a2gm—1 + a4 — a1hm_1). (3.18)

BRI (3.4) AR LA SR TTLIKE Dy ~m(2hm+a19m+as), Dhp—m(3g2,+
2a29m +as —arhm) Hl X, Y, gm-1, hm—1 TR HEEE (X,Y), (gm-1, hm-1) &R

HEBRST, HWBTTUAE Y2, h2,_,, TP ATIEE B AL

O

MTFEHK f € KIX], REFAR [ =0 YREFMR f = f1(XP), Hb f £

FEAZTRA. M FHERPH RO

5133.28 KoveK(X)R—ANETEFHHZLKL, A

v =0<<=v=uv(XP),
-ﬁ‘-‘f’ vy € K(X)
WEBA  WARMIREN p B,

Ov (XP
_UIB(X )=po_1vi(Xp)=0.

Rz, #ov= § e f, g £ K[X] FEROETR, Wi

v fla—fg

O0=v 7
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v 3l

fla=171d,
K FIf', glg’. BT deg f' < deg f(F f =0, NSIEBIRMIL), degg’ < degg, AIH
=g =0 HKTHMESHETX fi, g1 € K[X], B [ = f1(XP), g= g (XP),
M v= %(Xp). O

E£383.29 #H reK(E), p>0, 1y
Dr =0<=r =r;(XP,YP),
£ T € K(E)

W 2R Dr=0, NI 3.25 1 Dri(X?,Y?) = 0. RZBATE W
YP ¢ K(X): Fp=2, WA

Y?= (a1X +a3)Y+ (X3 + a2X2 + as X + ae)
HaX +a3#0, BEHEY ¢ K(X) IR Y2 ¢ K(X). Hp#2, W Y? REHRK.
T? + a} XPT + a8T — (X% + a5 X% + a5 X? + a&) € K(X)[T)

BIR. FIAT 2.2 95 HER] Weierstrass 7 AN AT 449 TER sk, RURETT DAGE AR L 84
ZIAR K(X) FRTHETR,. (FINEMN KRR deg f+degg = 3 BT, T
iXH deg f + degg = 3p LRAH. )

AR K(X) G K(X,YP) C K(E), i

2=[K(E): K(X)] = [K(E) : K(X,YP)|[K(X,Y?): K(X)]

M K(X,Y?)=K(E) H {1,Y?} B K(E) 7€ K(X) Liy—#H% HN re K(E) v
RRH r=utYPo BBR, KA u, v € K(X). E#—HH, ILY?P = f+gY, f, g€
K(X), g#0. it t =a1X + as, 5=X3+a2X2+a4X+a6, it}

Dr = (¢ +YPV')DX + pY?P '9DY = (u' + YPv')DX.

BT Dr =0, DX # 0, FHilt o' +YP/ = 0. BF {1,Y?P} R—AR, HHE
u' =o' =0. PG 3.28 Ml u = w1 (XP), v =0, (XP), FFUL r = r(X?,YP), Hd
rr=u; +Yv;. O
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THRNMNAEIFIRAERPEEAFPEFAARAENBZEHXR. T
FEFFIER 0 (IR LI BT f, RITELHE: MR fEz LHI>0MES, M
f s b d- 1 F L T REERY, E5REIFENHRT, Rk
RIS L.

EIE3.30 B r R—AHREHHE, PcE, d=ordp(r), Al
e ¥ ptd, M ordp(Dr) =d—1.
e % p|d, X ordp(Dr) >d.

W BMNAE, M p=08F, MR d>0, REALE—IER, mMEd=0,
BB A, BARITERd=0. EP£O, ior= § £(P), g(P) £0, Nl
Dr= inT;fDﬁ 1P SARENS. % P=0, B r=utoY, u, veK(X), Il
5|5 2.31 7[7%

0=d=ordor = min{—2degu, -3 —2deguv},

[t degu = 0. iy BRI u = gi fir o € KIX], MET fi, g1 K¥A

% R i, o1 KEHH n. W Du = f{ig"?f—l%x, %18 flor— hd) By
B

1. % ptn Bf, deg(fig:) = deg(fig)) = 2n — 1 FLAGHHTE TR B,

2. % p|n B}, deg(fig:1), deg(fig]) < 2n -2,
FLA deg(fig1 — f1g1) < 2n—2, HI

’o ’
Ordo (flglg2flgl> 24'
1

MXHT ordoDX > -3, LK ordo(Du) > 1. FEtXE —3 — 2degv > 0, %
—2degv > 4. H degv’ < degv—1 AJ4] —2degv’ > —2degv+2 > 6. BH3|HE 2.31
IRl

ordo(2Y + a1 X +a3) > -3, ordo(3X2%+ 202X + ag — a,Y) > —4,

A

® BT degv BEY, HI —3 — 2degv < 0, Filh degu = 0 —— HHIE.
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ordp(v'YDX +vDY) >min{6 — 3 + ordo(2Y + a1 X + a3),
4+ Ordo(3X2 + 2a2X + a4 — a1Y)}

=20.
FIH
Dr = Du+v'YDX +vDY
= Du + U’Y(ZY +a1X +a3) + v(3X% + 242X + a4 — a1Y).
HIEIEES

ordo(Dr) > min{ordoDu, ordo(v'YDX +vDY)}>0.
% d=18, & ufk P QAH—BABH, W r=ue, ¥ ordpe =0, HH

ordp(Dr) = ordp(eDu + uDe).

IRBEMEUER ordp(Du) = 0, NI ordp(eDu) = ordpe+ordp(Du) =0, Bk d =0
A 13EI# ordp(uDe) = 1+ ordp(De) > 1 BT LAFRE] ordp(Dr) = 0. FHEAMEBLIE
BH ordp(Du) = 0:
* Y P=(z,9) ¢ E2, l2y+a1z+a3#0, u=X -z B, H Du=DX =
2Y + a1 X + a3 7 P RAENHAETZE.
s BPR—N2HHHp#20, WIHF u=2Y+a1X +a3 = g—}E,. B R A
E Hy3Ear RAERT 40

OFE OF
s (P) =0, 5= (P)#0,

A it

Du(P) = 2DY(P) + a; DX (P) = 2g—§(P) + al%—(m #0.

e BPR2MMHp=28, Mu=Y +y, W 5H—HIF00HE R H 75
OF OF
5y F) =0, Z=(P)#0,

H i o5
Du(P) = DY = 5=(P) #0.

« %P0, Ru=2
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_ YDX - XDY
Ty
_Y(@2Y +a1X +a3) - X(3X?%+2a2X +as —a1Y)
= V3
_ — X3+ a4X + 2a6 — azY
T X34 ap X2+ a4X +ag— (a1 X +a3)Y’
ordp(Du) = —6 — (—6) = 0. (5| 2.31)
BEY d > 28, 8 r =ulry, K u & P SN —8ULS¥, ordpry =0,
Dr = du®'r{Du + u®Dr,
= ud_l(drl Du + uDry),
HF ordp(uDry) > 1 H ordp(r1Du) =0. & ptd, WA ordp(Dr) =d—1; #F pld,
W Dr = uiDry, B ordp(Dr) > d. 0
e H TEM B RAT. ZmB R SY0EH S m RMGHRILF “AI3cHmy”.

WAE3.31 EmA—NEE r R-PAZIHK, N
D(r o [m]) = mDr o [m].

TS RSB EMEERAEESEE S TR, HE RS
MEE r=X, r=Y WFLIA. 0F m >0, MR 3.27. F m =0, W
BRI M m=—-18, H

D(X o[-1]) = DX
=2Y +a1X +ag
=—(2(-Y —a1X —a3) + a1 X + a3)
= -DX o[-1],
D(Y o [-1]) = D(-Y — a1 X — a3)
= —((8X?% + 242X + aq) — a1(~Y — a1 X — a3))
= —DY o[-1].
%4 m< -1 0, HELIEAMERTE
D(r o [m]) = D(r o [-m] o [-1])
= —D(ro[-m])o[-1]
= —(~m)Dr o [-m] o [~1]

Du

= mDr o [m). (]
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34. 87 o

TEARTHRITIERE em YR —RIEFEREN H RIS B
BABEXTPRIMRIBREE p > 0.

EM3.32 JeXNTERABRS a, Aea=1, MALRETH, ZAHAL
RAT 489,

Fhr b, A5 MG 3.2 A R R LR—BH. XRBETIRE o
RAIST B, W K(E)/o*(K(E)) B33 3kK.

RE3.33 MTIHEKERSL o, UTHRMZFHEG.
1. a AT 469
2. D(roa)=0, VreK(E);
3. ALFEHM r, s, HBR a=(r(XP,YP), s(XP,YP)).
1EBA

1. =2
Bk o AT, r REEEHIFHE D(roa) #0, l D(roa) REHRE
NMESHERN, BUNERES P E, {18 D(roa) 7 P HEEX AR
TZE. is:=r—(roa)(P), | soa(P)=0, BfH ordp(soa) > 1. B—¥T,
BT D(soa)(P) = D(roa)(P) #0, H ordp(D(s0a)) =0, fFEE 3.30 &
ordp(soa) =1. {HH ea > 1 X713 3.14 Hl ordp(s 0 a) = eqordypy(s) > 1,
XIE.

2. = 3.
GMer=X Kkr=Y, Nk EHE 3.29 B o[ 15E %R0

3. = 1.
I o BREXELR 3 R O R#—BLBH (B REH 2.26) TiH

P yP
eq = orde (%f- oa) = ordop (:Eip—,;:?;) .

WD (§ oa) wF-

D ({ ° a) _ S(XP’YP)D(,,-(XP, Yp)) - ,,-(XP’ YP)D(S(XP’ Yp))
Y - s(XP,YP)2 ’
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iR

Drr.yry) = 2rCEY) b 8(r(XP,¥7))

o DY (il 3.24)

= 0.

[ #Esh BT LIUERA D(s(X?,Y?)) =0, Eik
D (%oa) =0, ordp <D (%oa>) = 1.
B 3.30, A4
ordp (% oa> > 1.

At o RAT5H. O
#iL3.34 &K o, AAAEXRARE, R

L doR a,0 RATHE, N o+ LT HE.
Che R a RIT 94, BRATHE, A a+ B LZRTHE.

L

1. ZEWhHE 3.33 PHE =4 BRTE.

IR o+ B RATIS, MEE %K o= (a+p) - SRR, FE.

O
W3.35 R m5pzE, M [m] RT 5.

W B PEE, ulkmP A —BABE, W ejm = ordp(uo[m]). By

& 3.31 4
D(u o [m]) = mDu o [m].
F T 40
ordp(D(u o [m])) = ordp(Du o [m])
= e[mordmp(Du) (5|2 3.14)
=0 (= 3.30).
FRX R e 22 3.30 718 ordp(u o [m]) = 1. O

4.

#HiL3.36 IR Ek=F,, m, n REKE m, p 24, A [m]+[nJop T H
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SEE miER 3.18 DL R 3.19 W4T
€lnjop = €[n)€p = g€[n] > 1,

H [n] o p B—ATISH. BT [m] BA0H9, bR 3.34 ME5RIL. O

35 m Hl &
AW EERITIR Elm] MBS, BT S REEIEHU THER:
©RE3.37 R ged(m,p) =1, A
E[m) &~ Zp X L.
%H83.38 % Elp| # {0}, 1l
E[p*] ~ Z.
PR RREAT R, TR B ERIa 50 TR A S8

EI3.39 B m A -NEEK, m=p'm £F pim’.
o =% E[p] = {0}, Al
E[m) =~ Zpr X Zy.

o TR
E[m] >~ Zp X Zipy.

FEHBNTBELEEE gm, hm IR gm — gn BIBRTHRIEM LEE. i FRITRA
HITEAREER ZHERAIR, EXHERTELEARMNIE, ARAmE RS
E%T 2, 3 WL BRMAT LA USRI B HE, ERAFSA
PR TR SARPEE N R E). ARBEMRENE, RNEENABTEHES:

EXN3.40 H&r R-AHRHE, VK

I(r) = ((%) —ordmr> (0)

Rk OLSERLK.
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1B K(E)* 3] K* by (k) RS FBa3 214 H: HEHERH r,s
JB ordor = ordps, M| ordp(r + s) = ordor = ordos W RERME T, s BHAEZ
MARETE WEF I(r+s)=Ur)+1(s). BF X, Y HEHREET 1, Btk
X, Y MRRKRURENEEREFASHEZ A ERBE TR

FEHRITE T gm 72 O LU RHETRE. MRE—#, RIUHARX m
HATA. HEE#T—HIFE, BABINKEHERTER m, p XK. BEH
£ gp, p € {2,3}, BIAWE —-NFERWT:

WRE3.41 & pe {2,3}, 0

) 1 7 0,
215 = {p 7
1, j=o0.

UEBH H 25 T, Y p =2 MR BB . Y p =30, BF E LBE
R P € B3] MIRREARMR 2P = +P, B X(2P) = X(P), HWHE (92— X)(P) =0.

HHHAR
—by X3 — bg
(=Y + a1 X + a3)?’

Bk by, by BIRAEX 27 FAFE p =3, B by #0, B j = 2 208, 574

Wt o = ¢ —5;-3,;a;xm%Emﬁh(x,y)m;P, Hoby £ Bz, Y) i

R B5IH 2.31 M4-FAE O L% 6 ik, BILHBRF%HEN 3(P) +3(Q) — 6(0).
i3 BEHIER T 2(R1) + 2(R2) +2(Rs) — 6(0), H R REARFM 2 . stk
ATl ordp (g2 ~ X), ordg(g2—X) > 1, M E[3] = {P,Q, O}. H—JH, M b =0,
Bi j =0, WAt g2 — X WEBE, NTTH E[3] = {0} =

g2—X =

w342 #pe{23}, £X

o = p2 - D, ]¢0a
Bl g2, =0,

Y
ordogy, = —2a, ordph, = —3a.
BRNALEHHE
1 1
Ugp) = ;5’ l(hp) = '_)3’
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3+ )
ai, p= 2 ﬂ- ] # 0,
as, b= 2H .7 = 0’
7=
af + as, p=3H j#0,
| (a105 — a4)?, p=3 H j=0.
UEEq
o Wp=2, BATDAIX j #0M j =0 WHHFRHATERE. BEEERIPERAER
R 28 R AR HETE Y.

—— % j#0, Bl a; #0 B, AREATEAXTA
e X2+as+a1Y
a1 X +asg
g2 =X +a ) +a,
he = A(g2 + X)+Y + (a192 + a3)-

HI5IHE 2,31 &1 A 7E O 404 2 MBS E 1) = al—l B g2 7E O 404 4 By

BAE U(g2) = 1(N2) = alg i ha 7£ O 467 6 AR A EL 1(ha) = L(V)i(g2) =
1

—.
ay

%5 =0, Bl a1 =0 B, BfEHEARXTH

X2
A= ﬂ,
as
g2 = A% + az,

he =Xg2+ X)+Y +as.

Rl 0 T TET AR D g ik ) R T SIE i A AR
e ¥ p=3, HEX 2.7 "/H
cs=b2 = (a? + a2)?, by =ajas — aq, j= -(E%_’-—Aa—z—)—i.
Bk j =0 tHEbBERE b2 =af+ a2 = 0. BEFMAREARTE g0, ho T

—a2X + ag —a1Y
Y +a1 X +a3’

g2 =X+ +a) —ay,

Ag =
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he = —A2(g2 — X) =Y — (a192 + a3).
53 2.31 A ordoA; >0, Hi
ordpgs = ordo X = -2, Il{g2)=1(X)=1,

ordphs = ordp(-Y) = -3, I(h)=-U(Y)=-1.

i g3, hs -
hy —Y
A= ,
g2 —X
93 =2+ (—g2 — X + a1\ — az),
hs = —-Ags + (AX - Y —a193 — a3),

He ha, g2 AN ALY HERTAH

_ (X6+---)+a1b2(X3+~--)t
- (be X3 +--)t ’

Hft=-Y+aX+a EEOLE3 mmﬁﬁﬁiﬁ%&? —1, ISR
WEEARA I, FEHY j #0 B, ordod = -3, I(A) = % =08, &

A

X6 +...
A= bit

B A 2E O ABIB Y —9, T ETRICH —blz. BRI, g HE
BARETHRE X2, Fil
ordogs = 2ordol, I(gs) =1(A)?,
T hs HOBAEHITR —Ags, HIH
ordohs = 3ordo), I(h3) = —I(\)3. O
FE S 4R E B AR 1.

©83.43 #EmAL5p iiéélﬂigﬁ, R Gm, b 22 O 853K 2 Brée 3
FrALR, 8 R AKSAA Ugm) = —5,U(hm) = ;nl_s
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JEBE AT m #ATIEN. HEEENRLYERATETET p EEET,
1T L i, B R bad 3R B B BT R . MR ATRIX RN m—1
EESES m+1. TEAMEAREXSMBEMERL, X T RIESEERYTE
#, BERE p ¢ (2,3} BEEEHNEXERIFTEY “BHRBZAAREFTFR 2
Xt Fp, AN Q MEH (HRERT p=0 HHENR).

LY¥m=10, Hg=X, h=Y, HibiTIE 2.31 MAEBRL
2. Y m =20, HFELTHEHAKXTHE
_ 3X?+2aX +as—arY
2Y +a1X + a3
g2 = —2X + A% 4 (a1) — a2),

ha = —X(g2 — X) =Y — (a192 + a3).

A

HTIE 231 1, A 7E O B —Bik s, Bl
ordp(—2X) = -2, ordo(A\?) = -2, ordp(a;\— az) = —1.

MRS —2X + N WETREET 1, WAXNTF 0 BRI T RBHIIE
B
1) = 2(©)
_ (3X2 +2a2XZ +a42? - aYZ)X

(2YZ + a1XZ + a3Z2)Y (07 1? 0)
_ (3X%+202XZ + 422 — a1 2)X 0.0)
- (2Z + a1 X Z + a322) ;

N W

(HE2E 2.26 WIERA AT RIZE B, b X B—BLEB%, i Z 7£ (0,0) oW &F
3.)
Uga) = -2+ I(\)? = 211-.

F ha, BIF g2, X 7E O %H 2 ik A B HETEBOEARHEIEN, B
I ordo(g2 — X) = -2, Bl ordo(—A(g2 — X)) = —3. B} ordo(-Y) =
-3, ordo(a1gz2+as) ?1—2- FIXE g2 AOREZEAL, AT T HEVLEE -Mg2—-X), =Y
WEHRPZNET 3

(=A(gz2 — X)) = =I(A)(i(g2) — U(X)) = _g (i. _ 1) _ g,
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9 1

3. BEMT m—1 AR, HF m#0,1,2 (mod p), FEEIMEM m R
3. BB kA R TR

hm-1—-Y
A= ,
gm-1—X

gm = —gm-1— X + 22 + (a1} — a2),
hym = —/\(gm - X) -Y - (algm + CL3).

BHEF ordo(gm-1 — X) = 2. XRETHETRICGFIANZE:
l(gm-1) —U(X)=0

Gn-—l—T)z —1=0 (modp) (JHHEIK)
<=(m-12=1 (mod p)
<=m-—-1=+1 (mod p)

<=m =082 (mod p)

T EA RS A58
o % (m—1P#1 (mod p) B, 5 gm1, X HBHTLER by, ¥
TRBCR A, F i BB ordo) = —1, H
1
1) = W) Z1Y) _ =17 77 m?-m 1

T llgm-) —IX) T T T Tm(m—1)
(m —1)?

FE gm 1, ordo(ai) — a2) > —1, MHMMTAE O LWHEET —2 HE
M ETMRBZMAETE:

1

Ugm) = ~l(gm-1) — LX) +1(N)?

_ 1 m2—m+1\2
-‘lm**(m)

m2’

Xt F b FIFEHLE -
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Uhm) = —=1(A)(Ugm) — 1(X)) — UY)
mZ—m+1 1-—m?
T Tmm-1) m?

-1

m3’

e %4 (m—1)=1 (mod p) B}, H l(hm—1) = 1Y) =1, B ordo(hm-1 —
Y) > -2, Nl A 7E O R BENH. 7E gm BRRAF, BR —gm-1 — X LU
o, HRZTE O HEIENH. FER ordo(—gm-1— X) = 2 TEHEK
BH

1 _1=_(m—1)+(m—1)3 e —m3‘
(m—1)2 (m—1)3 m?

M (m—1)>=1 (mod p) A4

0=(m-13-1

=m3 —3m?+3m -2

=(m3+1)(1———3—).

m+1

% m+1%3 (mod p), FFLAE B, A —m® = 1, B8 Ugm) = —. 5
F b, HETRYN

Uhom) = ~U(Y) = -1 = %

4. BEXF m -2 MBRSL, HF m =1 (mod p). MIEIEHAIMNT m EHR
S BT p#3, HWHE m#£ 4, NTTE#ER 3.10 T4 [m — 2] # [2]. Bkt
[m —2], [2] FIAMEARXTE

hm—2 — ho
A= ——
9m-2 — g2
gm = —gm-2 — g2 + A2 + (a1 ) — ap),
hm = —X(gm — 92) — ha — (a19m + a3).

FATE R 7] ordoX = —1, H

1 1
_ Uhm—2)—lhs)  (m—272 8
S TP T e S
(m—-2)2 4
1 1
-1)3 8 3
=(1) =_'2'7é0a o0,

—~~
|
[y
p
[ )
N



.76 - F3E HREEABEML

l(gm) = —l(gm-2) — l(g2) + l()‘)2

1 1.9
T(=D?2 44

Uhm) = =U(A)(Ugm) — U(g2)) — U(h2)

3 1\ 1
= - 1—— ——
2( 4) 8

5 BREXTF m — 3 MBS, HF m =2 (mod p). MAEEHNTF m GSHR
S.HFp#2, 3, BHlm#6 ATEE=FHELF, RICLIEH T M8t
(3] BeAarhy, BEHRT (m - 3], (3] RIAMEARAE
\ = N3 — hsy
9m-3 — 33
gm = —gm-3 — g3 + X* + (a1 A — az),
hm = ~X(gm — 93) — h3 — (a19m + a3).

BT gm-3 — gs WEHINREHN
1 __1_,_
(m-32 9
HI ordo(gm—3 — g3) = —2. BT Am-3, hs WETRED RN 1
AV AT RME SN A8
o Y p#TH, H l(hm-3) #l(hs), HI ordo) = -1 HEBETRE N
1
11— —

27 _

-1
9

TE gm WRARXTHRIE O LMET -2 9, NE

Ugm) = —Ugm—3) — U(g3) + I(\)?

8

=§7é07

Qo=

1

75:%%

D~
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o % p=TH, & Um-s) — l(hs) = —32 = 0, B A 1 O SMAEN. %

gms hm MBRTRRPSUERNETF -2, -3 09T, NE

U(gm) = —l{gm-3) — U(g3)

— i _1_ 1
B 9 9 4 m?
1 1 1

XEERTR T X4 p # 2, 3 BFaBIHIEH].
Y pe (2,3} uF, MR m=1, MBEBRBL. 4 p=2306, HMHA 3.42 BWIEH
ALEIRTF m = 2 MR R AL
6. X4 pe {23} B, BREXNTF m —p WBEL, m #0 (mod p). FEIEHAXF m
MWL, ] o, v I 3.42 iR, WX [m—pl, [p] MIAIMEAXTE
A= hp — hm—P,
gp —Gm-p
gm = —Gm-p — gp + A% + a1 — ay,
hm = —=A(gm — gp) — hp — (a19m + a3).
A 3.42 51, A%, g, ¥E O 6% 2a MR, TERATREAM FHE;
o X4 p=3HaTt, ordo(gm — gm—p) = @ — 3, l(gm — gm—p) = ‘73'—3;
o X4 p=2Ht, ordo(gm — gm-p) = @ — 2.
HAEHERIT: BT gm = —gm-—p—gp+ A2 +asX—az, MFEE (9p, hp), (9m—p
hm—p) WM B T2, HILT]TR

r
gm — Gm-p = —29m—p —gp + A%+ aiA—az = pe



T8 FI3E AR AR L

He

8 =95 — 29p9m—p + G —p»
~ (95 ~ 29p9m—p + Gon—p)(9p + 29m—p + a2)
+ (hg ~ 2hphm—p + hi; m—p) T @1(hp — hin—p)(9p ~ gm—p)
=(h12, + arhpgp — gp a2gp)
+ (hfr—p + 1A —pGm—p — 295, — 0292, _,)
+ 39p972n—p + 2a29p9m—p — 2hphm—p — a1hpgm—p — a1hm—pgp
= — azhp + a4gp — ashm—p ~ g3,_, + Gsgm—p + 2a6

+ 3gpg,2n_p + 2a29p9m—p ~ 2hphm_p — a1hpgm—p — A1 Rm—_pgp.

BEHEBEME 342 FRIICLHE g, by 7£ O LM EEETRE, W
gm—ps hm—p TE O &bﬁ@VURﬁ@?%&TEBQEE&%@J B T4 ordos =
—4a, ﬁﬁﬁﬁlﬁf%ﬁ%f - 4 p=3H, #Er B‘J%a‘fﬁﬁlﬂﬁ"ﬁfl\éﬁiﬁﬁ%
=2hphm—p = hphm—p, ﬁEOLE@F’\jﬂ —30—-3 MEMAKET —( ) =
73m3 L p=28, HIETE, MR FHHE O LAY ATETF —3a—2.
H O R B 2.14 W40 DA ST

BT o >p, FHH ordo(gm — gm-p) > 0. HAE 2.14 PR E X 3.40 J5
B AT A
L1

(m—p)? m*

ordogm = ordogm—p = —2, l(gm) = l(gm—p) =

XtF hm, FIBTE O LHE/MYTM T

—(hp — hm— —h _
_’\(gm - gp) —hp = ( £ m p)(!,;m 519) P( —9m p)
P m-—p
_hp(gm - gm—p) bl h’m—pgp + hm_pgm
9p — Gm—p

HABHE O WM H —2a, ﬁﬁ*é@‘f,%;&j&r— THEIEMSFIE O LB H
—2a-3, MAETEEN 5 p yon EhlttEIJ‘ImﬁSmh HIIERA. L p=3 K, B

ordo (hp(gm—p — gm)) = —2a — 3,
ordo (hm—pgm) = —
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ordo(hm—pgp) = =20 — 3.

BRE—. ZFHE O HAMMEER/M, EREMNEIRBEZMRE
FE:
1 v 1 1 1

l(_hp(gm - gm—p)) + l(_hm—pgp) = —’7—3— . m - ;n—:, . :y—z = W

Y p =25, HELIEANFELTHATFHFEERDPIETN bnpgp, HE

FEET - — s

v2m3 ~ 42m3’
XEERRSERL T A 3.43 HYIERA. O
WHENEST 2 5 3 5F, FFHE 3.42 FrifkayEs T/E, RITTUBIMTE
AR

HRE3.44 & pe{2,3}, m=p'm R—ANEX¥HKEH gcd(p,m) =1, A

ordpgm = —2a”,
ordph,, = —3a",
e[m] = a”,

EF a @2 AN 342
A BWAIX v #HEATIAM. Y v = 0 B, HawRR 3.43 AR 3.35 HIZ A B
S BIEY mo=pUm! BTREEAL, TEUEARXT pm L
ordogpm = ordo(gp © [m])

= emjordogy, (3% 3.14)

=a’(—2a) (HHRIF)

— _2a‘v+1

FREML TTRED] ordohpm = 30+ HIESE 2.26 1, o & O Lt —BLBHL,
Bt

X
€lpm] = ordo (? o [pm]) = ordp (gp—m> =t ]

hom

AMEEVI R 3.44 WREEMT, 24 p =28, gm, b BWETREITEF

7N
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j#0 J=0

1 1
l(gm) o .
m af@ 1) a§(4 -1)

1 1
Uhm) - o
m a?(z —1) ag 1

HTFEEABFRIFASATZGEE, HEEXBERITHFAS B HIEH.
THEHIE gm —gn BT, HF m, n HHEFERESER. id (Em])) FREA
1 E[m] RRY S RBET 1, MAERM AL ZBETFENRT.

RE3.45 & om, n AIFREK.
o X p#2, 3EH m, n, m+n m—nhpzk, M

div(gm — gn) = (Elm + n]) + (E[m — n]) — 2(E[m]) — 2(E[n]).
o X% pe {23}, gedim,p) =1, n=p'n/, £% v>1, ged(n’,p) =1, A
div(gm — gn) = (E[m +n]) + (E[m — n]) — 2(E[m]) — 2a°(E]n]),
L a Wy A4 3.42.

B ARRE, X ERITRA MY p e {2,3) bHapSIRiER. HAaign
WHATIE R SRR 28N, RARIERA S 434 (W72 W [Charlap and Robbins,
1988], Theorem 7.7, p.39.) HHABEEREH T E[m], E[n] FHEBTF2IEE 9m, 9n
TR, B gm— g0 RIE E[m]UEn] FERE. FEXHET (9m—9.)(P) =0 &
BRE X (mP) = X(nP), LR mP = +nP, Lk gm—gn R ETE Elm+n]UE[m—n]
PFAEES BYTTHEERARERY., REFEWE gn —gn EEm, n, m+n
m —n HELHNEIR]. & P € Elm]U E[n] U E[m + n] U E[m — n).

1. 2% P =0 B}, B 3.43 R 3.44 7150

ordogm = —2,0rdog, = —2a° < —2.

H I ordo(gm — gn) = —20°.
2. 24 P e (E[m]NER])\{O} Bt, H P € Elm+n|N E[m — n]. FATHEIEH

ordp(gm — gn) =1+ 1 -2 —2a” = ordo(gm — gn)

BUFL. 81T gm, gn FEH E[m] N E[n] it BAFRBS FRAER, Hi
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ordp(gm — gn) = ordp((gm — gn) © 7_p)
= er_p(P)ord, ,(py(9m —gn)  (31H3.12)
= ordo(gm — gn)- (51¥83.16)

3. 34 P € Em\Eln] B, H P ¢ E[m + n]U E[m — n], FHHRINHEIEH
ordp(gm — gn) = —=2. BF gm TEFH 7p TRAZEMH ged(m,p) =1, HILS
HIHEEBA KLU 7T48 ordpgm = ordogm = —2. FETHF g, £ P ¢ E[n] &1E
W, HH ordp(gm — gn) = —2.

4. %4 P € E[n)\E[m] B¢, By 3.44 B4

ordpgm =0, ordpg, = —2a”,

n
ordp(gm — gn) = —2a”.
FHE.
T P ¢ Elm|U En).
5. %4 P € E[m —n]\E[m +n], Bl mP =nP # —nP Bt, BAITEHHA 9, — g0 7E
PLAH 1REL. PR gm — 9 WEERBRH, XHTF

D(gm — gn) = m(2hm + a1gm + a3) — n(2hy + a19n +a3)  (EFE 3.27)
= m(2hm + a19m + a3), (BT pln)

5]

D(gm = gn)(P) = m(2hm(P) + a1gm(P) + a3)
=m(2Y 4+ a1 X + a3)(mP)
# 0;

EHRME D(gm — gn)(P) = 0, WETF ged(m,p) = 1, HI QY + a1 X +
az)(mP) = 0, ATl mP = nP & 2 Y&, 5 nP # —nP Fj§. HHETH
ordp(D(gm — gn)) =0, NI EZE 3.30 A% ordp(gm — gn) = 1.

6. 24 P e Elm+n]\E[m —n], Bl mP = —nP # nP &, F| AR 75T LIE
Bl P J& gm — 9o B9 1 RE A,

7.4 PeEm+nNEm-n], BimP=nP R2WMNE, BRPE gmn—09.
T THERFRNER 2. RIS FEE p=2 fl p = 3 BHRHHR:
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o Y p=23nt, HEH3.30H, ordp(gm—9gn) = 2 FH T ordp(D(gm—gn))=1
& OrdP(Dz(gm - gn)) =0.

D(gm — gn) = m(—hm + a19m + a3), (m LFrR)
D(gm ~ gn)(P) =0,  (HA mP 2K K)
D?(gm — gn) = m?(aggm — a4 + arhm
+a1(—hm +a1gm +a3)),  (FEH 3.27)
D%(gm — gn)(P) = m*(azgm — a4 + a1hm)(P)

T mP 2 4, B 2D 0nP) = 0. BT B R4S, B ER
FHF 0.

o % p = 2B, MR 330 MLEMEINERIAE. HERIAHEE
a19m + a3 Fl a1gn + as:

ordp(a1gm + a3) = ordp((a1X + az) o [m])
= ejmjordmp(a1 X +a3), (312 3.14)

HAEE 3.35 Hl e = 1. ABTHT mP & 2 Br &, BEMAH ordmp(a1 X +
a3) =2, ﬁw ordp(algm + a3) = 2.

ordp(aign + ag) = emjordpp(a1 X + az)
=a’ -2 (45K 3.44)

> 2.
Ml T 2 B, BT e #£0, HILE
ordp(gm — gn) = ordp((a1gm + as) — (a1gn + as)) = 2. o
RE3.46 X ged(m,p) =1, R
|E[m]| = m?.

B TEERAERRFIE dn = B[] M p#£2, 38, HEE 2.28 HIERTF
BRBET 0, AWM 3458: Bp5m/, o/, m +n/, m' —n’ EEE, &

Ayt + Ay —pr — 2dp — 2d, = 0. (3.19)
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TFTEBIIA m #FTHN. Y m=1, 2EGEBRBL. BiEYr<m, pirif,
dr = 7'2; D—*UJ
1. % m#1,2 (mod p) A, NI7E (3.19) RFB v/ = 1, m’ = m — 1 B8
dm = 2d’m——l + 2dl - dm—2
=2(m~1)2+2— (m —2)?

=m2.

2%m=1(modp), m2p+ 108, HF p>5, B m#2, 4 (modp). 7
3.19) AFHL n' =2, m' =m—2, AE
dm=2dm—2+2d2_’dm—-4
=2(m—2)%+8— (m — 4)?

= m?2.

3. % m = 2 (mod p), m >p+20B, Hm#3, 6 (modp). 7 (3.19) HE
n' =3, m'=m -3 \[{§
dm=2dm—3+2d3—dm—6
=2(m — 3)® + 18 — (m — 6)?

= mz.

FEEE FERFERIERT ds = 9.
BREp=2 m==1, fp=3, me {-2,-1,1,2} 8t, MERBIH. 4
p € {2,3}, ged(m,p) =1 B, TEME 3.45 FE n = p, 75

dm = 2dm—p + 20 — dyy—2p.
B o BEXTTH: Tk j RESTE, 8F od, =p°, Hlk
dm = 2(m —p)® +2p° — (m — 2p)>  (HHEIR)
= m2_ O

AT U B i, BU7ERR T LA RAE BT A 3.37 M 3.38. RATE L%
% ged(m,p) = 1 B E[m] MTCHE M HBIEBEH, RNBEU T, HiE
B A2 WAL BARBEE .
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EIE3.47 (RHBEATE) & G # {0} RN, MAAE—GEX

Hr B ng,,ne 22, HBA ni|n,~+1, i=1,---,r—1, K

G>Zpy X+ X Ln,.

SR8 3.37 MUIEEH AT m WEFERFAIAEETIAS. BEEERE |EM]| =

M m=q B—NERYE, AEHE 347 Al Elq] ~ Zq x Zy, 3K Elq] ~ Zp BIEF
. {HRY Elgl ~ Zp B, Elq ¥FE—THH ¢ LK, 5 Elq & F
J&.

.Y om=qm' B, P ¢ B—NREH [m'| > 1. AXEBBERERE 3.47, 7R

Elm] >~ Zp, X -+ X Zn,, H Ejm] = {P: m'qP = O} UK [q B— W5 (&

WA 3.3) W4

Em/|={P:m'P =0}
= {qP: m/'qP =0}
= {gP: P € Em]}

= gE[m)].
2] A s
E[m'] o qlp, X -+ X qln,
~ Zp, X -+ X Lp,,
He
N, Q'fn‘ia
b; =
ni q | n;
q7 29

HH# ni | niyr 978 b; | biyr. BIXT m/ BT NRBELA K b; BME—HESD
blz"'=br—2=1, br—l=br:m'a

5N 4

— . — — /
Ny ="=Np_2=¢q¢, Nr_1=Np=gMm =m,

HUEI R[S m? = |E[m]| = ¢"2m?, W r =2, B} E[m] ~ Zp, X Zp,. O
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SHERA A 3.38, BATFHELIT I,
5|FE3.48 p 428 &30 F p2

B 4 p e {2,3} B, MAVEMD 3.41 FELBERXTEERBLHY. XTF
—RRETEEL, RATHAE 3.6 TH A AR T2 IR IENZTIHE. O

&% 3.38 WAEDE  5(5 3.48 1 Elpl = {0}, 5% Elp| ~ Z,. % E]p| ~ Z,
BF, IR v BEATEAES. B B ] ~ Z,, HEBRAS

p: Elp’]l - Elp*™'], P> pP,

W [p] 7 Elp*] LRRRE. BT [p] B— W4T, Hp' HA7E ] THRERL
TR p” HA, W p B— W4T BN Elp], it

|E[p®]] = |Im p|| ker p| = p*~'p = p.

BIHARBAAFE p°~! Bl Q, W Q 7E p THRERE p* Bisd, Hit Epp°] &5E
=— T EEE. a
HT i 3.37 fiank 3.38 [EEH 3.39, RATT/ELUTIIHE.:

5|33.49 & ged(m,n) =1, R] E[mn] ~ E[m| x E[n].

B EGIERIERARUT FERAEEWIEY. B Euclidian FIKFTAFAE
¥, fHE em+ fn=1 TXMTFHRRAE:

¢: Elm] x E[n] — E[mn], (P,Q)— P+Q,
7 : E[mn] — E[m] x E[n], P~ (fnP,emP).

BEHWIE 1, 7 5 SULE TR ELK R FASHHER. B, A mor=id | pmpeapn)

Lom = id | gmn*
mouP,Q) = (fn(P+Q),em(P +Q))
= (frnPemQ) (H%¥ Q € En], P € E[m))
= ((fn +em)P, (fn + em)Q)
=(PQ),

tom(P)=(fn+em)P = P. g
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TIE 3.39 YiFE  HEIE 349 H, T m=p'm/, ptm/, H
E[m] ~ E[m/] x E[p°].
# Elp) = {0}, W Ep’] = {0}, Hit
Elm] ~ E[m] ~ Zps X Zum.
25 0] e o D R A

E[m] ~ Zm/ X Zm’ X va ~ Zm’ X Zm. (]}

3.6 BTF£IX

FIHATY L, ROV ES B EE R gn, hm BB ERBFR m LA (HE
MEMHFRBRIVFEAT2ERE, MTHZELY ged(m,p) = 1 B, HIRSETN M
WAERE. EATHRITELE XL —DRE m HLELE 1 HEE, HRELFES
O WEHR BB ERERFRENNT L. WEXHENAERERAEN, Whdh
B 2.34 M LR—NEHRX. BT E B Pic’(E) R (B WML 2.47), B
MR m HRZMETF O, WiKRERWBIA N EFLE. #5508, 24 ged(m,p) =1
B, XHEMNEHR—EHE: BT TEE m#ElE P, HEPHEm#A
&, BHFENARE 2 8 m HlEZHBET 0. MR Em] FEE 2 A, M m
wE KA, H E2] C Em]. BRE p#2 BREX 2.12 J5HHEH). ZEXFHR
TE3IAN 2R, FEEMNWMET OEMFE—TU (B2)) - 40) HETFHE
HRE, BIEL 2Y + a1 X + a3).

3B FAFAE A IE BT BT SRE RS, RATE X EISFMERTHHN, K580
B p BEATALIULRA Y p > 0 B}, FrB%IRIKARM L.

BRISHIEARILASD, LATFHRIZ p=0.

EM3.50 T EM m A0, HoE—k (E[m]) — m?(0) ARFALEF 4K
FFm@OHRIRE m RS TF SRX , i2H . AL Yo =0.

EE3.51 XM TE#EH m, n, ARFFAKL:
L. w—m = _¢m;

295 =m> JI (X-X(P)
PEE[m]\{0}
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3. K[X], mE K,
o (2Y + a1 X + a3)K[X], mEZ1GE;
4. 3o R m,n ¥ BEAE, B Ynipn € K[X].

WEBA

1. BF E[m] = E[—m], H i e X 3.50 50 Yom = —Pm BRI,

2. B div(X — X(P)) = (P) + (P) — 2{0) A, AFHHENEERPREHEHE
F. AT BRXFANEERBHETIRENN m?, FHibi#E 2.35 MERXY
B JRAL.

3. &F m B— 1A, W Em] AEE 2 &, B Elm] 928K Em] =
SUSU{O}, ## 5 ={P: PesS) HMASE 2 KEHMRMNAETE
B = mP];[S(X - X(P)). & m 2—/MBY, W E[2] C E[m], Bt Elm] 74}
# Elm] = 5 US U E[2, AT $m = s T1 (X — X(P)). dA 54807
WA ¥2 =2Y + a1 X + a3, EME 3 SR

4. IR m, n BARZEH, WhH LS 3 SMEGRML. WE m, n HEBE, H
BB S 3 A, RFEER v € K[X] Bpv]:

Y3 = (2Y + a1 X +a3)?
=4Y? +4Y (a1 X + a3) + (a1 X + a3)?
=4(X% + a2 X? + a4 X + ag) + (a1 X + a3)?
€ K[X]. O

SE3.52 % m n#AO0OH, H

'wm+nwm—n
gm = 6n =" Tgmgr

S 345 1 LAPAARRT. FE A 3.43 R
ERELY — — &, Mo iR Emagoy— ) e
PR E T RBBAN, TR LR 0

HRE3.53 MBTIAXRBE—HRRTHEHEL A SAX:

¢0=0)
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P2 =2Y +a1Y + a3,
g = 3X* + b X2 + 3b4.X2 + 3bg X + bg,

ﬂ =2X%+ b2X5 + 5b4X4 + 10b6X3 + 10b8X2 + (babsg — babe) X + (babs — bg),

P
EF b IFXARAREX 2.7,

¢m+n'¢’m—n = ¢72L"1)7n+17/)m~1 - 1/)12n¢n+1'¢'n—1-

RR—F A

¢2m = Z—Z(iﬁmwiﬁfnq - wm—2¢12n+1)

= (%2 o [m])¥m,
V2ma1 = Ymy2¥, — Y31 1¥m—1.
B M m, n#A08}, HME 352 &
gm = gn = (gm — 1) = (9n — g1)
Lip:!

wm+n'¢m-n - "/)m+1¢m—l _ wn—i-lwn—l
vahvE YR v

HikA

¢m+n¢m—n = ¢ﬁ¢m+1¢m—1 - wgz¢n+1wn—l-

MY m=08n=008 ELXBRML, FHI (3.20) X7

(3.20)

(3.21)

(3.22)
(3.23)

Y3 = —(g2 — X)93.

B 92 B e RN ERBIFTHIRG T o5 ARNAIL. 250U i MR 3.52 7] %0

(g3 —X)ll’g.»

Py = ™

IR AT LAIERA ST g ARBLL.

AIEFME—1E, BAITE (3.20) FRUFHRE m, n. & n =0T

~Ym¥-1 = Yp,
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MIE -1 =—-1. HS m=0T701#H
_"/)31 = ¢n'¢)—m

H ¥—rn = ~Yn. BEXT m 23, B n =2 NRIFHES

V3Vm41¥m—1 — V2 ¥3
"pm—2 ’
EIFAIF (3.20) & o, 1, Y2, ¥3 Fl vy RATUME—FERTEHR.
7 (3.20) KA m 4+ 1, m — 1 23 m, n BIF[18 (3.21). TER m, n 55|
A m+1, mBIE[& (3.23). XF (3.22), AN EBRTWF:

¢m+2 -

div Yom = (E[2m]) — 4m?(0),
div ¢y, = 4(E[m]) — 4m*(0),
div(v2 o [m]) = div([m]* (¥2))
= [m]*(divyps)  ($f53.13)
= [m]*((E[2]) — 4(0))
= Y. (P)-4Em)

Pe[m]~1(E[2])

= (E[2m]) — 4E[m)]),

B Yom, (Y2 o [m])yy, BAMBMERF. FHELEENNET R

U(2m) = 2m,
U(2 0 [m])¥p) = U2hm + argm + ag)m*
= ;n2—3m4 (#F%3.43)
= 1(p2m),
B am = (Y2 0 [m])yy,. O

#iL3.54 A& m, A
1//'m EZ[Xa Y7 ay, az, a2, a4, aﬁ]/(E)a
WP, & mRFEH

Ym € Z[X, a1, a3, a2, ag, asl/(E),
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% m G

_12722 € Z[X, a1, a3, a2, a4, ag]/(E).

MR 7E6E 3.51 55 4 SMEIEHT, RITELBH ¢3 € Z[X, a1, a3, a2, ag,
agl/(E). FEEAXT m #HT7HH. Y m =1, 3EZDBRY. MUFHm>50, &
(3.23) REHILHERL. T m =2k, HEFA (3.21) X3 & REHXTHS
AL R . m

THEZBAETRENFR T, mAFHERTEIRRTHE by B (3.21) X (3.22)
K4 :

2hm + a19m + az = 2 0 [m]
_ Ymalh o~ Ym-2¥h
Y23, '
LARGEARZET 2 it, FAERRTRE A, XTIFEST 2 BN, RIIEH
[Koblitz, 1991) gk, FriBMEiRxt TEB N EEE R B LA,

H3.55 H‘Em A -ANEEK, WTRARFTHFFTXELT An:

1.
— "/’m+2¢72n—1 — wm—2"/)12n+1

1
hm - _(allgm + a3)v

2¢29p3, 2
2.
hm —Y = ‘p—-’"ﬁf——;’:’“ - (3X%+ 202X +ag — aIY)_____"’ml;:;l’g“ + g0 [m]
AFoA
fom =¥ = Vacamiz _ (3X% + 202X + ag — ayY) LbmsL,

Yops, Yatp2,

JEBH HIRTERULEART IS 1 SRAOLE. TEAHIEMAMGERASE 2 HF
HE—MERX i
s = —(3X2 + 202X + a4 - a1Y).

% m=1, 20, ELRHAEKTHETLHUEASARBIIN. 4 m>20, AT

_ hm_1-Y
hm = It — X (gm X) — (a1gm + a3 +Y),
A
gm — X
hyp =Y =~ (hm_l—Y)—d)go[m]-l-Q(hm—Y)

gm—-1— X
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Im =X s =) + o [ml.

—hy,-Y =
m gm—1—X

IS i & 3.52 A[ 1R

gm — X ¢m+1¢?n—l ("f’rznwm—li 1 Ym¥m—2

— = o -1]},
X(hm—l X) Y3, Ym—2 Yo, 4 e Va2, 1 Ty2ofm ])

gm—-1—
X (3.21), (3.22) ATAN
_ "pm+1¢72n—2 - wm—3¢?n

g o [m —1]

¢2¢?n_1 ’
H i
gm — X vy Ymi1Ymos | Ymi1¥m1 ¢3n+1¢m—2_’(11m+1¢m-3
gm0 002 T 403 2l otm
_ Ym¥m—2 | Ymi1¥m1
T R TT- S

H st F m, ZERBAL

TIEIERISE 2 SR AP EX, RBHE v20[m] A (3.21) 1 (3.22) XA
B . ]

AR RIRAHE p B R

FEHER 3.54 FRATER: MIFMER 0 B, BRFEMAMRYPCIET Z. UHFE
K p B, RATENE p ARBEMNV IR TF LA, B 3.54 &1, RATEFE
HEEHB M FEE TREIA

Z[X, Y, a1, a3, az, a4, ag]/(E)

#5r R (RBILEBE8E p RNAF), BrARNTRTHERHERF RS2 F 1)
SRALSL. AR ATTAAUE I LA T i 5| 2.

5|3E3.56 % m £0 K, P, #0.

iEBH AT m > 0 FHTHMN. T ¢ FIERLRBRN. TXT ¢ =
2Y +a1X +az, BIELFFESET 20, BT a1 X + a3 RETE, FHILMEKRK
S X F—fRAEGL, RATEMS 3.52 FAFIH m, n Hm -1, 1, 7[H

'lpm'l/)m—2 = (X - gm—l)wfn—l‘

BIFABRBA Ym-2, Ym-17#0, URB m > 28F X # gm_1, BHt ¢ #0. O
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THEHBENTEHAR TSI EEFERERE, KR Ry HBRTF BERR,
RHFE LR TFEIRBEERE X

®3.57 % ged(m,p) =1H,
div¢m = (E[m]) — m*(0).

W SRR TR, ¢ EXRFEE O 4F m? -1 MRS HEWEEK
FT m. BT ged(m,p) = 1, BHIH p 294kE, EFABPARE TR, FHi 44
R p BF, TELFER O RBRE m? — 1 A, h T a7E S B B IHAR
T, ¥m HE m? - 1 AF K. FtHTFESR

g — X = _wm%;;fm—l
':P, gm — X IEEHJ E[m] *%,ﬁiﬂﬁaﬁy it} ¢m+1a ¢m—1 &%ﬁp&&:ﬁ; IZ']JHS PVm
ESFLL Elm\ O} FH A AREH. BT XA AR m? - 1, X s®
M—ER 1 NE A, NTiaBmr. a

513 3.48 MU H TUHATHE p Ak, ¢, METIRRSETE, B ¢,
HIAMRE RSB TBUNT p* - 1. 2T 3.57 B T4 Elp]\{O} iy &
%2 vp FFE R, W |Elp]| < p. O

Bl Hpe {23}, ged(m,p) =1, n=p'n’, HF v >1, ged(n’,p) =1, NI
i 3.45 A
div(gm — gn) = (E[m + n]) + (E[m — n]) — 2(E[m]) — 2a"(E[n]).
lﬁ]ﬂ;j’ 7/’m+n"/’m—n

9m — Gn = — )
m n 7271,1/)121

div ¢, = a”(E[n]) — a”|E[n]|{O),
BTEk ¥n £ Eln] R SLH o BrEA.

3.7 Weil %t

B HATELRE m HAFTEFINRE B S8, TRITBGRIE W
Bl 2R LA Z A BIRER R XE— “@R MfEE. Weil XA
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Se MR L R, FE6R b Weil MFTLUBMUE m HLAR ekt B, &
E X B 3.8 .

EEWH, m FRE p ERHERK.

FERE X Weil SR BHARZ AT, RATHRIIA—AFIE. BIIEERT A
17 [m] A3 K(E)/[m]* (K (E)) HERZ MBBEE.

5|3E3.58 & rRX—NARILMHK, ALRAAED Em] PEMRY-F BT
RAE, MAEE-AHREHK s, #iFr=s0[m], I re [m]* (K (E)).

B WRFA MTFEE-NT2 RS o, WY K K(E)/a*(K(E)) &
WY X—45w, Bt Elm] 08 kera BRFTIER %518, Hil TRATER
HHBRAIEIZGE, BrLbX BRATRA 3 —FMERA k. S2hs LRAITEHA

[K(E) : [m]* (K (E))] < m® = deg[m]. (3.24)
A (3.24) BT LASEAUG B IERA - 3T

J = [m*(K(E)) = {to[m] : t € K(E)},
H={reK(E):rors=r, VSe€E[m]},

WA JCHCK(E), [K(E): H < [K(E): J)]. {r:8 € E[m]} BB m? 4 K(E)
HH FAAH SRR, T H EHEEE, EHibh Galois Ei@%ﬂ[ (E) : Hl =m? X
H (3.24) Ml m® = [K(E) : H] > [K(E) : J], B [K(E) : J] = [K(E) : H] H itk
H=J, 5IEEL ( B Galois B E A ABE| K(E )/J RS, HiX—ZRR
MTARE).

AW (3.24), BATERIK K (9m), K(9m,hm), K(X) M K(E). E&

J = K(X o[m],Y o[m]) = K(gm, hm)-

Ehﬁb@ 3.51 9:"] 1/712n, ¢m—1wm+1 € K[X], mﬂﬂi‘ﬁ@ 3.52 i{] (E)l n= 1)=

7/)m—1'¢'m+1 €

gm_X:“ wz

K(X),

B gm € K(X), K(gm) € K(X)(XRBT mP 5 mP = mP i X MARRAA
By, 5 P Y BFRHER). FHEEHT BARES RN FXE:
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AN
X

FK(g,.h,)

K(g,) /

H¥ [K(E): K(X)]| =2 RELAERN. FB [K(X): K(gm)], HME 3525 X 5%
RUT K(gm)|T] FHIZIX:

F(T) = TYr(T) = @m-1¥m+1)(T) = gm¥m(T).

LAFESTEE, o2, 7 O & 2(m? — 1) Bris, BibmsIE 2.31 MARKST
m? = 15 Ym_1¥mi1 FE O BH (m—1)% + (m +1)% — 2 = 2m® Pri s, FFARKH
ST m?, Hl deg f < m?. MIHEATERE, RFETXMRE A THEEME, B
WFHEA deg f <m?, FFUA [K(X): K(9m)] < m?. BRI hm ¢ K(gm), TUH
hm € K(X), \TiXHEEH P E, &

Y (mP) = hy(P) = h(P) = Y (mP).

M mP AR 2 rait, EXBRIFRBL, FLh [K(gm, hm) : K(gm)] > 2, Hitk
H

K(E) : KXOK(X) : K(gm)] _ 2m?
[T K (gm)] <5 s O

THEE X Weil Xf. 972 FHY#4>5CHR [Charlap and Robbins, 1988] 45 12
A 61~68 TR —FERY.

T mMET, B gr BRWR divgr = m]*((T) — (0)) WEEEH. &L
BATAAX R E CREEY - BT deg(Im]*((T) — (0))) = 0, HXHiMH 3.3
A, [m] B E LEWST, BRFER To WE [mTo =T, HitE

Ty -0 = Y. (T)- 3 (R
Te[m]~(T) Reker[m]

= 3 (To+R) - (BY).

ReE[m]

(K(E):J] =
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M BRE
> (To+R—-R)=m’To=mT =0,
REE[m]

B ER FR R Z ST RIFIEAL O, BB #ER 2.47 5 [m]*((T) — (0)) ZEB
T, BT R BRI HE R gr RAFER.

EM3.59 m iz.b 465 Weil 2302 5K

emEmempﬂh(megfﬁ
T

AP pu kT K P mREBLERITHRGGE L.

BHTL [m]*((T) - (0) HEEFHEERHAEE - ERHHET, FHik
em(S,T) 5 gr HEEBURICRM. FETH T

div(gr o 75) = 75(div g7) (faiH 3.13)
=73 ( > (Th+R)- (R)))
ReE[m]

= Y (To+R-8)-(R-S8))

REE([m])
= div gr,
H en(S,T) € K. TAEATTHRSEHAEH en(S, 7)™ = 1.

SRE3.60  Weil A A A AT MR-
1. (‘XX%'&‘&))‘ ng-ﬁ@é{) Sa Slv S27 Ta Tl’ T2 GE[m]’ Z]-

em(S1+ 52, T) = em (51, T)em(Se, T),
em(S, T1 + T2) = em (S, T1)em(S, Tz);

2. YeFM” MHEEY ScEm], A
em(S,8) =1;
3. XM 2% S, T € Em|, A

em(S,T) = en(T,S)™1;
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4. ‘QEig 4
em(S5,T)=1, VS€Em]<—T=0,
em(S,T)=1, VI € Em]<= S=0;
5. ABEM”: R a R —NMERGRA, A
em(a(S),a(T)) = en(S, T)deg“.
JIEBH
. H|F

oT ° o
em(S1+ 82, T) = gT O 75,45, _ 91075 075,
gr ar

- (QT °Ts, o TSQ) gr oTs,
ar ar

= (em(51,T) o 75, )em(S2, T)
= em(S1, T)em (52, T), (em(S1,T) B—¥%0)

FHN R BN ERXBRL. KIEHE - ANER, BEp 9T+, 5
g1y, g, HRR. BT (T + 1) — (T1) — (o) + (O) RERT, FEEgHE
BREL R, R

divh = (T1 + T2) — (T1) — (T2) + (O),

m
div I — [ (T4 + T) — (T4) — (Tw) + (O))
gngr;
= [m]*(div h)
=div(ho[m]), (& 3.13)
E5)lig
ITHT: _ oho [m],
9, 91,

1E8 Elm] oS TRBS TR, 5 e K%, flaE

em(s, T] -+ T2) = (ng+T2 o TS) (ng o TS)(gTz o TS)

g gr, 9T +T,
_9n°7s gr, °7s
an, ar,

= em(S, Tl)em(S, Tg).
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2. i So € EWE mSy=58. £E gsornis, 35

m—1
G = H (gs © Tis,)-
s

k2

Ul
div(gs o Tis,) = 775, (divgs) (i 3.13)
= (1i5, © [M]*)((S) — (O))
= ([m] o 7i5,)* ((S) — (0)) (fi& 3.15)
= (1is o [m])*((S) = (0))
= [m]*((S —iS) — (—iS)),
div G = [m]* (2 (1 - )8) - {(0 - z')5>)>
1=0
1 0
= [m]* ( Do sy - > <i8>>
1=2—m t=1—-m
= [m]*((S) — (8 — mS))
=0. (HX mS=0)
H I R 2.34 DK HER 2.33 M G B— ¥, BAE
Gors,
==
_ 9S8 © TmSo
gs ©TpS,
_gsorTs
gs
=en(S,9).

3. HEBTHBIWIER S8 Mar-
l=en(S+T,5+7)
= em(S, S)em(sa T)em(Tv S)em (T7 T) (Xx%‘@'ﬁf)
= em (S, T)en (T, S). (TE%#H)

4 R MRBIEN SR TFHT R T = 0, W or B,
AT TRAZEN, HIH e(S,T) = 1. BEIEEN S Em], &
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em(S,T) =1, Bl gr 7EHH m HLEM A TG FRAZEW, EHh 513 3.58
B, FEENEEER r, #8 gr=rom]. HF

[m]*((T) — (0)) = divgr
= div(r o [m])

= [m]*divr, (458 3.13)

WE [m]* Be—ABHFH dive = (T) ~ (0). BN r BEFRBEA, LR
—NZHA. XNAT r RE-NEH, BEHLER—MEH (S L6E 2.34
LK HEW 2.33), TG divr =0, T = 0.

T BREANEEN m A THIEHXEEM m AL S, &

Jo(T) © Ta(S) _ (QT 0TS ) deg o
Jo(T) gr

B TZAXE— W, HBATURM o #TESTAREEHE:

9o(T) © Ta(S) — Ja(T) CTa(s) O
9o(T) Go(T) O X
_ 9o (T) O X O Tg
Go(T) O &

HRXH
(o) e

gr g‘;f’g @

EHR M ABIERAIERN m HK S, H

Jo(Ty O € ‘ _ Joa(T) O

deg o S dega
9r gr

B 512 3.58 MIHSM FIEHFER M EEER r, #75

Go(T) O &
g;ega

=70 [m].
T
div (g—ﬁ?—“) = (" o [m])((a(T))  (O)) — degalm]*(T) — (O))

9r
= [m]* (e ({((T)) — (O)) — deg a((T) — (0)))
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= [m]*( Y. e((T+R) —(R))—dega((T>—(0))),

Reker a
H M HEGE R S PR TR ER TN, BREBRFHREETE, BF

Z ea(T+ R — R) —dego(T — O) = (eq| kera| — deg )T
REker o

=0. (dega HYENX) |
BRIGHNTEN em(S,T) £ m KHALH:

em(sa T)m = 6m(S, mT) (H%‘lﬁzﬁ)
= en(S,0)
= 1.

3.8 Hasse EH

BTER M LUENI# 41 Hasse . 75 [Hasse, 1934] #1, Hasse SHFIE N2
B OLA T AR A TE .

FEHP3.61 (Hasse BH) & k=TF,, t =g+ 1— |Ex|, B Frobenius g Bl & ¢
HR

Lpop—[tlop+[q] =[],

2. [t| < 2,/3.

X HEUERA 4 [Charlap and Robbins, 1988 45 12 55 69~72 T FH Y iF A 2 —
B, R T AT SR X B T i BRAE R, M BT LYY RS EIR 4L,
FEEAEFMRARE FRELERE NS BEEEME 337 1, RIIEL
WEBAT . X T5 p EREBEH m, Eim] ~ Zn, X L, B—1 8K 2 WHB Z,, B

51383.62 & {11, T2} R E[m] %A Zym BE—0 %, B en(T1,T2) 2 m ik
AR RALAR.

W CRIERT em(Th, To) & m AR RAR, REIEH e (T1,T2) BH N
m BA[. i B4Rl
em(T1, T2)™ =1,
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HIE HESER m B E em(Th, T2)™ = 1 WHR/NEBEREIT, BIIR en(T1, T2)" =
1, W m|n B en(T1,T2)" =1, WXt c1,¢0 € Zm, H
em(nTl, cal; + Csz) = em(Tl, ali + Cng)n (‘ﬁﬁ@ 3.60 EF'#J% 1 %)
=en(T1,T1)" em(T1,T2)"* (& 3.60 FHIEE 2 &)
=1. (f83.60 PHE 1 %)
BT {Th, Tx} B—4H%, Bk Elm] PFHTREBTUAERHK a1Ti + 2T R B
em W7 “JEIBALPE” (R 3.60 FHYEE 4 &%) AI18 nTy = O, HIE min. (]

T EE¥ 8 FASHEREESEHRHE Em L8318 REHE B
. 1B EFERYUE B RS F 2] Weil X

EH3.63 WaR—ANRRERE, Mok Em] L&RA (@A am) R —
ANEM AR L, BAAIKXGMR dega (mod m).

W8 B o(Elm)) C Elm), am BEMR. HILE amn 88 Zn 8 Elm]
B H RS R EEY. & {Th, T2} & E[m] B—4A%, W o, 7L RERE

A= (au au)
az a2
KER, HF am(Ty) = a;Ti + ag; To. HiHETHE

em(T1, T2) % = em(a(Th), a(T3)) (M 3.60 FEILE 5 %)
= em(an1Th + a2 T2, a12T1 + a22T3)
= em(T1, Ty) 1912 e (T4, T) 1% 6, (T, T} )1 %32 1 (T, Tp) 21022
= e (T1, Tp) 102 —0n ar2

= e (T1, Tp)detom,
B3I 3.62 Hl en(T1, To) & m RAFEAAR, FHik
dega = det oy, (mod m). O
THRNEHER N HFSHREHEHRE
@HE3.64 Ko, FRABAERARE, 1, 2 €2, M

deg([c1] 0 @ + [e2] 0 B) = ¢} deg a + ¢ deg B+ c1cz(deg(a + B) — deg a — deg ).
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B W om BRTA. ARXWEESFH gedim,p) = 1. IEWARS
End(E) WULEE— Z B BFPH BRISEHRHEE Em] EREIMEEICH
End(E) |gim), MHEBRE— Zn B TTXHMEMEN, M TEEN o
End(E) PLEAEEW c € Z, ca ¥E E[m] LHRHBIFHEET (¢ mod m)am, BY

(Id] 0 @)m = com,
Kt e B 3.63 ] 7%
deg([c1] o @ + [ca] © B) = det(c1om + 28m) (mod m).
AL XE 2 > 2 FE R R B AT 1R

det(cram + c28m) =c2 det ayy, + c% det B,
+ cicp(det(om + Om) — det ay, — det Br).

TR M A B FEL 3.63 T] HI6RAE 3.64 L. 0
WEl3.65 W aR—AHRAE, N
B:=aoca—|1+dega—deg([l] — a)] oa+ [dega] = [0].

B AIHTE —AF, RAEHER B RSHEHE Em] £, HA ged(m,p) =
1,
Bm = a2, — (1 + det ay, — det(id —m ) )0 + det aiy.

FRUGEIE A 2 x 2 HE A T B3 S T8

Tray, =1+ det oy, — det(id —auy,),

UL H Cayley-Hamilton REFERJ 1 B, = 0. ;B m, WM TREL A P,
HBP)=0, B B=1[0); BUE B=(5,05), M6 AEHBEIELA. a
Hasse EIHIEA ®BF Bz o WEEH, Al
Ey = {(it, y) €EE: (2q’yq) = (‘T’ y)} U {O}
={PeE:p(P)=P}
= ker([1] — o).
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MR 3.36 T4 (1) — o RUISM, B ey, =1, UL
deg([1] — ) = |ker([1] — ¢)| = |Ex|.

2 X 3.20 JEBYBUEITT 4l deg o = g, NITERVE 3.65 HIK o = o TT%] Hosse A2HEAY
AL ~
XTEREW c1, c2 € Z\{0}, HfiniS 3.64 A5

& + g — creat = deg([ex] 0 [1] + [ea] © (~¢)) > 0,

WAL 2 aiig

2
(ﬁ> - ZLi4g>0,
Ca C2

Hp
> —rt4+q20, VreQ.

FZEAERTE R Bz, HHABIRX 2 - 4¢ <0, B 2 < 4q. 0

3.9 Weil g3

TEFFRMER T, WRME LS M ELEASTHEY: L = Fr 2
k=T iy m XY BH |E| REHH, N |EL| ATHARBY. 550, mE b i
AN, WIRTLGE R AT A TIRER X, Y AARRHEE Bl XEERTEHREH N A T 5
2, BINSCER [Koblitz, 1991), p.158 A3 K& i Fom bR R th 22

Y24 XY =X3+ X241,
Ws=qg+1—|E|, t=q¢™+1—|Er|, N Hasse EFH
ek (z,y) = (29, y7)

BE2HX
T? — sT + q € Z[T) »
£ End(E) FRIE L. FREH, or: (z,y) > @7 97 ) B T? —tT+q" WEH F
B, MR ¢ £¢t, M op BERRE T? —t'T +q™ HEL: TNH
wrowr +[q"] = [tlo ey,
erowr+ "] =[t'loer,



3.9 Weil g - 103 -

A[f8 [0] = [t' —t] o pr. B 3.3 Ml o B— MG, HM ¢ — ¢ = [0], #HA
t' =t FBTHT o = o, BTl LA ¢ 2 or £ T2 —tT™ + ¢™ FHHM
—BERy. A

WX PR 2T, BRI T2 — sT +q WEES o, B. 1 Hasse EHH)
EZRETMRMAFNK D = s* — 4¢ FARERNIER, FHI o, 8 BFAILEHER.
At o, 8 R REE Q(VD) FRAEES, HEiUET 2], Hb

1++vD

{\/—ﬁ, D#1 (mod 4),
v =
2 b

D=1 (mod4),

B E 20k
f(T) =T —(a™ + F™)T™ + g™

BT o, S RMFIKEMR, FIL o™+ 6™ B—DIH, B o™ +8™ € Zp]|NR = Z,
Brih f € ZIT). Bi#E—2#, AT of =g, FTL

f(a)=a2m__(am_+_ﬂm)am +qm=_am5m+qm=0'

Wi, A f(8) =0. % D <O0Rf, o, B f WAARFEGER, BEIE Z[T] +
T2 —sT+q=(T~a) (T - B) % f. BHITTH o B fIHBE YD=0r/, H
B a=0 R f 12 BEIR, N LMEeHRr. i, o X

fI(T) = 2mT™ Y T™ — o™)

HMER, B f 75 o AENEDSR 2 WEH.
EHRATIES T Ty e 8

EIE3.66 (Weil) & E RANXAF, LyWA WK, |Bp|=q+1—5s dm
RAEEY. EZERLHM T? - sT+q= (T —a)(T - ), 1l

| By | = ™ + 1~ (@™ + ™).

Bl RY?+Y =X3+X+12ENIEF, LR, % F, FRTE 0, 1
RN X, Y AT BERARLE, B Br, = {0}, At s=2. 1T

T?—2T +2 = (T — (1 +))(T — (1 —4)),

i
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(
2-(—4)7%, m=0 (mod 4),

. J 0, m=2 (mod 4),
| By | = 2" +1—((1 + )™+ (1—1)™)=2"+1—

2-(=4)"7", m=1 (mod4),

\(—4)141"—1, m=3 (mod 4).

M m =28t 91§ |Br,| = 5. X 5HES 2.48 JEHIBPTB IS RE .

BEE Fb, MA Weil EHITHE |Er,. | B, 3FRBERBHE T2— sT+q,
1 RAFEHA Locus JF30# I3+ ENT], ¥ X, [IEEE, 1998] Bt A AE: A.11.5.

3.10 % W £

MRCLHE k= F, LHE S B 09880, WAL 5 — &4 B,
8 B, LSS RA SRS BETS, Mk MBS B %R &k, &
SRIFR B, By, LW X BIRFTHRAERE, WIE ki, k\K, 2 FEE——3 5.
HUCTTLIERTY (Bx| = g+ 1 -t B, K |Ef| = ¢+ 1 +t. BERITEEMF 12
| S x ek, IR B BRE—EH X 845, WRESE KR Bz, Y) {1
! k .

' PRE3.67 & Y2+ aY + b€ kY] R Ak FAL.
L Bp#A28, BrRE L TAMYLBEHRXT ENBIZ — R 2.
o’ —4b FTER, RALR k P# kM4
o ged(Y2+aY +b, YI-Y) # 1.
2. $p=2%#, 2 .
Tr: k — Fo, w+—>mz:v2i

=0
Ak G B, RNERFTRELEE PHEARGEELHL
a=0 KR Tr(a %) =0.
EBH
L #F

oc:k* = kX, z— 2

RIGEEFE, AHAR {1}, Hit o MRERE b FIEE0Y 2 TR %%
SAPMITTRRFHRZWHER, T b \o(k*) FETERKL R RIERS .
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/7‘,\
1, = RIKER,
-1, = BTKIERR.

T2 x(0) =0, M x J& &k _EARYEREL M

x: kX — {1}, :cH{

Yz+ay+b=(y+g)2_a2;4b

AR IR TRRIE k PRSI FEERMRE x(a® —4b) # —1. FEifE—H, HiE
k HH x(a® —4b) + 1 AR R iR — R AL.
TEN SR B BB IE R p B—1 (K) REL, x(z) & Legendre Ff

%(%)(ﬁﬂﬁ:?ﬁtﬁﬁ%ﬁdﬁﬂuﬁﬁf&ﬁ% 21, [Gaup, 1801], Article 131,
[Koblitz, 1994], Chapter I1.2). ZEHE —HERL T, BT

Yi-Y =[[(v -,
yEk
At
ged(YZ2 +aY +b,YI-Y) = II Y —y),
yek:y?+ay+b=0

AT A58 AN TS
2. T o 2? B k="F LA, FiLY o =0 B, RETBRRL. 4

a# 0B, FTRLUEMIEAZ#HR Y — oY, IFHBRINHTBRAE &, #Y R

H1 HEAG R a=1. RyekBY>+Y =b MR, NHBERFHEH

vy T =0T 1<i<m.
¥ UL LB 3§ S A ISR
0= y2m + y = Trb,

45 52 W SR R AL B2

EEIMR y B Y?+Y =0 R, W y+1 REZTRKN ISR, B
HUE AT BRA. RETETE £ FHBW TR Y2 +Y = b BBM (Y +y)(Y +
y+1), y €k, NTIXHETBRENEERIELMY?>+Y = b FEIMEH—
. H—HE, dLEMTHERTE F PEBNTRLERRE Trb =0, mike
BRMGRITREN B US ST IE RN —2, FIRERL. O
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IR B, BATESREEE p # 2 L. BBt £ RnErE i E
é&’ Y2 = S(X)’ ﬁn’j
8(X) = X3 + a2X? + a4 X + ag,
el A 3.67 MIERAS R 1%

|Ex| = |Ee\{O} +1
=D (x(s(@) + 1) +1

€k

=q+1+Y x(s(x))

zEk

=q+1+t¢,

et =3 x(s(2).

x€k

XFF R R IRIER R v e k, B XWHEBE B Y2 = ¢/(X), HF
§'(X) = X3 4+ vas X2 + 204X + Y3as,
W 8" (yz) = 7?s(z), Ei

|Bil =a+1+ ) x(s'(2))
x€k

=qg+1+ Y x(s'(vz))

z€k

=g+ 1+ x> x(s(=x))

z€k

Y p=20, RITHEEAMEMZ
E:Y?+ (a1 X +a3)Y = s(X),

He .
8(X) = X%+ a; X%+ asX + as, a1 X + a3 #£ 0.
3 3.67 AT
|Ex| = |Ex\E[2]] + |Ex N E[2]]
=2|{z € k: a1z + a3 # 0, Tr((a1% + a3) ~?s(z)) = 0} + |Ex N E[2]].
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B 2.5 WAl
E[2] C Ex

1 =0
|E[2])| = “ =|{zx€k:a1x+a3=0}+1.
2 alaéO

ek, HTry=1, 4WEMZER E' 4

Y2+ (a1 X + a3)Y = s'(X),

H
§'(X) = s(X) + v(a1 X + az)?,
y
Tr((a1z + a3) 25/ (z)) = Tr((ar2 + a3)~2s(z) + 7)
= Tr((a1z + as) ?s(z)) + 1,
53]

|Ek| + |Ex| =2/{z € k : a12 + a3 # 0, Tr((a12 + a3) "?s(z)) = 0}|
+2|{z € k: a1z + a3 # 0, Tr((a1z + a3) " 2s(z)) = 1}
+2|E2]|
=2{z € k: a1z + a3 # 0} + 2(|{zx € k : a1z + a3 = 0} + 1)
=2(¢g+1).
FY |Ex| =g+ 1+t B, |Bl=q+1—t.
B _E AT 0 T T i LS
HE3.68 W ER Kk LOMEMK, XXMA WL E 4T
LE%p#2, E:Y2=X34axX?tasX +as, v 2 k T8 R IEHE, N4
E' Y% = X% 4+ va3 X% + v2a4 X + vae.
2.8 p=2,E:Y?’+ (@1 X +a3)Y =X3+a2X?+asX +ag, vk B Try=1,
U
E': Y%+ (a1X +a3)Y = X° + (a2 +703) X2 + aa X + (as + va2).

E ARARD v M E k. & |Ex|=q+1+t, W |E|=q+1—t.
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EE: MR E 2 EMREMAE (B #E), B4 EHE B BRME. B4
¥, M p# 20, ERE v BEMN E MERHZ; 4 p=20, E2H y BEHN
E' a2k, BBl SCR IR iy, ERTEERNE E HHRMEHH AR

Me—f. T p £ 2, A LAY, T4 = 2 B, FAEH LA
B 1R, Bt B e Lo (R ) ARRMSS T MEYE
R B SIS R R b, (XS b A R R — R,

DRE3.69 W®ERELILOHHAGE, MEH _RIEFAREL 1 HALEH
eGP & k LB, PR T X THEAwME k£ BlHAE e —A s

BE TE b LR RASEEEFRURT kAR RS, SR

AR 5B, B 2.3 .
8

LBp#2E: Y2 = X4 aX? taX +a. MF Bt ZKAERATEM
PRI P28, JEoh— i T LU AU 55— & e R R TR 2B
BN, UL B MRy = 62 2 k FHSRER, W B Y? =
X3+ 9a2X? + %asX +%as 5 B FAGBIAT. h TRV e

(X,Y) —~ (v7'X, (v6)7'Y)

¥ E Aol E7, Ht LK% BRBL.
2. 8p=2 E:Y?+ (a1X +a3)Y = X3+ a2 X? + a4 X + as, BATEIEHIXTF
HFTEWITEK v,

E": Y%+ (a1 X +a3)Y = X3 + (ag +va2) X% + ay X + (as + va2)

5 E R
BT Try =0, HLi @& 3.67 H K H &

s? +a13+fya% =0,
t? + agt + va = 0,

TE k PEMR s, t. B TATFNERTR

(X, V) (X, Y +5X +1)
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¥ E Ky E” + (azs +art) X, FIHE HEER ass+a1t =0 BIF]. B 5, t B9
X AT 5

(azs + alt)2 = ajaz(ass + ait),
E MY azs + art # 0 B, H aszs +ait = ajas. WAPKE s I X2+ a1 X +va? @
EoMR ¢ =s+a B, WF azs’ + ait = (azs + ait) + a1a3 = 0. O

311 F S HILR

HET R AR — IR M R 28, B R BRI A BT ER. 1£
AT BRA PR B S A7 7 i SRR AP . X P LAl R 50 A K% T I
IRBRIFER IR RBE. i TXENERCLBIN TABIYAWTEE, FHLgs
g ishe = e JUIR PSR

EM3.70 ¥ End(E) RIEX by, MARME @% £ ZALFFH6.
EH3.71 % p=23%, ERFFHALELNR J(E)=0.

jEBA £ [Deuring, 1941], 45 253 TR 255 7. O

Waterhouse 7EFHAH R 304y A BRI _EAW B &R B Fr B T BB L (&
I, [Waterhouse, 1969], p.536).

TEFE3.72 (Waterhouse) & k=TFg=Fpm, t RH R [t| <2,/7 4 %K, N Ak

LHEAEBR |Epl=q+1 -t GMAMK E A BRHRXRTAMZ — K3
1. p,t Z%.
2. m A%, B
t=42./7,
t==+.q p#1 (mod 3), &
t=0, p#1 (mod 4).
3.m AN, B

ot =0, &

o t=+,pq p=2 3.
BF—AHEALT, HWEERRIELS F6). HARTHRMAEATREIALY R,

#iL3.73 k=F, L& MRA WL E ARF FHAZELL plqg+1~|Exl

Schoof #§ th Xt T K B ¥ AT FH R M 2R, HBELEWE T LN AP B LI
FE (B [Schoof, 1987], p.196).
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EIEI7T4 R ERRAAAMKRE=F, L& RS FMABK, t =q+1—
|Ex|, R Ey 6924494k F BT
o %12 {q, 2q, 3q} B, E RIEE.
o Ht==42/78, Ex~Z g51 X L gr1-
o 5t=0,¢g#%1 (mod 4) W, Ex £WEFEH; Ht=0, ¢g=1 (mod 4) &, Ex &
PBIER S A By = Ly X Lgsa .

FESCHR [Schoof, 1987], p.194 A7, Schoof R4 H T ¢ Bt 7 i Ik Rl 4 46 [ pihi 28
B H N(t).

EHE3.75 (Schoof) & k=Fq =Fpm Z—AHMRIK, 2 Nt) 27 k LHR
g+ 1—|Ee| =t $53ERMME W & B 495, & ¢ <29, RIA

1. % t,p Z&E, N(t) = H(t? — 4q).

2. & m A%,

N(£2,/q) = % <p+6—4(1p3-) —3(%)),

Ny =1- (2,

o ().
3. % m R4 KH,
N(+vpg) =1, ZHp=2, 3H.

XHE H(A) RRNE A B Kronecker K% (HE X &N [Schoof, 1987] H{]5E
2%) , 1 (%) 47 Logondre 5. BRERHIL Kronecker 55424 |A] 8/het

AREABOTE, BroliZe BEIEAE A T E R A L3R 4 5 i B R A 30
XETHFER 2, 3 BRI AT R, ROVBNEME H(-4p) BT ER, B4
H(-8)=1, H(-12) = 2.

LAHE BB, Menezes M Vanstone 231 T B 3.75 B — A H4%ER, 3+
&l T HNMEAHERFETT (2 [Menezes and Vanstone, 1990]). ¥ 3.1 /4T
For LR RMBMAEER, Hb m BEK, ¥ BEIHY, v, o B, 6 € Fam
HW2

Trw = Tr(y"%a) = Tr(y*f) = 1, Trg,d # 0,
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X m—miln ‘R k WHE, Tre,x — z Wt RRT e . 15 ¢

Ji)mﬂﬁéili~ﬁuq= % — %{%#{Hﬂ‘ ERLEE’J?%‘% ﬁﬁéﬁ AT, BT EMAF
5.R32H/MT m ﬁ#ﬁﬂfﬂ%ﬁ% Hie, Y m= il (mod 8) B, HX LHEH
B2, T4 m = +3 (mod 8) B, BT EHEIAFS-

% 3.1 m HEKH, F.» HBEGRLEEE

HFL ¢

Y?+qY = X° +./g
Y2+9Y =X%+a T4
Y?+4%Y = X° +/q
Y24+Y =X°+8 TVa
Y2+Y =X%46X 0

Y?+Y =Xx° F2/4
Y4y =X+w +2,/9

& 3.2 m AHFHE, F.m EEHRENHFKSE

&L t
Y24y =Xx3 0
Y24+Y=X3+X +2q
Y2 4Y=X3+X+1 F2q

FiREHl, Morain 4 Hi T4HHE%ST 3 BHE2F R MM R [Morain, 1997], B
GRS R 3.3 7 34 Hoft ¢ ROGCERIA, 6 REXEY 1 WTHK. X5
3.3(skF 3.4) FPh, 4 —(XT:F% B4 TE T L) s - maE, T

TOHFR 34 TE T )mmrﬁ ELTEE’J?—?%

& 3.3 m HEME, Fsm LEFRABLEMEHR

RFEx t
Y?=Xx%-X +2./9
Y2:X3—'72X :F2\/§
Y?=X%—4X 0
Y2=X3—73X 0
Y2=X%-X+¢ FVa

Y2=X%-~2X ++% +/q
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+® 3.4 m AHYH, Fsm LB HEMEFIRKAE

RFET t
Y2=X3+X 0
Y2=Xx3-X 0
Y?=X3-X+$6 FV3q
Y2=X3-X-9¢ +/3q

312 B 4% W

EWET k=F, LHEAMZE P WEBUE, RTRELREBESW. h3ciat
FAER 3.47 ¥[H, By SUTEAMEARNEREN, HFEXEMEREE 1
Ly, X v+ X L.,
HHni > 1, ni|nip1,i=1,--- ,r—1. BT Ex 2BWRY, HEHLER—NREE,
MTTAFTEREE m, 18 Ex C Elm]. HEHE 3.39 #, T LHEE m1, me, Em)
—}5 Zm1 X ng Iﬁjﬁg, [Eﬂt T < 2(@%@@ 42)
EIE3.76 (Riick, 1987) & F A X /= F, L& R wh 4%, A
E}Fq o~ Zm X an,

R P ny|ne, nilg—1.

FEEM 3.76 B T HE MK S BHREFHNFHRER, W n, =1
B HBETEATHE A, HEIEH na | ¢ — 1 BIR. FTEAIEAS %R
Berit Skjernaa il Scott Vanstone $&£4EH. 1 n1 | ne W41 Ex B T8 Zn, X Zn,,
RS n? D ny HE. BEH 3.39 74, XMEFAN n, JLH.
TR Weil RHER k& B& ny IRAFERAR. B512E 3.62 UKL AU
HITT A, F#HER P,Q € E[ni] C Ex, 18 en, (P,Q) H ni KEFHELIMR. 2 o H
Ex By Frobenius HREZAS, NH ¢(P) = P,¢(Q) = Q 71§
en, (P, Q) = en, (¢(P), p(Q))
= en, (P, Q)% (i 3.60)
=en, (P,Q)?, (ZWEX 3.20 JFHIHIE).

HI en, (P, Q) € k, AT en, (P, Q) B (%) B ny AR &> BB ¢ — 1. O
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55 1 PG A RS A OB T4 E B PR R RO BN R R M dn
SRBHTE BB IR A By SR A B A A o) BT OB B O BRI, AR A B & LRt
BOEENEIDAR. FOh T Hbr— R AR L et RITLIUFHTTR
B RRFEE OB I

X T HEHBPT R E — IR RER, 1% HEECI R € X, FYEm
THIES: B G = (o) B— M HRFCEEFEE, o AHERTT, H |Gl=n, BeG.
FIr R B RO M (R R R 2 BB R L(IC A log, B), 78 B = ol BT a WK K 0,
BRI n WEXT, BE M. BRI AT A A — A A
B & A ik(black box) LAY, X PR EFIHFALBBTRIRR, THRERE
BRPHATRIE . KB RABH I HTRETHEX =F2. AAX =
FHIEH, MTHEN o8, BMATLIRBEEEITE log, 6. FEERHRBARXT
REPHME, FBHTETRETHFREN RN, EXTRERAXHR
—A T, FARBRE - MEEE - E R, HERRRR—T
RAEZITARBNRTT. W R TRBEREXE—NMIT. X TR
U, XM Ty . G T RE T HE A — D RORRR, BT
F (P) — (0) EAREKT (B WML 2.44). HMHEWEIFH: BORAEE, —&
AYUH LR BR T HBEE. TEX IS P HIWTPI A T R TAR SR LLBRRAL.

Fhr b, BEHOT RN B R AR R KRR LB FRTTRMRR. B,
HFIEAHE G =Zn, a=1T5F, RBEE T TROBEPRERESN. #
—Hh, BMEAMIT o # 1 B, FIA Euclidian 53k, W7 ERMER —1
TCRBBBOTE (PR L G FRBOIEIEHRBH YL TR G M Z, ZE—F
BT I PATBRART). E G, 7E TR AR B B B MR A SR, RS IERET R
WIFRAR T R LLE R, T 4.4 WHRITESBIXM T HRBHTRIERE, 7
TEAE M A B FERK BB FAT7E 4.5 R RITER A RULER R HIR,
U B SR AR i A B oy 2R X T A N A SR R AN 2.

4.1 Shanks’s K& /NEp:
Shanks HJRIE—/INEEEAR FRE— P —BRENEY:, TR o FFEH
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FRUHBHERST 8. (HEMRASEMNEIEEWU R —ENTFE#EE e, X
- /INB LB IF B AR REILBRAIR N T 1A E IR B 385 [Shanks,
1971]. ZHILB AT T8 8 S B 4. BInsE 5.1 W, AN EHiT
SR IR B 2 A B Bk

TERE/Fkd, HAERBHE o,0?,--- HEEF L, MEELHFiITE oW
—RINENFR (YNE?), RIEXMFRANEZEL b, 1TH ob,a?®,--- HEFEA o
FTHHHEPHIENTE (“KF). R L EETHBFEAN TR ETHERAER T
HRPER o, MAKALGFHEEMAEHREH L2ME BERENEGIBHTE
REW—WRRIERIFEXERREF W, BLAMTTUIETH BB RE
FE—TAFWEES, NTTRA SRR A SRR o, BT RPN B
MR DL EEOR, RN ERE IR AR R — R R B, (ERTE SRR
X FREBBNTVENBARE, YA LEREE M.

MTHRRBEEF, M5, HENCERAHE—RRY {1, ,p—1} FTEY
X, HBRIFYRRERFH. T Frn FRENTCRET UM —FRHI FlX]
FREUNT m ETRTER, I HFFAREUA R R E FER T USSR Fo
TTRHEE. M THEMETN S, B TRIOIFENERT F, xFy, IR UF A
P43 B B = B HE e 1 0 52 U (B i 28 b B HERF.

KP—/NEERHRERR T
CHE YN BIREK b,
(o, 4), 0<i<b, RIFHE o BRFR R IMUMRIE
BUE K By = [7].
HWH Ba ™, 0< k< g, REMNAZHEECERT o WERPEN Ba .
FHEMBY, W log, 8= kb+i.
M T log, 8 € {0,--- ,n— 1}, B log, B LATME—FKRH

=W =

log, B = kb + 1,

Hpo<i<bh 0<k< [g}. F JH T 2002 B 0 s W LA L.

TE BT M RHEF R, & O(blogh) WGEH, Ho—KiBH R —K
FILB P BT R — K AR, WI7E K2 Wit BB, & O(glogh) WIEH,
HFA O RERAMA L. FHERE I SRAEE b, HEXE b+g
Wyl /MEBITT, Hrf bg = n. BT b=g=va HF b g HHEHK, Hik
b=g=[vn], NTTZEEREIEN O(Vrlogn). el TIHEETEE [V ]
MREH Ologn) HITE, FHIHEREIE X O(v/nlogn).
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EERNRAE LB PR TR N n RANT, Shanks JFEIREREA: B
BUURMEW — 1 LR, RRBITRE - /Pik BIER LRI LR Bk
BoREnt, SEAERER n, RFEITREE. R A AR AR R B
Xt MIEFEBE KK n.

4.2 Pollard’s p H#:

Shanks A B AU 2 BE L ECK AT BB B ARG 25 18], NI Pollard 4211 T
BERBFL, HIZHATE S Shanks FIRERBAFER, EXEEHEEETHIL
FARBEM 2574555 6]. Pollard 7EICHE [Pollard, 1978] F48 X E kAT, L EATE
AR R REEE, HEWUHBM TR 3EERL

BG=TU0TUT &Y GHW—MEPLRS, BEMMENR/IRE LR
M H. BEPLER a0, bo, T zo = a0 g, RFHMT RS <E FFH
(%i)iz0, (@i)iz0, (bi)izo:

Bx;,  z; € Th,
Tiv1t =22,  z; €T,

az;, x; €T3,

a;, z; €11, b;+1, z; €Ty,
Gi+1 = § 2a;, x; € To, bi+1 = 4 2b;, z; € Ts,
a‘i+17 Tq €T37 b‘ia Z; €T33

MIRHERER ¢ >0, F 2 = a%p%.

BT GR—IEREE, FIFS (z:) B&06E R, NEES — R
INEB L0 R N>, H82% 0> u B, zipx = 24, W 21, s Tpupa—1 A
). BEC p BORRFRBIER, T X\ AR RS . BB 5 i e 2 BT E_ L K
HRFR, THFNEENTE i, zo AN o HERE o0 WESRMEER, W
R 4.1 ZEREER EERUTHFIEFE p, XUMEZTEEL0EHE.

p FEHI R FIRICHC o = 25, @ # j. DURBEIGRELMEN =i, <5, W

ot am/@bi =z;=1x; = aaj/Bbj — aaj+lbj,

(At
I(bj — b)) =a; —a; (mod n). (4.1)
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Kl 4.1 Pollard p B:

# d=ged(n,bj —b;) =1, WFMH (4.1) BIRRAE (. BNFEEE d DATRER 1, Y
FAM d BUN, TRLESRAE of = 8 BEMOL, FBIIRAMN I #YIHH, &
& Euclidian $4:, Wi+ EELHR

d = un + v(b; — b;)
HPBE u,v. 1€ (4.1) APAFL v 775
ld = v(a; —a;) (mod n).
B (4.1) ®d|ai —a;, B I BERUT d MPARREFHHE—F

”—(“—i(;—‘W+kg (mod n), 0<k<d.

FFR L, 4.3 AR Pohlig-Hellman B UK B B BRI AL N HEL & n B
BB, FHib—Bkit d HALEE K
FE—NTRERM B TR R ©, = zuqn, WEETE o+ X MFEFIFHTE.
B i et
Bz, €Ty
F:G—-G, zvw z?, z; €Th

axr;, x; €T3
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B EENBLS, BHBRERMNTE G — G MBS P22 EILRRE, W 4+ A
H BT '
\/;21-:1 ~ 1.25v/n € O(v/n),

Z: I, [Teske, 1998].

KB LB FRH Pollard XA KE S HIEMBENLE B BT RELE &
(MHE—-PKEH 1.2 WHEEEF). HROFEEBELSERER, HESIEHE
HIRIAATBENLIFS, BRARTT AR BIRTER B #E [Teske, 1998].

Pollard L B RIE 2 EBUR T SR ICE LR BTSN EERE—4
SERERIFEF (zi, ai, b)) (M ERGE RXBITEE). L EERS
Shanks J7{%E—H#Z O(vn). A Pollard B R M Floyd A (X [Knuth,
1997], Exercise 3.1.6) X FRILHL. TEZFEFARWE (i, ai, bi, 2i, a2, bai),
HE zi=x BRE i Hi>pbl, BF o =z, BILEAYLE T URINE
RRERE i, o2 RAXBERTEE, BT zir1, Tourn BTGB R RN
z;, T2 PHRE, B zi1 = F(x:), 22341y = F(F(22:)), BWFRBEL IS
[6]. B1°F Floyd JMEHFA—ERER RIS —NILE, FHI ¢ SEAZER L ) Ryl
K X THEIEMBEVIBESRN, HEAEE R

7l'2 ™

—/=n ~ 1.03+/n.
V3" 1.03v/n

et B FRERRBFS {2}, {22} WA, o1, o B TRIR, EHAKIT
HETR

7'l'2 us

M VCFE B8 A 3 A 3L AT 2 WL [Brent, 1980] LA %% [Schnorr and Lenstra 1984],
Section 3.

p FEFT LGB AT SRR, BIEEARRYLAS EHATEACIRME, REHKEE
WMEER B EIRS A L, T EARS 2HAE 5 BRI M DCRD. SR, MR
BB PR BT R GETE, AL AT 45 B D 2ok AR 45 5548 1 DT AT
HIBIS M ] BT HKTH. SCHR [Oorschot and Wiener, 1999] &Y 38 E it 5 T 10 5 9 BE o
RALHIRE, BIMrE i H R R ESEN B G ELE. EERBF, 1
HHFEIH 5 FIRAI T 62 T LIRS, REHENFHEGE L &7 FHwE
R WREFEA A M GBS ETHTAE, BaREFa AT BT o
gt 1/M.
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4.3 Pohlig-Hellman }#:

WRBEM n AR— DR, W2RMATURA » WEEFHHE, £ G FRYEHE
SRR G By Sylow T8 PHYBHTHNE. B, 7£ Sylow TEH
B T BN 50 1) AL T DA gk — 25 2 Ak DA X B B R R TR R A B O S m i, 3
 Sylow FHER G FEKW R -F#E, T ELIEX TR0 BB BT a4
B RAEX S B F R BRSNS BT, Y p B on BEK
FKPFof, 3CE [Pohlig and Hellman, 1978] Hrfi iR iy TR BB AT IR N
O(y/plogp). B E1ZH B EH Roland Silver, Richard Schroeppel {2 H.Block 7
LRI

B n WREFIER

k
n= Hp;"'.
i=1

WRFTHE p BB, BEHRE—A p 8K, WYL n BERTFHMBRES
BENW. MR n HFETFIKEHERTF, WAWE n (9 REFoH TR 2365 B
. (EREER () RE T8 P A BB Bl R A R s, BRI Sehs B xiss
YRR A R ABR .

RHBRHEA SRR ELHE | = log, 8 (mod p}*), i = 1,--- ,k FHA+TE
Tl % 52 PR I A S B B OB 1 = log,, B.

FFHE 1 mod p?, W1 H p HHIFETH

v—1

l= Zbipi mod p*.

1=0

TEEAPHEBEITHBEE b B Gy & G0 p WFRE, v = o> AHAMTT, U

!

:"Y :’Y .

83
B3

8
B bo B G, 7 6% %F v BRSBTS, B

by = log, (8%),
PSRRI LA 4.1 5K 4.2 F ey ns BB, REE bo,-- b1, 4

Jj—-1
lj = Z bip*,
=0
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& 5
(,@a_li)p_ﬁ_f = a(z:;):_; bipl_])% = ,ij,

L by SRR Gp R (Bab) P Ty M BSEO R, B
b; = log, ((ﬂa‘lj);ﬁ’—r) .
FIF P77 - #° Hnk (BIEE 1.1) 52 (Ba~b) 7 MHHE O(logn) KT
W, Tk G, BT E B RN O(/plogp). HILME p RE
KUEET, r = S5 v B n BETAMRFEEOAE (THAER), NXHER
i=1,---k, Bi%E n mod p¥ PRI EE Y

1=1

k
0] <Z v;(logn + \/p_,-logp,-)> C O(r(logn + /plogp)).

%t F n mod pY*, I FFEFAEEBIRAN n F O(rlog?n) KHAHZEH (BT,
[Cohen, 1993], pp.12-20). B TERRBTEEAE logn I HAE, NTEZHEE
BHELFE logyn WHIRER, FHNELEE 53 iZ8nk BT e R E %
HH 2%

4.4 EIRITRIE

4 on R—PRREET, B TEBETES NI KN Qlogn), FILHTHEE
RIS R e IR B k. X — RN EMMARA: Shoup ZESCHR [Shoup,
1997) 4 il TAER B BB BOR I FA T Q(/plogp) MEH, Hf p
2 n MBRAREF. ME—ME X L, ROTEHPEX 4.3 W4 FH Pohlig-
Hellman J735BEG I A KA e, Sea)idvl, R HTE —a Ak S s sg
W RA TR E MBI BT 5 8. EA YT, WA HEH T ARRIR RN — MR
B

E]M4.1 XA TEAMNAKADA logn $(EEA M) E ik, HLFK >0,
o €[0,1), #FnF L Efratkles B E A

Lla, =0 (e(c+o(1)>(log n)® (log log n>‘—“) :

RARZHEARIGK L 2FL a=08, RIFEAR NS AXLE, 3%
a=18, I}H2TEEEEREHE.
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TR FIE D U TR 3R

1. SAETTRARREX.
BEHG FARABK BFAT = {n,-,n}. BIIWEIEEHWEHES
A i BRBOTEL. S HBEYLIERUEE s € {0,-- ,n— 1} HHH . MR o° 7
S A T2 T TR, B

t
o =[],
. i=1
WA AR E] Z, PR E 2
t
5= vilog, .
i=1

WMRFERTULEBZWRETRE, BLARTURBEBHES log, v,
i=1,---t

2. BEHOTEA AL
BEHLEBUE s, FHTE T F2R R Ba—°. MRSMERT), B

t
ce 1T v
Bo~* =[],
=1

iy ,
log, B=s+ Z v; log,, vi.
i=1

BT HERFH s, v, log, v AN, HIHHTT LIS BB log, 5.

BT B TR OT R BB BAETH . log, 8 MR EA—K, HREE
TEA TR 1 R TR 2 BRI Z RIgEA T3 R aR7E B | Rl — R BT
B, 2L B 1 prifet Mg, BRSO SE 2 Fragetia. dilk e g
Al — B ETHRBTERE, AR TG M8

VTR SC RO T RE B4R F5E 24 i [ T B SAR R I Y 2k 7 PR 4.
BFIHACAIE, X THERR. B RBOSA 28 [McCurley, 1989] A Kk 54 # i
M ZR AT BR T 258% (2 [Adleman et al., 1994], [Miiller et al. 1997, [Enge, 2001]), B
LRI T EMHE TR :

X FHREEF,, B ERMBENREENE TR TR, 3 {0, ,p1}
FHPBRORRRBEFHTR. X TRITE v, FARBRERE TR v M4,
By BREAAF v EZFB MR ARFERER v BB 0L, SRS v SR
B, UMAHE & r <logyp & v REFOBHREG M (FTREHRA), NZLE
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t+r WIRBRR T LAFE T B v 50, B RAIEH v 76 T niksr#.

BT Fpr FHTCREITUARRA Fp[X] FREUMNT m WETX, H IR
AT LA RAYR B8 /N AR FT 4 2 T A E A B2

MNP IEEEE Z AR UGHESERS. Blake, Fuji-Hara, Mullin #1 Vanstone 5|
ATFTBER “R4 5 & (systematic equations)”, {FBEH 1 FAIFENFEMRK
—HR4r BT LAAR faj B KB [Blake et al., 1984]. | Coppersmith 3% 2 W R
HY:, Gordon Ml McCurley TR, T Fouwr FEIENEMIBA KA. [FET Gordon 1
McCurley AR “GF(25%%) g it ] BIA R A% T LAFEAR R 5 & 10 R
F[8E ([Gordon and McCurley, 1993])”. Z 38 A+ By B BIXT 40 IR A8 A IR e, HET
B4 TR TE T B 65 i F 3 o] DA 58 B OV B SR % [Weber, 1996].

Xt F Fp, Fam, Pomerance 2 # B X ™ HAE B 2 4TR A N L[1/2, v2)(Z
I, [Pomerance, 1987]). ¥4 m,p SR, STF Fpm LR ESRON S H i A HiE
REFELEEEE. Lovorn Bender HEH] T Fpe b BB AR A8 B H I 77
TEYE (2 W [Bender, 1990]). HETH —HEE LA N RA ERMZITHE], (HiX X
HEA B FEIEH. 7ECHk (Gordom, 1993] #1 [Schirokauer, 1993] XF F,, #iid T %
FRIRFRM IR TR, B TRTEZ L{1/3,4/7/9]. 3T Fam, Coppersmith &
BB TT LU B A R R R 0L, JLE TR R L[1/3,¢], HH ¢ KBl K
1.4(Z W [Coppersmith, 1984]). X P Fi 75 AR v] DL RS 2RI B R AR 8 %.
ORI, SCHR [Adleman, 1994] 215 T FTiB A RBUEITRL, 3T Fom,
ZATETE] & L[1/3, V9. 4

WL LR, AR, —RERETAHRE LB SIS # G
A BT R P S0 K/ NEE 1000 HEAF 22

BEEENE, ST 1 PREFTBRAMFKIU B 2 MASFTHITAE. T
A BRTPHRSE T2 1 PRBROKBHRRESTBRE Z, FOORE. FRHEXK
B AT R R — 25 HE SRR T SRR M .

4.5 o [5E i 2 T WK R A

A 5 Bl 2 B R 5 2 TR PRI L B B U B i B AR B, R AR
BT BRT OBUUHHERLASS, B H A7 X T4 B i 28 _L A B o U S

Bt NE
Miller $i& Hi Xt T-H5 B i 28 L B BOW B0, 5 H8AR i SE BB B 2R
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TERY. fbAX —WR {8k Silverman fl Suzuki MFEEIRATTHH L FSRIFEIA. RAITFE
XE A — PN REE, BUENEMEE#— LSS0 Miller, 1986) Y4
& [Silverman and Suzuki, 1998]. & E %ﬁ’z}(ﬁﬁﬁﬁ?ﬁ F, LHMEIfZ, U E
W R BT LU T R RAF B — R REAIET Eo. (6 F € XAE For LESHEIR
R, HAREOTLRIA A m KBOS PR ER, Hod 2 A2, atey by
5 B %0) £ B, HoF

Zipy = {% eQ:pfb}

B Z 75 p AHSRIIR, 4§ Fz,, L SEMFREEATEE p 404k, MATABE Br, 1ty
A BRI SR T LR L T R B By, L3R SR T,
HHHARTN Bz, FHIE. T Br, FREVIERGERIBEDE R Y Fr, HH
SORBEAT S, T AT T I T2 b e R R4 XIS
9 S TE Be, LA R R B R,

it HEIHMEATE Br, L0 SRTE] By, RIRIEITE, T EL A 4 E T2

SRR BE LR N, A S A, ok (5,8, 2,0, d e 2, ged(z, v, d) =
1 BB RS log max{|z|, |y|, |d|}, WREIEHE-MHEEHEFHELT, &
B X RO B R R R % A TR A RO (B P A nP XSS R
AR AR (KERE »2 IXR). R 42 %, BFTHEHML Y2 =X3+X -1
bR P=(1,1) &MEAH X 55 (N 4P FF1R). & 4.2 &3 3R [Koblitz, 1998],
p-143 FRAIEI R 5 & TS FAY.

HA—J7H, B Mordell-Weil S (ZEHE W2 N, [Husemsller, 1987], Chapter 6,
[Lang, 1978], Chapter IV.2. [Silverman, 1986]) IHi£E Eq &R PP S BN
(RRJCER) AR, T H BRI BE /M. SR AR kel T
Mestre. H IR HER 72 W, [Mestre, 1986], MiTZ W [Mestre, 1982]. HEAR
R i RAEBU DR BT B AR AR TREL M E. KRR THE 2% R
BAEM % IR 0 R PORBNT i i R 5 k. R AN AR I E 203
HINGR i 28, {5 B ATZ0 R RAFE— AWM M2, HBGHEE 44 23(3 W, Martin
and McMillen, 1997]).

LT, RETREIRE B9 20 B BN B Y AR R — 55 24 Y R T 5.
[ T — SR B B 28 L S bl B B S0 T BB R A 4.1 5T 4.2
FERE AR, MR HERER O(vn) MEE. (HREXT TR HKRA S,
B ENE R E k.
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25
36

685

121

7082

2209

154513

156249

9781441

197136

645430801

468073225

54088691834

39800874529

23545957758733

430654875049

2660536742331673

3348618159624516

3438505996705270765

1009386223759472401
2389279734043328028530
408487997986572924289
2470536351695706691150273
3568842156502352911081681
9147174028201584695660404993
738256476822867002162862144
40437302897155037003 168469209281
1981311901313706050853901 1801521
142130019185439765346002547048069394
144041052884595077187155035625188255
407755142753906 12683658 18617070082487981
1843243302746065667260002222 13840241
29247742836717181569573123126609380958628633
28834A86546227283567381569872893922000146244

1644662 183623605030943992459758717959368038089933

83901072785 1897036654024141456822921700605095881
76795559807444450146033952048248025474377706486132570

5623685827394653901 724022330582419835420495478336929
420720771052912741828384846 1340965655463 560485366289903505
6037390795706541540307642739132383429233648456214266105001
81629767939391600569483783880836243 150350 1229559444925278681793
148904572022531958307959435081656301977637384156037614895340176
24251373894917895223480648368946581655963 1390124939658301320990605073
73775837085713458790733887440677670199204073501807579726644932339680
373058124303271 15580640557 188334548355242580421878655283699578790767062474
47803232530993255659471421491008524334965293857886857075847338386784976280
67559659782039617237841184516992302782851604142385500859648938761010393239431661
1493657451041090433566074181564713905736785020506824167732585575625959206408025

M2 HEMA Y’ =X°+X-1FE (1,1) EE

MOV Hii
B IR B S5 B Menezes, Okamoto 1 Vanstone 32 H 4. ELp: M AR
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R0 A9 [ Y 28 B O Bl 294 R B A B B O B L. X
27 S LR UL, ML X AR AR T LATS B A B, FE KRR A A 3CHK [Menezes
et al., 1993a] W H R ZET, RITAMEIES EFIAEE RS, H5E8
p | n BHEYES (B R ILAt 4L R EE D B ##4T).

W E BENAEF, LHNERIBTZR, charFy =p, P & Er, P& T n Y&, R=
1P, Brp | R R T ERBHEHEIH 1 Pohlig-Hellman FEEM, Y4 n BEH,
Bl n = ning B, HH ged(ng, n2) =1, AFEDH|HE | mod ny, | mod ny BIH[,
SRJGEETT LUF A o E R B B AR B B A L

B ny T noP LR noR, &

l; = log,, p(n2P).

ﬁ}]?; ’an = l(ngP), B_E“tt
l=1l; (mod n).

R AT#EE | (mod ny).
W n=p'n, pitn, TEHEBIENDSIA p¥, n' BBEPEETEEB AR
. X4 p BUDRT BEALEY p = 2 BY), p® BYEEF BBV ERAB AT LAEE Pohlig-
Hellman VAR 5EM,. HHAL R ged(n,p) = 1, WH @ 3.37 £ E[n] ~ Zy, X Zy.
MOV AL LN T B
- L BEWR Eln] C Er, WE/MER k.
2. HHAH Q € En], ﬁf@ a:=en(P,Q) £ F"Zkﬁﬁ{ﬂﬁ .
3. HH B =en(R,Q), H e, B 3.7 FhHiIRA Weil 3.
4. 7E Foe F3R#E | = logp R = log,, B.
BT
B =en(lP,Q) = en(P,Q)" = o'

H log, B 7E#E n R X TRME—BIEH, Fik MOV kS, BEEENEfR
FIE 3.62 MW R ERW A Q B EFER. FAHFA Miller H: (27 [Menezes,
1993], pp. 63-68), Weil 7] A ZEHE £ 171 2 Bt |] Py 52 1L

XTI RME, fEHE 3.72 WA Br,| = 1 (modp), AW ptn FTHE
T FME, RIOMFAMBIMT5ER MOV B iS5 1 fi5 2. %
41 FNETIHRHGERE, HPER c EXWT: & Br, ~ Zp, X Zny,n1 | na, N
Equ ~ Zicng X Leny-
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® 41 BHEHSEESMEEHLL

t=gq+1-|Er,] b ) no k c
0 PRI EE g+1
g+1
0 ZzXZg%-i 5 2 2
+/q TasEE a+1F./q 3 NGE-D!
+v2q g ¢+1F 2 4 gt v2q+1
4 g+1
+/3 1 3 6 —
V3q a3 8 g+ 1F/3q 1< V3
:&:2\/6 Z\/q—q;l X Z\/E-Til \/Eq: 1 1 1

FUH Br, BEEHC ong, BFTLUEN — MERZTAR HEEAHE Q, Nl
BRI FH B AT

- BEPLEIRA Q' € B, 4 Q= 22Q, HitH a=en(P.Q).

WH B =ea(R, Q).

. TE Foge Fi+8 U = log, 6.

HUP=R, W=, B o FRen GAFARHR, EEEHH 2
HIEFTIL, AR [t = 2,/ B ¢ = 0 KGRI # R #1219 FlGamal HIRF
VR 367 HUE LA S U B L IR T, IR A N
SEATRUS N W28 LR BEEST. RIS R b HA R Rl A% b
By 5 TR A AR B T F A o/

El4.2 & G R—AHIR IR,

G:an xan, nlanz > 17 ny n2$

H & G&y—AF#, n
H >~ 7y X Ly,

£ my, me 21, my | my B my | n, ma | ng.

ER B 42 TR, AR G REESWAMEFR TR G AT, H (G| B
|Go|, W H h ZZRAFAN B EFFR H P, B | H) | |Gi| HREXHRE
WRE H: —ER G TR — MRRMRBIE: 4 H = ((1,1)) £ Zn, XZn, B (1,1)
R TH (BRLE, ETREREN AR AHERRED). R n > 1, WY
Hmi=1me=ns, WEBERNEM, HE H L Z,,.
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AEBA SRR B THA AN LA RTTR A, A 4.2 R (B
[Hall, 1959], Theorem 3.3.3). B T AZHMNBAIFFRAE M HixaE, WATEXEXT
R4 IR R DL 4 — DS RYIEY. iC Gln] R G PR » MMALTRW
MG, N

G[n®™] := U G[n']
i=0

R G AR n RRKETRMRPES. W T |G| WEANREF p, T8
G[p™] B2 G iy p-Sylow T8¢, BIETA p BIFRRINEBR T 52 3.49 7[5

G~ x GPpPl = X (Zpvi X Zypva),
i TP i (B > Lpea)

Her v B pv | ng, p¥tt tng. HETH HEXT p-Sylow FREE %G, RISFH
P o E 5 A BE AR R SE RIS AN SRR R . BE

Gﬁval XZp'uz, Og’Ul S’Uz,

2R G B—AESEE, Bl v = 0 B, Mg FREARHEE N FROUEBHIRR
\H| | |G|, "THaERAL. 750 i A B A E 1 3.47 LI |H| | |G T4

H:Zplq X"'Zpus, 1</1/1<<u/s

BRI s <2 BT

Glp] ~ P " Zyor X pY2 1 L = Zpy X Zp,

E |Gl = p*. AEE#A |Hp)| = p*. B1F Hip] C Glp], B s < 2.
WAL =0, RAVTBTTUAE s =2, WBRE po < vo. FH o > v1, WH
vy 2 pe 2 py > vy, M

|Glp"*]| = p”pH < p*rp*t = |H[p*)|.

FIE. O
AREET k BUBRM, ERMEE 376 WA Er, ~ Zn, X Zn,, ¥
ni | ¢ ~1. BT Eln] ~ Zn xZn & Er , BFEE, B 4.2 75 nlng, nl¢t —1.
FIF Tate XFTIAE Weil X AL BT Z N, [Frey and Riick, 1994]. %
LMLRER BT R For MIFREBNRERGRE n| ¢k - 1.
B LR, ER S E Fy b8 BERIR T B S S A 3R e o v
SLAE n B PR BB B R AR, SRR . AR RO B SR
THHEATITH, HF b BWE nld* — 1 R/NES
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WA 1 BeEhLk

B MOV 4bFrliE A THREE S R 4. B Waterhouse B 3.72 #1, #
FRME MR p FIA 1 (EEXN T FHIN—EMEME, 00 EBHE
p ISR, FFTEEE GBI E77E. B d 75 7ESCHK [Satoh and Araki, 1999]
[Semaev, 1998]F1 [Smart, 1999] H#k 1 7 i H1.

Bn=p"n, ptn', MAFEIHHE I =logp R (mod p®) LK I = logp R (mod n')
BT, %348 mod p¥, RERIM 4.3 ¥ /421 Pohilg Hellman i, 7EH gp

R p N FREP SR v BB BRI RIBEI . T N 588 p Wy FRE D BB 4L
IR R, BT SIE RSB A IMERE Fy = {0, ,p— 1} AR ELE
BE, (EAR7E 2T P SE R B R . TER HA Y p BOKR, XA A
XK (4 p B/PEE, p - FEFHBEB RS EA S RFEL). HalH, YiigEe
XTERE F, LiY, By Hasse FFE 3.61 % nlp M T n = p, 13k E Frobenius H[F
SHILET 1.

SCHR [Semaev, 1998] Hit i 7 BRI LB 0, TR 3 2N 20
AR FNIR T2k 7T LA P A

Xedni %

Silverman £ 7 — M H%, ZHELIE THME T RER TSR
HRR IR TE Q B, RISTHEIRLR, (B4R THS M0t 2@ X 2 & (T2
5 [Silverman, 2000]). M ¥ IEHE A BEAR M0, FIX TR EIR T 15
I+ 045 B B R AEAT SR B BT R R TH IR, REA SRR SE Z -
BIERPESC REEAL N R B 28 L RIS &, VUMW & BT 3. AN, 4R
FHa By GAR FTRESR R TC3eR. M Silverman ZE Y {# I 2 8] Mestre 254, B 3%HER
FREAREME, EHA/NEBUSHANALERE R TN A, XA ERE T
RE1 b il 28 B A B/ INBRI AT REE. Koblitz 4 H A2 xedni HEE7T LA R TR
PR AR B B O B L B O IR, AT 1 K% B P BT A
M9y %2tk [Silverman, 2000], Appendix A. LA KWk fH A2 O B BF 5T /INEL
HBNEERF X A A L I [Jacobson et al., 2000].

Certicom AT ECC ki

MK Certicom 24752 RSA X T RBHAMEIRI B %, 1L BECC ¥k %
DAY AR5 R 58 LA FIREEFE Yy 2 49 7 BRIB A 0y BEATLNG I i 4R 3K Koblitz
B XIE F2 b, TRH SRR T ENY B For) BRSBTS B SRR [Certi-
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com, 1997). FIHETH 1L, RIAFAT Pollard p HIEER5EM T X & AETT R E
/NTF 2100 g PRS- A4 A [ B AR B HOM BRI R 2 iy (2L [Escott, 1998] Al [Cer-
ticom, 1997]). 3C#k [Gallant et al., 2000] I [Wiener and Zuccherato, 1998] g H |
Koblitz BZRAFFEREHI W] LABE— 4R 5 p FIEHIBITEE, 4 Fom LETREYLHIZR
IR AT LARBAR® vm (. SR M FIIEME A T Frobenius BFZS (z,y) — (¢2,9%).



(5% HEMZERIEHITRE

RITESE 4 EFELEFD, M TF-METEBE BB ELEY, LZehk
FEBRUCT I E AP, BRIERRFERI S5 7 LR E B 0 7 R
BOZ AR R FE K, ABLTEM Shanks HKP—/NEBE#E Pollard B p B
BV RBE S AR TTA. AR LIS T H PR 7 1:3K38 & Pohlig-Hellman
By

5B — P R BN AR M BE, X HE Pohlig-Hellman B ARIER. {H 25X
PR —E R, B RE RO HERNE, XN FEER LY
FEfs. BT HETRABEARAEN TERREE, RILBOET N NP 228, FHi
HA BB T RITEN . 28— N, & FTREIS I A TR B B A
Hik HHh, LRBUERERTMEER, ME 1 BN BNELHERTENE
BT F R BRI BT

fPT Pohlig-Hellman iy 55 —FiT 2 BRI HOIE R BB BN HH K&
HFa8 X THEMRIEE, THEREME Bk, TUMEEREERME
HEFGEN IR LR ([Atkin and Morain, 1993] il [Lay and Zimmer, 1994]). 3
K, AR —SA SR ARSI, flnESRHEME S MR
3.72), EREE XAE/ME R, (BAEY B P25 B 2R B (S W T 3.66). H
FRIERTHE 4.5 WHITHSH, B RHE MR REIUEAN, BIHMTNIE, &
BRI 8 LAEF IR A d2RE R e ik, R, FE7E— 24Tk dh 28 70—
Tl A DA T S S R i R e 2 B, O Sel w — M, RIS HEVLEEE
HZR, BIEBUE X248, HiEARNY, EERIIMBEEREEFHHE BT
BT HIUEREE AR, LML S SRV T

HERX—BP, RINBBRE k=F, =Fpm B2—MFED p HFRIK, M E B
ENFE b LR,

5.1 Kp—/PERIE

EF AL FH, BIOINMBT RS MEHTEAHERNBRTTE 6 XTH
o FRHTH, WRETHLEE of = 8 MEB/NEEH k. NAK L3, X5
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HATLIF TR o WEY, BIWER of = 1 WEBU/NERS k. IR By RIEFEE, T
HERMERERST, WA LR RAXFEIETHE B (0. 80E Ex AT, 7TR
R — VTR, EERBI AT IERGEIRY. X TETE, 53127
HH B RHPITCRAER, BATTAYUGER M ERTT, R ENER TN
Br. N2 B, 8. E—0 i, MTEBNANS, HEE B, R4, &
ERECHRRGE M RKREFRTUT. HELRWFAELL, RIFBENE
WM B, ER—AHENLA.

WiE5.1 (7E B LRENIBLE) TamEDH kit LF) 95 —Kunwrat
By ey A, 3T p#£2 WM, ERRE FELAKGMEA Oogq), ¥-F
p=2 &t 7, MEH Olog? q).
1. MR z ek, X—F T3P H -8t F.
2. Bk PRMFAZ E@,Y)=0 Rtk FTHEL-— My N —y—a1z—a3 3
RF AWM. LFEZRBARER—A, IFE E, LB —A% P=(z,9). &
R E 1.

Tk 5.1 BEIM R AR B2 RN S —BE, F A% 2 W SRRk
HAty S RtE, MIIER O ACEA T BB, 55— M LA BN Fiseit 5 2
B X AR, RIGTESE 1 28 ORI EMERAY 1/2 SkBuX s X H. £
AR LIHARE, HHNTEEHE R PRI G RABNE. REER,
BREZE 4 A RLSh, BATER S AT RN 5T —5H.

i W TEERSENER ¢ < 1/2 RIESKE ¢, B—HEHRNRIEE

H
Ey P AARR SRR X ARAREA 5
q
S (1B~ 1)/2
q
q—2./q
>2—q (Hasse % ¥H)
_1 1
by

=c.

FIH B2 F TR B R 0(1).
BT B R RAG S — R B T, BIFE b PRBOKHFR F = Y2+
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aY + b FrEntEA B EE. hME 3.67 A&, HMi— N RTBRET AR
f. BBt f 1 k P, WY p # 2 B, AB4SFIA Berlekamp-Rabin HYSRM, iz
R BB R O(log q) (M BRI TR 24 [Menezes et al., 1993a], pp.22-23).
mEp=2Ha=0, U f WZERE V" . % a0, fRERFAY, 3FH
AT LA 3 #ERY Berlekamp HIATE O(log? q) YWGEH T8 AURAE R (TS M
[Menezes et al., 1993al, pp.23-24). O

FARER Er VEEAREIRBHNEL, MEEEANETERENSWE. W
SAEI AN E R, IEAT LR A S 7 5 I B

HEs52(HE n HLAEHWH) BREGREWPEHR, OREREA, PEGR—Nn
fag, AL HEBRTFHME Sty AMATEGHEETE Olog®n) RBEHL K
WHE P H

MHFnE-AKkBTFI, A8 %P =0, A ? KA n.

B B R FIRREE AL P ayBr. Wk
n= ﬁ 17
i=1

2 n WRETHE, BLRERFE Z v; KRT P WEEGEE, FIAZRFTH

%L1, §—K P WEBGERRE O(IOg n) WHHET. BT s <logyn, HILH LS
KT HERER SR AL. m]

WERBUCHERE R, BAMKINAE P A FA LR e, AT
RARP-/NERITETT RS, TEHRE—NE—ROFEE, ZESREREITHE
Ey PR RPN — T RF.

I3 (EEAHM) RGABHALPEG, 1<C<B, 1<L#0<li<L
MK TERGYLEIRB T EBREML 1 [C,B] R IDEH (eRIHG %
KAEAGE), RIFIP=0HRI1=1 (modL). #—F#, 4R LP ¥ AL
(B—C+2)/L—2, RiHheeibidt LP &%, %4 x%EZ O(/(B-0)/L) %
BiEH, £EE 4% OL/(B-C)/L) MEAE.

1. %
Ci =min{c € [C,B]: ¢c=1; (mod L)},
By =max{ce[C,B]: ¢c=1; (mod L)}.
(a) %2R C; #= By &, M4F.L.
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(b) %R C1 =B A CiP=0, UKk | =C; #45..

(c) %R Ci=B; £ C1P # 0, M4k

(d) ZRIHE P =LP, s= [\/(B1 — /L ¥ 1] f= sP,.
2. M FR—Ai, 0<i<s, HH (iP,i), ##EBE—NH> T HTHA B4
3. MTFHAE j, 0<j<s, #EHTH

—Clp —jsP1 = (——Clp d (] - l)SP]) - 8P1.

RELF 2TRAGFHEATERUBAEL, MIRLERRAEFTHRAHS
AL (f,4). ®HR Cr+ (js+i)L > By L&A (5,i) 4 F.
4. doREAKRBITEAM, W4FE. TR =C1+ (js+i)L 89X & —A4
AR (5,4). de KRR B A0k 6y RE A (f1,41) A2 (2,42), ] LP &P 3L 2
(J2 — j1)s + (i2 — 11).
B R TZRERMERE HoEBRIRINITEWER LETEOESHNE
INTEE:

{te[C,B]|IP=0, 1=l (mod L)}
B - C

={Cl+kL ke [0, ] (Cl+kL)P=CIP+kP1=(’)}.

m—A~EEL (7,1) BHKRE
~C1P — jsP, = iP,,
XEMTF
CiP + (js+i)P, = O.
B FXH [0, (B1—C1)/L] RGP T EREBTURSRR js +4 BB, TH 0<3,
J < s, W] AT R AR <8t HoAth i PTHL.

RBR, MRBAIRGRIFTE, WZFLESERMITEL P K. R
H2 Py BB ord Py < (By — C1)/L B, LR ARER A, &

Ci<C+(L-1), Bi2B-(L-1)

CIF:T
(B~ C)/L>(B~-C+2)/L—2.

B R AR (B~ C +2)/L -2, WS g bER P 8 ord Py.
ZFARETE], 2RI AR LAR 4.1 936 pl A SEBA. O
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HEBEWAERIT P P ER, BIOIFEIH P IEREE Ex/(P) T
Br. B R AT AR FIR BNk,

K54 (HIERIBETIEY) % G R, H = (P) & G $9— AN EMEBKT
B, PPRGIHHI—AE BiREDEl=0rdgP, ! =ordgP’. TRHILEES
% 0(Vilog?l) kBHESME AT & P AEE G/H P 8B ordo P, HiH ik
E ARG HAE LA O(VD), &+ T=max{l,'}.
LA h=U,s=VI|, #H R &40 F 5 koW 1.
2. WA B={iP: 0<i<s} #BBEFHFTXAMRE. & G={jsP : 0<
Jj < s}.
3. MF U 9 B—AKBAF o, AT F4FMARLTH (b/p)P' € (P). 4o
X (R/P)P € (P), RIA h/p KA h ELRAIR. FRLEI T —A4%H
F. REAEN h ARG,
4 HTEEY Qed, £ BT EK (h/p)P-Q. ke REHAN, U (h/p)P € (P),
L (h/p )P ¢ (P).

W BERRSERR ERAVA 5.2, 5.3 MEEE. RAVE VP =0, i I'P' € (P).
Br A BAE N AR IE B YE, REULHISE 4 B ERTEIE. B B M1 G Mz
H

B+G={(i+js)P:0<i, j<s}
——-{iP L0<i< [\/Z]Q}
= <P>a
i HAES 4 B ICRENTF (h/p)P' € B+G € (P), NTHERERN.
THHEBAHERE. BT —KE 4 BFEM O(log ') IKIEHHE (h/p)P,
TBE O(Vilogl) KELEHRSZRIRYE:, PEE—IHRTR. IHULBE L5E
A logy ! K. FIHIRBRIESR U BE O(VT) WK, MEBRBREFETEREL

T —RBHRBER. BJEM B #THHMHFEE O(Vilogl) YGEH, M
EHTTHE RE R

0(10g? ' + Vilogllogl! + VI) ¢ o(\/'hong).

FIRTTE S8 —HRE, AT LATR B A Xt a2 (9 B 0 BE B i o
AT LEETRE, BRITKTURASS HHE B WEHRITF.
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HE55(EcBY) R EREXAEAMRK kE=F, Le)MEA L. TdesmiE
R kLBt b | B, B RN EZBEL REHBE O(yqlog® qloglogq), &
OB ENKA O(y7).

L. AR Hik5. 1M &4 8 P e B \{O}. % C =q+1-(2/q), B=q+1+|2/4],
L=1101=0%ANKHRAMNAKL3 RAKRI -4 re|[C,B HR
TP =0, U |Ex| =r; ZRRANITFEH | =ordgP.

2. MR BHFE A8 P eEx\{O}, AU L=1, Lh=0 HH NAKFLARNL
5.3, wRREIE— ' € [C,B] BR r'P' =0, N |Ex| =1'; ZRIKAVHH
HM L =ordglP’. X8 &-F P &¢I/ & IL ¢ B F, B THEMHL5.2it
HEW U =ordgP'. LBHHETUXHE P 4 P/, vAMRiE 1> 1.

3. AIMIESAHH P EBET Y t = ordg, ) (pyP'. %2R It > 2(2,/g], N |Ex
& [C,B] ToE—f e It EReid,; T L= 2 F25.

BB ERUATMASZE AR b L, W M ERIR4S . B Hasse &
BH |Ey| € [C,B], MEEER TR P ZJ5, H | =ordgP & |Ex| BIETF EE 1
Z AR RANFBTRE HE— TR B R BR, FILmRERES 1 St
1k, MRAE—ACRE, WRENE P S0 1> 2|2,q], BT S L%REERER
By, BREA 1 <2(2,q]. 765 2 B, BITBEBAK P, FEMHRTE Hasse X[H]
[C, B] FRGHFEZAN LA U @ARFE BF B —E= LM U MiARE, Bk
IMRER X LD AER, WERE B BIEES 3 LHRATTE

It =ordg, P - OI‘dEk/(p>P/ = |{(P, P")],

BUEBR Exl.

BB Z IR T A%t (P, PY) 472 B AR IO, BkmadiL,
R v o IR B KT O.

A 52 BH% 54 WEREMNTH, ZEBRET—RFEEE
O(¢/qlog’ q). Tikis: 5.2 H4ME IL' & O(VIL) C O(¥4) KikEe. HTHEL
FERTTRE A L, HEREREITRB I EERRER. Nikitis, &
IR AT AR O, BITESE 3 2Pl BRI 2 5 W “RES 1487, &
TN —82 R TR &, S HIBTRB0EMEM LR, 8 B ~ Zp X Zn,
He min, MRAER—F 1 =n, t > (212y7])/n, WiZH—CR. FTERI%E
SE BRI X SR RENL S X (P, PY) BYRER.

LR n> 212, | MHE—WR &M | = n TS SBEERY. 78 mn—1

DABEEIET P A meo(n) N EEHE n, HHIZERIERZELR o(n)/n.
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2. MR <224 H
|Ex| =mn>q+1-2/4=(/g—1)°
An>q—1 EXYFEREY ¢, LBREMHEL L=n,t>5M—ENd, B
A LB
5(va—1) >2[2,/q] < ¢>25.
EHETE P IHERRE o(n)/n, %t <50 P EIEEN
{P' € Ex :t <5} =|{P' € Ex:3P € (P) 4P’ € (P)}|
< BT (PHI+ (P
= [(P)(IE[3]| + |E[4]])

> n(9+ 16) (}EFE3.39)
= 25n.
HtEER S P Irb A E DR
mn — 25n > (m —25)n =1_§'
mn —1 mn m
EEZ
q—2,/g<mn<4,/gm
Vi-5—00 (4 )
m > Vi—5 ™ q ,

B FAE—IEH K ¢ URFERKH ¢, FERA PTG MHAIZESR 1--.
B, EXFE O T BB R SXE (P, PY) BIRERIEEEE T o(n)/n.
Hith, EFIERIZ A REEITRENINEZ LR

ii<1_ <P§ln))i"1<,ofln) _ <P§Ln) (3% 110)

i=1 c=1—5"’—£nﬁz
o)1
T oon (1 —c)2 1—em£(m)
_n "
~p(n)’
FITHREA ¢ WERXRAH n/o(n) W—P LR, XB—IMRENLWEL, BN
n 1
o~ U 1

rin,r X 1-—-
r
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FMUXE n GRIER, 45 n WEEFHX. H [Rosser and Schoenfeld, 1962] #
%72 LR

2 < €¢Cloglo n+ ————
p(n) 8IO8T T Toglogn’

B C=05772- - BEKBCEE, HLE
_n
¢(n)

MTIXHETER € > 0, BIEMIE T IR 2 HEER

O(+{/qlog’ qloglogg) C O(¢/glog® q) C O(q%*‘s). O

FEOWLNER, 7ESEMERT, AR NN (P, P) 1B
WMERELR

€ O(loglogq).

elm)p(n)

-2
mn loglogn )

> (ec loglog(4./q) +

(ec loglogn +

3 -2
log log(4\/§)) )
4 g~ 10% B, ZEKRLAR 2.1%. RERTHARM 50 £, BRATIBH—4 4
FLALXT. X 1 2 5 — PR OO0 A 9 [ B RS 3P AR, T L 8 BN

MR ITIE, Miller MBI IHE L |Ex|, e R b /DM RBE
105(& W, [Miiller, 1991], p.103). fl & IMAETH BATHL, KAH 80% RIEIFMY
[Miiller, 1991], pp.107-109, MG HEEE S 1 255807 A5 Hi 46 [ ph 22 00 B2

5.2 Schoof &k

TETH R R th 2R A BREEB A9 A1 L, Schoof([Schoof, 1985)) & JE BB H S 1Yy
M. M FI ] Hasse e 2, i+ 54 B i 270 KR BE M B0 8 <8 U 25 70 =B () 2.

EHZLARTHIE S : &t RR (g+1) — |Exl, ¢ : (z,y) — (29,y9) FR Frobenius
HFEZS, g ERE 3.61 T4 t £

> —to+q=0; (5.1)
HME—ER, HEAER
It < 2v3.

B EEAARERTTH, EREME i RERBEN (B, RBHHE ¢ (mod L) BT,
Heb L BERT 4/ WHERESR. EWEET LM T T REF 2 M p &



5.2 Schoof EH: 137 -

¥, HHt (mod ). URXFEHERZ KT 4.9 6F, R FEHERESERLT LT
B ¢ BOMERR(E.
ATIHHE t (mod 1), ¥ (5.1) XER#F] { X E[l] L7[7%

¢i —tor+¢=0, (5.2)

Hrb o B o 78 Bll] ERIRRH. T2 (5.2) 7EE Zi RE End(E)|gy FRESR
(R[ %] Hasse EFE 3.61 HYILHA).
e s K g B I B/MNERE, WXEEN 7, 0< 7 <!, BRITBFERIFER

0f + 8 =T (5.3)

REBRAL. R 7o — @, W t =7 (mod ).
HT AR —A 2 IR A ERPA B X RRTE Ell] LRERBSL, &1
TEMHBRTFEZHX o

5I35.6 W IR—AFEEK, Bil#p, ARAK f=utvY ck[E], £F
u,v € k[X]. RITF & & At 8 S5
1. *4£&4 P c E[l] #&HK f(P)=0.
2. Y A k[X] PER o

UEBA  BEEHER 3.54 Fl ¢ € k[X], HHEIEPHBH2EE L. haE

3.57 A4
divyy = (E[l]) - 1%(0). .

MTTE Bll] ¥ f REZFRM TS SBELRGR [/ WEERRA, BhaE 2.34
W £/ € kBl B’ f/dor=a+bY, HF a,b€k[X], W f = u+oY =ayy+byyY,
W u = ayy, v=bipy HRREBE ¥ KR O

FALEEWIETR, BF Bl L—MATFLHRAWESKXESRL, 35
HARBEZEZTRIRER [ = u+oY Fu, v REREH o« B mMEZLW
RAEFHRNER, IBAXRENR R 7T L i 2.

SI35.7 W IRFEKEI#£p, HAESRA f € k[E] BR f € k[X] &
f/b2 € k[X]. A
s rerx,
=3+
%‘, j\"‘t,
R F & A8 F 4
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1. #4.% Pe E[l, #4% f(P)=0.
2. ged(f,9n) # 1.

B EERE f € k[X], P = (z,y) € Ell] B f(P) = 0. N7 k[X] F
X -z %% f. B—HH, vi(P) =0, B k[X] o, X —z IR v, AT £ #1
v BT FLE R A T Ffol i 7T BA 58 AR I 7 1] R .

BE f=vof, Hi feklX]. T BHER, EHHERN P e El), BE
Ya2(P) # 0. BTLA, WRAELE | LA PWE f(P) =0, XSMTF F(P) =0, HET
H R THE AT A, TEXFES T &R R L. O

FERM (5.3) B, BEHE ® +5. W, RITBEELARE o = +5s BFR
3L. 7E Schoof ¥ HEH, EARMGIE 5.7 REREHELE— L HA P, ¥
B @*(P) = +sP. MBRHLE, MLARTLUAE o £ +s. HEREHE, BT
518 5.7 HEIMEHE RGBS IMAA B, B Il 5 5 B XSS IE R 27 5
BEEN, TTEXEMHRE 2 2% 2.2 FHEMKSNIREER. MK, BITRH
T A —Fb X B T5IH 5.6 BX k[E] FR A ZTREBSL, NTAZ
BRI R A FHERNHEE, ROTETUHE —WBRTOE. FRRT RS
©?(P) = £sP BEITAR | #4 P #RT.

L. BHE o] = £ BB
of = £s W—PMRBERMGRE El] F X(¢?) = X(s), WRENE B[] &
X9 — gy = 0. B 3.52 R 3.51 (945 4 &4

gszx—ws__;jzpsﬁek(){)’

Hit, 513 5.6 ATH, AR BERIE
XL — X) +hs_19e11 =0 (mod ¥)

R BALBIH]. AR BRI, W of ¢ {s,—s}, MTTATLIRALS 2 A Bl
—RRETIE AR, R B, ROIFBEXS TERHMHER: (1) BEENE
R P € Bll, 18 of(P) = —sP;  (2)¢? = s. XM THE—FHER, EFEHE
HTHARFERRS P, Q€ Ell], R 0}(P) = —sP, 02(Q) = sQ, FiUR
—EH ¢f = —s oL BR, MRAERE P e E[l], BRE o?(P) = —sP, {EA
2K (5.2) WE O = 100i(P), T @i(P) # O, bk 70 =0, AFIHH ¢? = —s.
FRUR EXSL, BATE of = —s, EXFHERT, RIIESHEH =0
R oF =5 MTEMWER, & 70 #0, T (5.3) FH :

2s
28 =Tpp = ¢ = s (5.4)
0
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BT 70 #0, | BRE, AR EXF 70 7 2 F(HEBRE. HLEXF o 1R
ABIHR (5.3) A5

452
— ts=2s < 78 = 4s.
70

R o £ s 76 Z; PETITR. BATESCRH o B WL HRA, B
(7) = LRERL. MR s TR KBAR, WLH ¢F = —s Bro=0. &
W, & w R s =TI (H LR EB/MYRE, TTRIFEMINETT o).
H (5.4) T

2s _ 2uw?

:_::‘: 9
To +2w @

B AT LUE S R E SR o = tw BEROLREBRHE. HibE %k
BrE

o=

PZ(X?— X) + o191 =0 (mod ¢) (5.5)
REMIL. WMFERBL, W of = —s, Wi 70 = 0. TN, 0 = s, RIFELHK
BEEABIRHEKS o =w M o = —w, BRI 3.55 K 2 K4

Y2t 2 Vw—-1Vwt1
- (BX“ 4+ 202X +a4 —a;Y) =127,
Yapd ( “ a4 —ar¥) Yatp2

ho =Y +

Lo g LR

Y2yl (Y () — Y (w))
=25 (Y? — ho)
=S (Y = Y) — Yupavpl_,
+ (3X% 4 2a2X + as — 1Y )W 1%utor1,

(5.6)

RIEHEEZY WERE, BE—ANEZHR ut+ oY, Hd w0 e k[X). WE &
B w0, W @ =w, 10 =2w, HN ¢ = ~w, 70 = —2w.

F OMIHMERTHE, WAEARWREER: fEREE o =03 =0
HIPPHEIE R, 3F B 3.55 P h, SR FHEARR

— %+2¢Z_1 - ww—ﬂ/)‘%.’.l

he
2912

ic
Yi= Y(X3+02X2+G4X+a6)g;_l’
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Tl B 3.51 WSS 4 T4 v = OEIAR (5.6) FHBBER € kX)), B
WASERF - EFRORERTUT. BT, S&HTFMEX T —ReH
%, EERAE MR
2. WMRE 1 BB LM, N of # +s, B ©® # +s, FATTLUEFH—MBEg
BAKHE o +s:
a =993 (Y(p?) — Y (9))
= o3 (YT — hy)
=9yl (YT = Y) — asay?,
+(BX? + 202X + a5 — 1Y )he_19¥ster1,  (FNEE 3.55 LS 2 %)
B =293 (X (¢%) — X (s))
= pagd(XT — g,)
= Yoyd (XY — X) + Yovhs_19s¥er1,  (FH 3.52)
A= 5
9o = V20X (0% + 5)
=Y2B2(—XT — gy + A + a1\ — ap)
=y? (((—qu - X —a2)B+a10)3+ 042) + 521/)3—1?/);“, (AnK 3.52) N
hy = Y2B%Y (p* + 5)
= —a(gy — XTP262) — (YT + az)y?6° — a1y,
= wf( - (Y"2 +a3)B + c)zX"z)ﬂ2 — (a+ a18)g,.
TERTRIL B, 9, A hy B RBEHE—K REXME—A 7, —(1-1)/2<

T < (1 —-1)/2, BIIBIEREH ¢f +5 =10, HERIEREREY n. X TE
ANEEM 7, HE

VIBYE(X YY) (X (9% + 5) — X (1p)) =
P2AX9,Y gy — Y262 (WX, V)X — b1 (XY, Y, 41(X9,Y7))

FREERTRER v BB ERE ged@?, 1) = 1. WH s =0, METLHO
BN, H ged(s,l) =1, \TH Els]NE[l] = {0}, B E[s|n E[l] dROEHER

O MR s =0, XYW lg, Bp 1 =p 55 | HBBFE — FHE
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A K, BATE
ged(¥7(X%,Y9), ) = ged(¥2?, 1) = 1.

SR, B FTREFERN AR | HLALEFE, IIFE Q € E[ R ¢*(Q) = £5Q.
B2, 765X58 2 £, ELFEAE—MHRA P e E[l| R ©(P) # =sP. B,
R L 2 TREEE B o B, WX TENE P A (¢°+5)(P) = £70(P).
BT P AR (5.3) X, B (¥* +5)(P) =100(P), H o(P) 2 I BT, H
oo =27 (mod ). ATRS 10 =7 M 70 = —7, WITFEHE YV 847, it
"

P38%%a2(X 9, YOYHX L Y (Y (9" +5) = Y (7))
= P2(X 4, Y)PI(X, Y )hy

— P28 (Y2 (XL Y NY2(X L, Y)Y + 4 42( X9, Y)P?_ (X9, YY)

+923%(3X%1 4+ 202X + @ — a1 Y )Y, _1 (X9, Y ), (X9, Y )by 41(X 9, YY)
HRAEHLRGEEBH o B WREBHBH v B, Wo=71, W n=—-1

£ OFEEH, LB E e, B TEIX—ERT kX] =5 Yk[X],

R AL R R A T LIRS, X F— R, RITFES BB T2
KW v R AR, SEMZHMFEHEPRSREENEEN, X
RN ERE ¢ TIEHE X9, X, YOR Y7 B, SRR P50
YR, T HEEARRHAEIE o IR L E.
AT HE, RITEEESHW#RINT

H3£5.8 (Schoof H1:) TF@& kit A3k k P47 O(log® q) k ikAe £
HIEH, VB A O(log’ q) MEAK, B HH B Ee 40
1 MR —ATEE 24 p WERES L, AR
[1!>4va |

lel
WAFH: ARG 353 FeygBEAKX, HE&EW i, 2<i<maxLl, itH
Vi HEFE—NFHK el FAIATEGE2FEFE S5 Fi+HH 70 (nod 1).
2. A~ s=qmodl. FIA “Fx-k” Fikit¥

X7 mod vy, X9 mod Y, Y9mod (E,), Y mod (E, ).

@ ged(s,) =1, M sz+ly=1 MR PeES|NE[l], Ml P=2(sP)+y(sP)=0+0=0——
EHE.
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3. it
$2(XT — X) + 51541 mod 9.
W RIERFAK, NHE 45, FRHF Legendre 5 (7). 4% (7) = -1,
R 70 =0; ZRIFELEFHEHF weZ HR =5 itH
Y2(X? — X) + tu—1%ws1 mod 4.
R ESRAATRAHE, M 70=0 FAALEFX
Y2¥S (Y= Y)Y 2d 1 +(8X*+202 X +as—a1Y )Y 19¥0%us1 mod (E, ;) =0
RERE. wRFARE, W 10 =2w, TN 1p=—2w. 4R EiX—F Tt
Hir, MEDEE 2F, 3 L PET-NEKETLE
- AR 4R 3.53 Peg AR, AE—A G, 2 <i < (1-1)/2, FUHE (X9, Y9),
KFR LIZA ;0 0.
. H T @ S K mod(E, ¢y):
a=pg(Y" —Y) = Popatd 1 + (3X? + 202X + as — 1Y Whsm19stbes1,
B =3 (XT — X) + oths1¥stor1,
9o = wf(((—qu - X —a)B+a10)B+ 042) + B Ye—1¥s 1,
hy = ¢§( —(Y" +a3)8+ anz)ﬂz — (a + a18)g,.
ME—AT,IKTS(A-1)/2, EEXRTHHA, BERIBR LB 70
P (XY )gy—p20% (YF(X9, Y )X =4, 1(X9, Y ), 11 (X9, Y9)) mod (E, ).
e RERXTLAR, NAT—Ar @478, TR, HHE
Y0P X LY NPHX LY (Y (9% + 5) — Y(r))
= P2 XL Y WI(X9, Y )hy,
—Y5B° (Y2 (XL, Y NPIX L, Y)Y + 1, 12(X, Y21 (X9, YY)
+923° (3X29 + 202X + a4 — a1 Y9) P, 1 (X9, YY)
e (XY - 11(X YY) mod (B, ).
o RERTAE, Mr="7, TR 71=—7.

CARAFTERREE, HHBHBRT IR~ t € [-2,/g,2,/q BA£E
#lel, A t=1 (modl). MA |Ex|=q+1—t.

HXf Schoof FILHATRIBEMNT, RATBEMEZE LTI LBHLIALE

ABEARE. BTR b FRINEZE TR IRANE /MY (BE O(logg)
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HARBER), BITAFEBRFEMRY #F Olog” ) WAZH), LB £
W AIEH.

35.9 & f,g & k[X] P8 AKX, df =degf >degg=4dg, a€k. XTF
@ FAREHNEENRE PHRKEL KRR
o f+g FiEREHREAR,
o af FTE REH REA Ody),
o fg T EBWEHKREA O(dsdy),
o 3K f R g RAKITEZGETREA O((df — dg)dy).

B ST mEAagRRL AR R T L. 3T fo, REEERE (df +
1)(dg +1) A TIFEAFAAR M A, FEEHHETE f=ag+b B (H degb <
dg), IREMIHTHEMY TIHH ag, HY dega = dy — dy, BEHHETASH
[Cohen, 1993], p.110. O

5|¥85.10 & f,g,h & K[E]/(¢n) FPHARTX, B f = fi+ oY, g =
g1+ 92Y, h=hi+hY, £F fi, fo, 91, g2, b1, ha € K[X], €NEIRE T AL
degy, a € k. MZ AT @A EZX b POHRKELRER:
o f+g I ERMETRBAR,
o af FrE BB HREA O@?),
o fg M EBWBIAREA OUY).

B ERE v BRER (12 - 1)/2 € O@), WAL EBRE. Hit
Hfe,. H

fg=(fi + foY)(g1 + g2Y)
= f191 + f292(X® + a2 X? + a4 X + ae)
+ (f192 + fog1 — f2g2(a1 X + a3))Y.
FrUARI TR B A E e H MR Bk O(%) A REZIAWRR, mumEs |2y
MXTBE O(Y) Wi k FMEARZHE. REETEMKBRIERSIE ¢ FRE

BRI ZHRRECH 0(1?), MFEE S ETAXMRFE O14) WH k FiyR
AEHE, FI AL m]

% 5.8 hEREHYIED 7E Schoof RILWAE 1 F, BUEM £ =
(D2, oo} BAFET 2 p WHT n - 1 ARE ATRBEER, AR pi K
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FiNRY —‘Fﬁﬁ?ﬂ‘ n Fl pn B/, JBERE n L7
sz' > 4./4,
i=2

KB T )
Hpn) = log (Hp,-) > log(8+/9)-
i=1

Hi [Rosser and Schoenfeld, 1962] 145 70 BT R LE 12 7] 4l

1
210gpn) < 2P,
E, REEEMTH p, BT
Pn = -;—log (8v/4) € O(logq).

BrLAE v B EATZE O(pa) = O(log q) REFATERBRE Fem, K@t
EHRRBEL R (2 — 1)/2 € O(log?q), MTTHIFIFE 5.9 THIE 1 HHums
IRIER O(log® q). XTTEARY I KU, B8 2 HHHEL X9, XO, YO YT
FE O(logq) K k[E]/(vr) PHIREHE. M58 5.10, ZHEHHABHEATHEER
O(l4logq). 764 3 70, BEWHME K(E)/ (V) FHEREIFeHEH . Legendre
5 (7) BTSI RTINS | PO, RS —HARE 0(1)
REABE, 3B 5HAMAFER G SR (VR T 8 BT L BB R
). B 4 HPEHE—RFIXT XM Y WRFEIR (XY, XBE
O(l) | KIE)/ (1) FETE, NTIBE O(15) Wik k Iy RAGEE. 768 5 £,
SHE—A 7, BEHBOK K(E)/ (v) PHTBHEE, B O(14) W k Py EAGE .
MTTSERE 5 4 FrBaELE O(1°). %BF 1 € Ologq), IR 2 35 5 HEE
& |£] € O(logq) W, FMZERMILEE O(log® q) W k FIEAIEH, YRS
6 45 ) A o R A TR A T B R AT A 2 R 3

RIVBELHE O(logg) METFETRHMBEBEMKEBLE 2 WETR,
LA 2SI 2 R O(log? g). =

EOEHEMTEERER O(lg® ¢) WHUEH, UTF O(log®q) K HAFE
. 7E Schoof BFIEH M, HHERER 0(log® ¢) KIIFEH, FHEEME
—A i, WSLHFIR CErIR AT R F 2R

(X9, Y9) = (¢(X,Y))? mod ¢;.

B HAE Schoof B HMEH, §—RETMABREREE 0(logq) K k[E)/ (%) FHIT
W% TIARITX ERAMET, EERETAKRES, HEE 0(1) K kE)/ (%) #

ﬁ(pn) <Pn (1 +
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MR, X — M ESmUMEE ML REE. #—%, M TE—PBRFET
R g, FEHE (X9, Y9) B, MERFABSEHE X mod ¢, Y mod ¢y B I7Hk, 7T
WA BT O(log® q) WK K[E]/ (vr) FFHFRE.

Miiller 83t ¢ RAEBGHRLLATIANEY:. BN EREESH L =
(3, 5, 7, 11, 13}, {HREWE | = 17 EMERIK T, M TSH Miiller, 1991],
p.106. SXEFFIXTRERY g KHEH

2
(3.5-7-11.13> g2
— .

H T {# Schoof BiEHHF T3, Buchmann F1 Miiller B2 1URF Schoof B Al
Shanks FJ K$—/NEMFIRG SRR B—2, LR A Schoof HIE, HH ¢ B—1
¥4 L, HEn88 ¢t =1 (mod L), HA L = [] I. B2F 47 Shanks HILHSE

lel
—%: FEVLERS P, B C=q9+1-2yq, B=q+1+2/q FYIRERRE L
5.3, B L F1 1 HeyerE i 2
rP=0, r=l (modL).

W r e [C Bl. BT r=|E| WEZFME, HEFEE 5.3 —ERBRAILE mR
WRMICHRLEME R, WXBE B SN, ZEENE - AEEHRE ord(LP),
XEF P SHBY ordP|L - ord(LP), FEFTUAF FEM 5.2 AL ordP. —HIA
AXAHEE, BEFRBWELE ordP > /4 -1 WK P. R/SHFM A Shanks HILH
2B 3%, KIHBEEZA S P B BXEHZ, Schoof FIEFIERIMEE
TE Shanks HILME B (RP%E 4 %) RAF AL, HREZRNAY, X—%
HAREHEAEN, BRFASHRETENGEEF FEE, EKRERN 4/0 (KX
lg+1-2\4, q+1+2q F, &L IHEMANTTREN |Ec| E, BT ordP > /-1
HIfEEL ’

MEE—NERE Lo, ERBGHEE R E B REER Shanks kR
HEFREMY. ZERATHEICR 2 W CH [Miller, 1991), p.107, H ¢ k%Y
251032,

5.3 Elkies £%(

B4R Schoof HILREAN BTN EKHE, HEH TRTZIREEPOESY
K, f#18 Schoof HILI A B REREE R, NTFEEFIEN T HE AR
Fei%, LHERLEENE Atkin F1 Elkies TN TR R A KRS PRI ZE R
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T B, XBREEJLTRINEITRHIEE. &Kk, Elkies 7 [Elkies, 1998] 1 #
BT ey AR, EiFAI2% 0SS [Miiller, 1995], [Schoof, 1995], [Lercier, 1997a],
T B AEX S SCE B R B B RIS E R — 2407
LR —HE, & E RpREXER k=F, LAMEMZE, K =k 2 & B30
£, A 1 BAET p 98 E¥. [E1Z Frobenius H B A7E E[l] LAYFRE o W2 THE
P
¢? — 1o +5=0, (5.7)

Hef s =g (mod 1). RAVEEHIL o Wi ro. Elkies FHfBicE iy HA BHE: FIA
B FE TR — R BB N E TR o EATHEEL. BT o £ Z[X, a1, 03, 02,
as, a¢) PRTAZTR, HHERE BH” HETF ROTEHL EWHE R A
B3 o RNE o o, FEBRTBEYET. Mo, BATTLMRE TS
K, HE, XX REIKE B o A
EZ—TF, R Bl =S USU{0}®, W
v=[] (x - x(P)).
PeS

RAITHE Bl FHRAERIETEILTE C, 57, EIRFREMENSK E FFE L5
BT A R IE SN TR, FRICREROT-BEN | B E—RAVBECT, | BBER RN N
| TR BE. KO TR EMRAE L, RITE XM THETR

fe=I[ (x-Xx(P) € K[X],
PeSc
Hep So:=8SnC, Hl C=ScUScU{0}. B4, 7 K[X]|H, fc & o
WETF. HEREY fo &I k(X] FHRHME, AERMMITELEA.

SRE5.11 T EGE L TN
fe € kIX];

@i(C) € C

@i(C) = C, B¢ C frFrobenius§ B & 694ERA T 1 X;

C REMTH o AFEANEA acZf I HGH T THE.

L

B W T o BES, TH CRARSE, HIiehr 2 Mtk 3 ZHMH.

© BT | BREERY, E[N vEE 2 B E, BT Ell PFREEREERSE: MR Pe S, N
—-PcS— #HE
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% oKk T K/k F1 Frobenius HF#, RN ETE K[X] HHITEY 7%,
Bp

@ iaiXi n—-» ZVn‘_‘a;’X".
i=0 i=0
W fo € k[X] FMTF vx/w(fc) = fc. BT
expm(fo)= T (x-xP)9?) = ] (X -X(au(P)),

PeSc PeSc
XEWRE o FF C ity X MARIEITER:, T o BEF C A28, XERIER T80T
1 Fielr 3 B ME.

RJSIEHIRNT 3 FIRHT 4 BEMIE BT C BIEFEE, & P 3 C W4T,
M @(C) = C MBEWRE o ¥ P B4R C AN —IERT P, T P —ERMm
aP, HF ac Z). EEHT o BHS, HERTRER o B4FER. a

B, WRAFFETE Frobenius 5 FASEA FRIFE AW | 8 C, SESM YL,
MR o H—MHER a € Zi, NRFEHR v BE —NREH (- 1)/2 WEF
fc € k[X]. :

ERTHA T HRE XN EBIR fo, IRLIHMERR ac{1,---,(1-1)/2},
WATTLLBLRAE C LRER o = to, RWE o BIER. X3RRI
FI# Schoof Hik%E 1 £ L2MFEMF L, M—HXHREMEHIHEREE fo,
TR . MRBINVNET o, RATUBESHEH r: WE P B o #4F
fEr &, W (5.7) RFKH

O = (¢} — 1001+ 5)(P) = (a? — 1o + 5) P,
TR P WY I, EHTE Z FF o — na + s = 0. fTA
To = a+ sa~ 1,
Ha o™ IR o 7 Z, PHIE.

N T e LSS EE, ROFBEMEHNE: £—, WaBm—4 258
! 7 Elkies BURE, Bl o 78 Zi FHIFER? B EARH, XBKE o WISTELT
R X2~ 70X +5 7€ Z PER, IHLTH 8 —4s BB HED, BB 11
“WRFR. WA R R BB EXER, ERATFRITEREE o FUK
LA, HICHTE A HIW RN T RATERZ T L. B, MEERME o 8
HIET, HAEHRX for BIATVELE 5.4 o EEXBEAE. B4, RITEE
5.5 WAET, B o 78 2 PIRABTER, BRIMPRTUSE o WETEE &
J&, TE 5.6 rf, RATH 2L SEA 8, H4HE T SR¥E.

@ FOCRA 10 — 4s BHEE.
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5.4 [FIFHBR AT AL L T

X RATH EIE TS BREFE | 8 C, 5 ETE Frobenius [ [
HYER TAZ. BIGHSIREW, Frobenius HRIZSME C LH1EM, W d MR &
E/C Wy j AEBNARE, FEFE—TN E 2| E/C WRIFRS, EREHR C. &
JG, MBI N AW — A ZHARETE FX] FAR. X TR ERAEIEN
BBl TABHRE, MHRERXTRFZIX o WET fo WitH, Wil
TABWHE, XTE—HE T H08 B i 2 BOE X 07 0 R HA 5018

WAVTE 3.1 THRNB T & XHER — 2% B ol 28 L 1y 75 28 IS5 0[] e St A 20
&, THEEX ST EE A IR R 2 5 HH .

EN5.12 HREAE REZX ALK LHOWHRA S RE 3 E F 2ikitL
—ANHREHAN o€ K(E)x K(E), R E' 9542, B9 Floa = 0. #%4&HH
R, ARRARME WK B g L8—D8. AR DARRP R ARk L,
RAGCHEES By T o R—AHERHFIH TR —ANBHFE, RIARA F Aok
H. wREL-ANKE 2| E GRS, AR E fo B/ R BAYE). 4o R % B A¥ak
HEXL Ak L8, NARCNIR k B4

FTLAE Ay — SR L G5 2T SRAE R 3.1 F7R 3.2 I — R, XU LT
R FHBRAT AR AL, Brhy RBTEE Y e E Bl B/, 18 P &#ch P
“RFFH X —-MERAEXW, BREBXT —MEMER ESMERN=
RAERH, REMPFERAFLH, XALEGERMT: ® o : E— B BKREH m
Ry FHBRET, MAFERFBLST & © B — B, W2 aoo = [m], H¥F o EFHY
XMFE R A T AT, WSH [Silverman, 1986] #55 TIL6 7.

B FFEFBH (01, 02) KRB a1 B ar WREHER (TEREH=2HE L
3.1 EHEMER), HhafEL 2.30 Hl, —MEERHBEE ATRAARES ML, B
WALMAEFAMEE—ERERE. K2, Vélu 7 [Vélu, 1971] FEBHT: XF E
REEARTH O, —@FE—AWEME B/ i— RS o: E->F, oy
BX C, MH B TEFRMEECT2YE—R. XA FEMBS o T4 H:

a(P)=X(P)+ Y (X(P+Q)-X(Q)),
QeC\{0}

wP)=YP)+ > (Y(P+Q) -Y(Q),
QeC\{0}
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MERMA 3.1 iS5 HmE
011=ZX°TQ-01, 02=ZYOTQ—02,
QeC QeC
H+

a= Y XQE€K = Y Y@QEK
ec\{o} ec\{0}

HEHHARTTH o Al o WLEAERE, H51HE 3.14 MIF|HE 3.16 & 7o
RIS BN, NI ENHEFS B C FRSEIER 2 I 3 MRE. o Ml o B9E
WARBHR l(on) = l(a2) = 1, HI o - of 7EHRS O I ERERE 5(WTBH5E 3 &
SE X 3.40 JETH R TERE), IRZR MR 5, W of — of — (03 — of)aras T
s O MBI ERE R 4, BREEMN L of, a2, on A1 1 BB SERFTH, FE—NEE
R

E'(a1,a2) = a3 + djaraz + ajor — (of + ahod + ajyoy + af)

PO RFFL B C FHA Q PEMTBER o BFF ar A oo A%, XK
E'(on,00) VA C FEIEWRAT R, NTTREHRS. B8 2.34 fiie 2.35 7
A, E'(or,00) BEEEH, HU—ERZE. FLHEH B Z2EHRYE, Bk B 2
XT —%MEMZ, FhH E oa=0W45 o 2EERH. &5, o 80 BE O, X
VA o BFRFBL GEBIR[ 25 [silverman, 1986] #%5 [11.4 ).

MRS 2 TR 2.3 WINEAR, FTUBH Xorg Ml Yoro WEBEAR, N
AR SR B (S RAR. BT ES BT e B Es, EEEE,
BAVMEX B R HBSEHIER. 2 C=SUSURU{0O}, ¥ R = (E[2]nC) \{0}.
BITRATEICS (WA2% 3.2 F):

DX =2Y + a1 X + as,
DY =3X?% 4 202X + a4 — a1,

4@ {DY(Q), Qcr,
2DY + a,DX)(Q), Q€ SUT,

u(Q) = (DX)*(Q),
t= > tQ),

QESUR

u= > (uQ) +X(QHQ)).

QESUR
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FERXERM Q ¢ E[2], #E t(Q) =t(Q), v(Q) = w(@), HHk EHKARST S
®EILX TRE

_ HQ) u@)
s Z3(x-X@yWX_X@W)’

QESUR

<m=Y—§:(w@r—93~%ﬂ@““’xmm+y‘”@ (58

o\ X =X@QF X -X@Q)
+mw@+DX@wY@O
E-X@7 )
ai =ay,
a3 = as,
ap = ag,

aﬁl = Q4 —5t,

ag = ag — (a2 + 4daz)t — Tu,

c1 Ml co LB L DMER RS, RINMOERERARASTHREFERES L EEMITE
R

WCR—NIEE, 4 F/CERBER TR —FMEMSL: FE—INE
F| E/C WRFELE, ZXFRIMBRSEEN C. 4 j/CHE/ICH j A TR . BT
E/C ZEFRIMME ST EM—K, Hik, BHE2ZHhE 21 04H, j/Ce K BREX
RAFEH®. THEEIERY, C 7€ Frobenius H R AREMIEH FHAEHS j/C %
YIF:

FI5.13 K ERRN Ak LIRS RMA WL, LR E5X—4% 7 T
KEEROR 1T GMEA MK k B & CZ—4~1 &%, MMNTFEXK I, THH
AW F A4

L ¢}(C)=C,
2. j/C € Fya.

B SERRE of B C Li— XU BETEM AR, HEE ¢ ue
Foa BEATLAT , XBERUIE, WA of € Foa, MTT §/C R Fpa FRTTR. HHENTE

O HNWERRTE R AFRMEIBL E/C TR —, ERENY j FEREMFY, &M j/C 5 E/C
WX —— B
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EE ¢ = ¢, 0t = u. |
= 3 QT = Y tel@)= > .

QESUR QESUR Qewi(S)UpE(R)

TR —1ME5H, RATFAT Frobenius H FISRE AWM A, BEBH, o
%S C LE—A B, Hit of(R) = REXLE, HI1EHY, W R=0), A
C = ¢} (S)UpI(S)URU{O}, X#M 19" =t, JLP5L—BER L THER v’ = .

5 TAEMIARIZ B 7], BATAEE T G B 28 1 RS SR I T B4, By
BT ASBWTEE, BOBIIEE TS [Miller, 1995] HEE 3.10 4. =

LR IR, TEAETE Frobenius [ A A 91 Bl FARFEAASY | BEHY 7550 00
BERMR: Z0R [Iog, p (X —5/0) B8 k FHR. RITTUERHEN j/C
B FHUX A2 TR 8 k. |

EIM5.14 AASAK € ZX,Y] BRTFTOGHF: R ERZNA L
L ERFRMB K, ©W A EELRFT 0 4 1728, 0]
& (X,j(E)) = H (X —34/C).
CR &

M, &(X,j(E)) RI+1RBAXNALEAER. K & H | kK SRA.

UEBH & [Miiller, 1995] FFHYSE 4.13 IS BE 4.14. 7ZEFRE, IEHH T 454E
p> 3 WEE RAHE p = 2 F1 p = 3 . KBTRFETR, AMTEEIEHTE
PO LM MR T, MEma s, BEIEN T3 st 741 p
B MR IERM. B, KT REW SN RATEE, —354 1+ 1 NRR 1 B,
FP-1=(1-1)01+1) MBrh L8R, XEEREE | BRAERSE, iE—4 1
BEHA | -1 MERT. a

#it5.15 4R ERKEk L4 RS FMAME, ERE5%X—4% 7 T
EEFTORLITBGMB ok k BIAY, WA of TRELT | Bk a2

deg ( ged (Xq" — X, (X, j(E)))).
WA B 513 M), 1E of MR FREEAER | BB EST j/C € Fu

Wy AZEBREAY. hEHE 5.14 WA, FEBRITFRETR € (X,j(E)) 7 Fpe H
(AHFEE) AP EHRBPE —MREEENIESR

x¢'-x=% (X—:r).

:EEqu
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FH AT SN A AL ]

XELEE T LR A — A8, B anfar HIb— A B | 4 Elkies B %
LRI ES, HEHXGHEER R, W RIIFE—HETERN Fourier 3
FeIF, BRXBHEE A2 M [Miller, 1995) B955 4 M 5 /. R, MEHAHE
BEHH K, REIEEINFERERS L RN, B2 M 8. 8
—, EXT Y MIRBHLER (#FLh, MEGREXT X MY WHHLTHR), B
BREFENRRLEE. £, HEMKAMRIEER A B, FTEE 3 Kt
T{ELH [Schoof, 1995] H % 236 T -

®3(X,Y) e +Y* - X3Y3 +2232(X3Y? + X2Y?)
—1069956(X°%Y + XY?) + 36864000(X° + Y3)
+ 2587918086 X °Y'? + 8900222976000(X %Y + XY?)
+ 452984832000000(X * + Y?) — 770845966336000000(X %Y + XY2)
+ 1855425871872000000000(X + Y).

XA [ B AT LU 8 S e S TR, Y B (E) RS, SMELEHR
HIERMBEE T AR MELE. TEE (=35 1 = 13 BSHMELEHR.

G3(X,Y) =X*+36X° +270X? 4 (=Y + 756)X + 729,
G13(X,Y) =X+ 26 X3 4 325 X2 4 2548 X! + 13832X 10 4 54340 X°
+ 157118 X® + 333580X 7 + 509366 X ® + 534820
+ 354536 X * + 124852X3 + 15145X2 + (Y + 746)X + 13.

— LT 34 LR Blkcies B, BIAFE—ME o0 WOV F A | T8 C, 7§
%, BATTUARFBS o B - B/C WHIHEER, BEIRINIBENRTE
R v BT fo. BT o1 WA BHEIFLL C HH04% 2 B, B4 X — X(P) 4t
BIHIBR T (P) + (P) — 2(0) (FBH% 2 BehsE X 2.27 BHHHIT), EH o #9
4855 ]
I1 (x-x(®) =72

PesS

BREME-NEHEATF, P Cc=5U50{0}. .
HEMAR B R FE FRST, RATEX BB A R, RS

HICHR. BRI SRIRE [Lercier, 1997a) (%5 4 235 8 &, B EZEHEH®

WTHT 2 %] [Lercier and Morain, 1997], p.13. H &, MIER LV, XA i Vélu
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X (5.8) BEIESR, TERNFEE —MAKET C WRAATHHED. Elkies
W R RIT R B LR A R, BRI p B, BXBEERHE 2
BRRE L, @ ZH [Miller, 1995) 55 6 M 7 &, ZKHEERWHHEEHEN
O(1%). FEXAMHZET, FHAMHEMZRREER Y2 = X3 + as X + a6, X
T HRIRTEE, SFE p ¢ {2,3}. EH —SEE, TTREHIM A BN S
BEFTRER/ DR B REE, FrUAMER p > . B Elkies ML IEE B AR AR
R¥UR. Couveignes &1 T —FEETFrEMHE B4R “FERXHE (formal group) A H
1% (B W [Coureignes, 1994]), ZHIEX TAEEMFEREERN, HREEWHEER
HRER O(%). BHHE Lercier 1% p =2 WIERIR I T — 40k, BRIZFTAES
Couveignes W RIEKEAHE, {E1ELRREFTHIEZ LA (B W [Lercier, 1996]),
T ELAES b s 8. &J5, Couveignes 3E| T —MFHME, HERERE 0(1%),
MAEEH € > 0 ML EHEGER TAEBRENBLR, MENLRFEXEhET
1THy (2. [Couveignes, 1996)).

5.5 Atkin E%{

B TE o M6 TSRS | B, ROVDRTTUEBE 8T » Wi
B 511 F, HEE o BAFESIR X2 — 10X +5 16 2 FIHR, KEHHT]
A 78— 4s B W TRIERAR. B4 X2 — 10X + s 76 Fe FEBHARAGR o F1
of. BATITEBIBA TG of 1IR3 | BERAE, S0 of MUIMIEARTE Z) i
INEBH A, . HTF 3.9 WHIITR, RATHIE of WIESTAR (X — o) (X — ol°).
% a° = (o), B (1) = 1 B, HETMAMRIE Z . B, 8 | BRI AR
(1 o BB/, IR of1 78 F) PEY 4 3B, BT of HRAMRER
BER of = o, T o ARAFHFIER o # of, Fl of HE SRR
XHAERE, BTN | BEE of MER TIREAE. E 515 MERET, &
B d FHERIR @ X, 4(E)) # X - X fB/NESORHITEEL 4 ol = ¢
& Fo S d RABEAR, WAE o(d) XN G, XE ¢ & Euler K. BT
(@1 = o1 =1, F dll + 1, AT o(d) < o +1) < (1 +1)/2. MBRET
Fpe 6—AAIEIC g, B F = (g), WIFTLAKERRA TTRERS Ca HELLS. Fra il d K
AFRGRGBEH 2

{g%‘li 1 ged(d, i) = 1}.

BRTE—MBWELT, RFEGRBNAF TR MBS, EIIERNE RS T8
HEY L BN, AR RS AT . X ¢ AFEHE—K, RER
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FERE LRDTT. B T2 R %L
X2 — X 4 5= (X—a)(X—al)

GIE:!
0 =a+a =a(l + ),
5]z 4
g =0o?(1+ Cd)z, s = ot = a?(,.

Tg= Cid(l+cd)2=8<gid+2+cd>.

UL, Ca F1 7" REMET=EAIRI 8, BA o(d)/2 NATRERS 73 R o(d) AFTRE
E/‘J T0-

5.6 SEA #k:

M 5.3~5.5 TG R LA R BT eSS TAE, BEE4A tH— e s, 5%,
BAFERIER® 5.15 PRBRIEEE ML

1. A B85 R

HRE S 3.71 ATA0, #FIE 2 3k 3 MRl di4k B R4 i 24 ALY j(E) = 0.
XFHAEEY, £ 3.72 K, (B TROERSEEDS. RATTLR AL
5.1 7& Ex FHENR—A 8 P, RIETHE kPOGXE k HEE 3.72 PR REATREE),
WRHAET O, W E Ru[REREA 7. TN, E R R RME S,
i 4.5 FRI R, TERERGE R PR A AN X it I iy 8.

2. MKXREH j € {0, 1728} HyHEI dbLkEIRh

BRE E 5 E' Bk FIFOMEEL, 754 3P, RITERT 05k e
Sto SREIBRMUME N B, XA ERBIEMEN, WTFi=1,2, 3, 4, 6, o/ &
kloa, az, ai,--,ai_,] PFRNMESTXWEFTRE, Hik B/ B XA & o6 i
& BE B j RERE 050 1728, FEMEEEIRERAL, T8 |E 7]
REABCE(EL, T ELIREME A B HLEL /DN

E¥5.16 B EME Z kBRMNGHEBL, CMIARZ X 3R kL. R
|Ek| = | EL].
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B i a=(a1,a0) 4 E B E' §J k [RIFFBRET, o f1 o H K ERE L
#J Frobenius HFEZ. HHX a1 BREEER b, W a1 (X, Y)? = u(X9,Y9), FH
HERAE 0o (X,Y)? = (X9, V). Hith

¢ oa= (al(X,Y)q, aa(X, Y)q) = (al(xq,w), az(xq,yq)) —aoq.

MR @? —to+q=0% o WRHENRE, NFE
O=ao(p?—to+q)= (¢ —ty' +q)oa,

HIMEH 3.3 41 o BWEH, B ©° —t¢' +q=0. HHEHE 3.61 T4 B = |E)| &
b, RZWRMILH, WIS [Tate, 1966] HEH 1 (). 0

FBREp=2Hp=23 N j(E) =0, BEE37LTH E REAFHEH
£, Fh#t 3.73 & (Bl = B H, E B—EREH RN, X—FiEN ESEw
AR PR T, R p > 3, WA TREHE Y j A2 0 5 1728 M th
KA, X SR TIER RIS Q) Ml Q(v=3) Fi%H ¢ WITE (M [Miiller,
1995] (755 9.2 ). AL, FATITLAXTBENLEERAY &, WRMIV I B IEH, BE
RETH O. MERE O, MATLKFMR E R k AT j RA4ERRK 05 1728 19
WEEIBILR. 0, 7 [Miiller, 1995) BO%5 11 Behad Ao EME, B ATHELH % B 4209
By R, BE—ZEPxTHRAR 2SR T, RIDERBEMER R
BB, HERE ISR EI TR PR T, X MEF TR —
HLE AL T MR AR 4 7T LU A RN Y. 4R3I T — A 5, ERMEE
BB — R REOBE, AR AT AR 6% A AR A8 35 T B e e S R A i, T
ST LA TR B 2% 185X AR 1 T B 2R B B R /0

3. it# t mod !

SNSRBTTHE P2 (M RIERCR B (BIATA MR B R AR BB A R, B8 A8
BHET 08 1728), WATFTLAFIA 5.4 A1 5.5 Wik, MTHER 1A H o=
t (mod l). W I 72 Elkies B R, WA o WBRYIE,; IR | B Atkin B
¥, MWL &RE R (1+1)/2 NETRERIE. T Elkies BUR¥, BB RE
1 Schoof HikHy O(log® q) MEUEH (B MY 5.8 MIEZEMT), K O(log®q)
MR, FEREFFAWNESTRHERAEM fo WIER THTH, T fo WIREN
O(l) MA& Schoof HLAHH O(%). &, H 5.4 AT AT A, )R FhELE
3 fo BISRES AHERERL O(1).

Xt T Elkies BEY, FH W ITEESEERWE, HAWHRTEE
[Miiller, 1995] #%5 8 #, [Couveignes and Morain, 1994] 5§, [Couveignes et al., 1996].
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tF 2 BFE, XHk [Couveignes and Morain, 1994] 55 5 Pt T p # 2 HEIE,
3CHEk [Menezes et al., 1996] i1i£ T p = 2 WEE.

1. BHMEBHEE
% L1 R Elkies REBE (HREH), L2 RRTEL—PRTFER Atkin &

B, i
Li=]], L:=]]t L=LiL,
leL, el
B P ERREERE TN ¢ 8 L 8 L, HIHZNTREME Rhiim
&2, Xt Atkin BURE L, WR4 v R t mod | AT REHIERT L, MARE [1 v

lely

ANETHEHY ¢ mod Lo, AT HAX AL MFTREM ¢ mod L, —BORULIXIERE (L] BIRE.
THFEANBR—RXT B MREERERN, HEME 361, RIAEBE
FIBUITE [¢+1-2y4,¢+ 1+ 2,/q) ZRMEEE. —ROMEMT: FEHLEER
Ee LHI—A R P, AGREBESZHE, BREREN 0. MR RE—MEET
TR, NXRMHE ML B (0. FNRES, R BEE L1 M LoBIETE
—8 t mod l). FELRERA, X4 L > 4,/q B, E—@EF R E, 2R EE
BESER. Atkin 81, XA TR AR -/NEMELRMPIE R ERE, EH
THOLFT 20 [Miiller, 1995) 58 10.2 F7E# [Lercier, 1997a] 45 11.2 7.
EHREERE, ATHT Atkin ZURE, WY Lo & logq HLRHEX AR, B
He 2 Z AR Schoof Bk, BIEAM T HERIATE L, T HMRRATEE
L1U L2 HBHTHRBREET, MRFEREXMES. R, EXLRHET, X
A~ 25 T 2R o] Y SR B I i B
5. RN
WRITE, FRMALAFERT SEA HELRAY, YAMEMBA AT
MR RE, AL ITRE, RITTTEBAMEITHZIEN.
Lehmann, Maurer, Miiller f1 Shoup B Z#i+8 H & LAESFE S 425 {7+ 3E %)
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discriminant ¥[H|%;, 14
distribution, uniform ¥#J5]—%{, 130
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division polynomial & F£ IR, 86

divisor f&, 31
class group & T2HE, 35
linearly equivalent £R¥:ZT, 35
principal FE&F, 31

DSA ¥2#EZHIE, 7

DSS B AIRE, 7

dual isogeny %@ [EFh, 148

duoble and add algorithm “¥-5-3f€” &k, 4

ECDSA #hR th &7 &2 H %, 8
eigenspace #FfE%3 6], 146

eigenvalue ¥{E{H, 146

Elkies prime Elkies B #Z ¥, 147
elliptic curve H[E R4k, 14

encryption function %KL, 2
endomorphism H [E] %, 50

Euclidian algorithm Euclidian &k, 85
Euler function Euler pR¥{, 153

factor base -3, 120
finite point AR &, 26
free abelian group H H3Z#8¥, 31
Frobenius endomorphism Frobenius H [7]
7, 51
function
decryption R85 K%Y, 2
encryption fi# sKEL, 2
hash W57 5K %K, 6
homogeneous F XK ¥, 27
one-way P BREL, 2
rational 5 FEpREY, 12
trap-door one-way H.[a] ] BR %K, 2
function field sieve PREURREL:, 121

fundamental theorem on abelian groups 3%

B iAE g, 84

generator 4T, 4

generic algorithm —f¥EE H:, 113
giant-step K35, 114
group
class 2§¥, 113
cyclic 1538, 4
divisor class B F8%, 35
free abelian H g 3#:8¥, 31
Fundamental Theorem BEXZAEH, 84
Picard Picard §, 35
Sylow Sylow B, 118

hash function F3% B3, 6
Hasse Theorem Hasse g ##, 99
heigh, logarithmic Xt¥(ESH, 122
homogeneous
function FFREH, 27
polynomial ¥R EZH R, 26
homogenisation F¥K4k, 26, 27, 29

index calculus FEFRIFE R, 120, 121
infinite point JG3FiE &, 27
inseparability A"T[ 4}, 67
integral domain $&¥F, 12
involution X4, 17
isogeny [F]FiBLE, 50, 148

dual 3B FF, 148
isomorphism [F#], 16

J-invariant j- AR, 14

key

public 44, 2

secret FHEF L, 2
Koblitz Koblitz g€, 127

Kronecker class number symbol Kronecker

RHAFS, 110

l-group I- B¥, 146
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Law of Quadratic Reciprocity — K H. K f#,
105
leading coefficient B &%, 69, 86
Legendre symbol Legendre £F5-, 105
line H£E, 35
tangent Y48, 12, 21, 37
linearly equivalent ZR¥EZET, 35
local ring FEREF, 13, 28
logarithmic heigh X+%{/5 &, 122

map, rational A PEMLET, 46
message expansion {H 2T &, 5
modular

form BRI, 148

polynomial B IR, 151
Mordell-Weil Theorem Mordell-Weil 5gZE,

122
MOV reduction MOV #j4f, 123
multiplication
by m m FeMst, 50
complex H 3, 51
multiplicity B, 24

NIST M EFIRER AR, 7

node %5, 12

non-deterministic algorithm JE#HE B 1L,
3

non-residue, quadratic ¥ IEF 4%, 104
norm TE%X, 16, 39

normal form {RAEER, 16

normal subgroup 1IE3 F8E, 133

number field sieve ¥R TRE:, 121

one-way functions BAJA]pH¥L, 2
order B, 24

of point B FHr, 51

password Dé\, 2

period JE#A, 115
Picard Group Picard &, 35

plane

affine &1, 11

projective 1518, 26
Pohlig-Hellman algorithm Pohlig-Hellman
Bk 116
point

finite A FRE 2, 26

infinite JEEFiL &, 26

of order two 2 By &, 21

rational &, 45

torsion #1, 51
points at infinity 57 A, 26
pole #z &, 24
polynomial

homogeneous FFK LI, 26

modular LK, 151
polynomial algorithm ZHXHEE, 3
preperiod RijJE#H, 115
principal divisor E&F, 31
private key cryptosystem FASABL R L, 2
probabilistic algorithm AEHEIE ¥, 115
product rule FEREHLM], 58
projective

plane S5V, 26

closure §HE A, 27

curve LR, 25

plane curve §5 -1 B2k, 26
public key cryptography A&, 1

quadratic
character —RK4FEF, 105
non-residues YK IEF 4, 104
reciprocity K H X2, 105
residues " YKF| 4, 104
quotient rule BREEFLM, 59
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Riick Theorem Riick E¥H, 112
ramification index 4FErF5%L, 53
rank Bk, 122
rational
function field 5 ¥ R, 28
function G FEREL, 12
map A FHILST, 46, 148
point K, 45
regular function 1F N K%K, 13, 28
residue, quadratic ¥R |4, 104

Schoof
algorithm Schoof B #s, 141
Theorem Schoof EF, 110
secret key A HH, 2
separability A]4r, 67
Shanks’s algorithm Shanks &%, 114
SHS Z2 M RPIrAE, 7
singularity &7 4, 12, 26
cusp 42355, 12
node 4415, 12
square and multiply algorithm “3 -3¢~
Rk, 4
supersingularity #2751, 109
Sylow group Sylow &, 118

tangent line Y]&k, 12

Tate pairing Tate X}, 126
torsion point ., 51
trace #1316
absolute #XFF 4K, 104
translation 5%, 49
trap-door one-way function B|HR&1 )RR,
2
trap-door B&[7], 2
trial division iR, 120
twist curve BSp£R, 107

uniform distribution ¥J%5J43 47, 130
uniformising parameter —3{L 2%}, 21
unique factorisation domain Mf—43fFHE IR,
12

unit B07, 13

valuation ring BR{E R, 21
variable change

A RAH, 16

Waterhouse’s Theorem Waterhouse 53,
109

weierstrass equation Weierstrass &, 29
Weil pairing Weil X}, 95

Weil’s theorem Weil E#, 103

zero F 5, 24
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