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Preface

For several years now I have been teaching courses in computer algebra at the
Universitit Linz, the University of Delaware, and the Universidad de Alcald de
Henares. In the summers of 1990 and 1992 I have organized and taught summer
schools in computer algebra at the Universitit Linz. Gradually a set of course
notes has emerged from these activities. People have asked me for copies of
the course notes, and different versions of them have been circulating for a few
years. Finally I decided that I should really take the time to write the material up
in a coherent way and make a book out of it. Here, now, is the result of this work.
Over the years many students have been helpful in improving the quality of
the notes, and also several colleagues at Linz and elsewhere have contributed
to it. I want to thank them all for their effort, in particular I want to thank
B. Buchberger, who taught me the theory of Gribner bases nearly two decades
ago, B. F. Caviness and B.D. Saunders, who first stimulated my interest in
various problems in computer algebra, G. E. Collins, who showed me how to
compute in algebraic domains, and J. R. Sendra, with whom I started to apply
computer algebra methods to problems in algebraic geometry. Several colleagues
have suggested improvements in earlier versions of this book. However, I want
to make it clear that I am responsible for all remaining mistakes. Research of
the author was partially supported by Osterreichischer Fonds zur Forderung der
wissenschaftlichen Forschung, project nos. P6763 (ASAG) and P8573 (SGC).

Let me give a brief overview of the contents of this book. In Chap. 1 a mo-
tivation for studying computer algebra is given, and several prerequisites for
the area, such as algebraic preliminaries, representation of algebraic structures,
and complexity measurement are introduced. Some of the more important basic
domains of computer algebra are investigated in Chap. 2. Of course, this list is
by no means exhaustive. So, for instance, power series and matrices have not
been included in the list. The criterion for including a particular basic domain
was its importance for the more advanced topics in the subsequent chapters.
Computation by homomorphic images is presented in Chap. 3. Such homomor-
phic images will be of great importance in gcd computation and factorization
of polynomials. These topics are dealt with in Chaps. 4 and 5. Chapter 6 con-
tains algorithms for decomposition of polynomials. Linear systems appear often
as subproblems in different areas of computer algebra. They are investigated in
Chap. 7. Problems like computation of resultants, gcds, or factorizations of poly-
nomials can be reduced to certain linear systems, so-called Hankel systems. In
Chap. 8 an introduction to the theory of Grobner bases for polynomial ideals is
given, and Grobner bases are applied to some important problems in polynomial
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ideal theory and solution of systems of polynomial equations. In the last three
chapters, polynomial algorithms are applied to some higher level problems in
computer algebra. Problems in real algebraic geometry can be decided by decid-
ing problems in the elementary theory of real closed fields, i.e., by polynomial
algorithms. Such a decision algorithm is presented in Chap. 9. Chapter 10 gives
a description of Gosper’s algorithm for solving summation problems. Finally, in
Chap. 11, ged computation, factorization, and solution of systems of algebraic
equations are applied for deriving an algorithm for deciding whether an alge-
braic curve can be parametrized by rational functions, and if so for computing
such a parametrization.

Clearly there are important topics in computer algebra missing from the
contents of this book, such as simplification of expressions, integration of ele-
mentary functions, computer algebra solutions to differential equation problems,
or algebraic computations in finite group theory. Including all these other top-
ics would increase the size of the book beyond any reasonable bound. For this
reason I limit myself to discussing that part of computer algebra, which deals
with polynomials.

In recent years several books on computer algebra have been published. They
all approach the field from their own particular angle. The emphasis in this book
is on introducing polynomial algorithms in computer algebra from the bottom
up, starting from very basic problems in computation over the integers, and
finally leading to, e.g., advanced topics in factorization, solution of polynomial
equations and constructive algebraic geometry. Along the way, the complexity
of many of the algorithms is investigated.

I hope that this book might serve as the basis for exciting new developments
in computer algebra.

Franz Winkler
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Introduction

1.1 What is computer algebra?

In the recent decades it has been more and more realized that computers are
of enormous importance for numerical computations. However, these powerful
general purpose machines can also be used for transforming, combining and
computing symbolic algebraic expressions. In other words, computers can not
only deal with numbers, but also with abstract symbols representing mathemat-
ical formulas. This fact has been realized much later and is only now gaining
acceptance among mathematicians and engineers.

Mathematicians in the old period, say before 1850 A.D., solved the majority
of mathematical problems by extensive calculations. A typical example of this
type of mathematical problem solver is Euler. Even Gauss in 1801 temporarily
abandoned his research in arithmetic and number theory in order to calculate
the orbit of the newly discovered planetoid Ceres. It was this calculation much
more than his masterpiece Disquisitiones Arithmeticae which became the basis
for his fame as the most important mathematician of his time.

So it is not astonishing that in the 18th and beginning 19th centuries many
mathematicians were real wizzards of computation. However, during the 19th
century the style of mathematical research changed from quantitative to qual-
itative aspects. A number of reasons were responsible for this change, among
them the importance of providing a sound basis for the vast theory of analysis.
But the fact that computations gradually became more and more complicated
certainly also played its role. This impediment has been removed by the advent
of modern digital computers in general and by the development of program
systems in computer algebra, in particular. By the aid of computer algebra the
capacity for mathematical problem solving has been decisively improved.

Even in our days many mathematicians think that there is a natural division
of labor between man and computer: a person applies the appropriate algebraic
transformations to the problem at hand and finally arrives at a program which
then can be left to a “number crunching” computer. But already in 1844, Lady
Augusta Ada Byron, countess Lovelace, recognized that this division of labor
is not inherent in mathematical problem solving and may be even detrimental.
In describing the possible applications of the Analytical Engine developed by
Charles Babbage she writes:

“Many persons who are not conversant with mathematical studies imagine that
because the business of [Babbage’s Analytical Engine] is to give its results in
numerical notation, the nature of its processes must consequently be arithmetical
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and numerical rather than algebraic and analytical. This is an error. The engine
can arrange and combine its numerical quantities exactly as if they were letters
or any other general symbols; and in fact it might bring out its results in algebraic
notation were provisions made accordingly.”

And indeed a modern digital computer is a “universal” machine capable of
carrying out an arbitrary algorithm, i.e., an exactly specified procedure, algebraic
algorithms being no exceptions.

An attempt at a definiton

Now what exactly is symbolic algebraic computation or, in other words, com-
puter algebra? In his introduction to Buchberger et al. (1983), R. Loos made
the following attempt at a definition:

“Computer algebra is that part of computer science which designs, analyzes,
implements, and applies algebraic algorithms.”

While it is arguable whether computer algebra is part of computer science or
mathematics, we certainly agree with the rest of the statement. In fact, in our
view computer algebra is a special form of scientific computation, and it com-
prises a wide range of basic goals, methods, and applications. In contrast to
numerical computation the emphasis is on computing with symbols represent-
ing mathematical concepts. Of course that does not mean that computer algebra
is devoid of computations with numbers. Decimal or other positional represen-
tations of integers, rational numbers and the like appear in any symbolic com-
putation. But integers or real numbers are not the sole objects. In addition to
these basic numerical entities, computer algebra deals with polynomials, rational
functions, trigonometric functions, algebraic numbers, etc. That does not mean
that we will not need numerical algorithms any more. Both forms of scientific
computation have their merits and they should be combined in a computational
environment. For instance, in order to compute an approximate solution to a
differential equation it might be reasonable to determine the first n terms of a
power series solution by exact methods from computer algebra before handing
these terms over to a numerical package for evaluating the power series.

Summarizing, we might list the following characteristics of computer alge-
bra:

1. Computer algebra is concerned with computing in algebraic structures.
This might mean in basic algebraic number domains, in algebraic extensions of
such domains, in polynomial rings or function fields, in differential or differ-
ence fields, in the abstract setting of group theory, or the like. Often it is more
economical in terms of computation time to simplify an expression algebraically
before evaluating it numerically. In this way the expression becomes simpler
and less prone to numerical errors.

2. The results of computer algebra algorithms are exact and not subject
to approximation errors. So, typically, when we solve a system of algebraic
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equations like
oy 13y 4yt y =0
x24+y2—1=0

we are interested in an exact representation (+/3/2, —1/2) instead of an approx-
imative one (0.86602..., —0.5).

3. In general the inputs to algorithms are expressions or formulas and one
also expects expressions or formulas as the result. Computer algebra algorithms
are capable of giving results in algebraic form rather than numerical values for
specific evaluation points. From such an algebraic expression one can deduce
how changes in the parameters affect the result of the computation. So a typical
result of computer algebra is

In|x? —
/ X dr = nlx< —aj
x2—a 2

12
f dx = 0.1438...
0 x2—1

instead of

As a consequence one can build decision algorithms on computer algebra,
e.g., for the factorizability of polynomials, the equivalence of algebraic expres-
sions, the solvability of integration problems in a specific class of expressions,
the solvability of certain differential equation problems, the solvability of sys-
tems of algebraic equations, the validity of geometric statements, the parametriz-
ability of algebraic curves.

Some application areas of computer algebra

1. The “piano movers problem” in robotics: The problem is to “find a path that
will allow to move a given body B from an initial position to a desired final
position. Along this path the body B should not hit any obstacles.”

Fig. 1
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B(0,y,)

(H(y‘)’yl())
G(0,y5)

M(y;.y3)

C(0,0) EG0) A pig.a

A possible approach, described for instance in Schwarz and Sharir (1983),
consists in representing the legal positions of B as a semi-algebraic set L in
R™, i.e., as a union, intersection, or difference of sets

{(X],...,Xm) | P(Xln-wxm) '\'0} s

where p is a polynomial with integral coefficients and ~ € { =, <, > }. Thus the
problem is reduced to the question: “Can two points P, P> in a semi-algebraic
set L be connected by a path, i.e., are they in the same connected component
of L?” Collins’s cad algorithm for quantifier elimination over real closed fields
can answer this question.

2. Geometric theorem proving: There are several computer algebra approach-
es to proving theorems in Euclidean geometry which can be stated as polyno-
mial equations. An example is: “The altitude pedal of the hypothenuse of a right-
angled triangle and the midpoints of the three sides of the triangle are cocircu-
lar” (Fig. 2). The hypotheses of this geometric statement, describing a correct
drawing of the corresponding figure, are polynomial equations in the coordinates
of the points in the figure. The same holds for the conclusion.

Hypotheses:
hy=2y3—y;, =0 (E is the midpoint of AC),
hy=(y7—y3) 4+ y5— (7 —y)? = (s —¥5)> =0
(EM and FM are equally long),

hl?l‘
Conclusion:
2 .
c=(7—y) +ys — (71— 9> — (vs — y10)> =0
(EM and HM are equally long).

So the geometric problem is reduced to showing that the conclusion poly-
nomial ¢ vanishes on all the common roots of the hypothesis polynomials, i.e.,
¢ is contained in the radical ideal generated by hy, ..., h,. This question can
be determined by a Grobner basis computation.

3. Analysis of algebraic varieties: We consider the tacnode curve (Fig. 3), a
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0.5+ Fig. 3

plane algebraic curve defined by the equation
fo,y) =2x* =32y +y* =2y 432 =0.

The tacnode is an irreducible curve, which can be checked by trying to factor
f(x,y) over C by the use of a computer algebra system. The tacnode has
two singular points, where branches intersect. The coordinates of these singular
points are the solutions of the system of algebraic equations

fl,y)=0,
0
—f(x,y) =8x>—6xy=0,
ax

]
a—f(x,y)=4y3——3x2—6y2+2y=0.
y

By a Grobner basis computation this system is transformed into the equivalent
system
3x24+2y2 =2y =0,
xy=0,
=0

from which the singular points (0, 0) and (0, 1) can immediately be read off.
We get the tangents at a singular point (a, b) by moving it to the origin with the
transformation 7 (x, y) = (x+a, y+b), factoring the form of lowest degree, and
applying the inverse transformation T~!(x, y) = (x—a, y—b). So the tangents at
(0, 1) are y = 1++/3x and there is one tangent y = 0 of multiplicity 2 at (0, 0).
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A global rational parametrization of the tacnode

3 —6124+9r -2
t4 — 1613 + 4012 — 32t +9 °
2 —4r+4
2t4 — 1613 + 4012 — 32 + 9

x(t) = 5

y(t) =

can be computed.
Or we might just be interested in power series approximations of the branches
through the singular point (0, 0). They are
x()=1, y(t)=1*=2t* + 0% and
x(t) =1, y(t) =22+ 16t + O@) .

4. Modelling in science and technology: Very often problems in these fields
are posed as integration problems or differential equation problems, e.g.,

9 92
—6%@) n 5;’:;(;0 — 6sin(x) =0 |,

92 3
6—q(x) + an(x) —6c¢cos(x) =0
9x? ax

with initial values p(0) =0, ¢(0) =1, p'(0) =0, ¢'(0) = 1.
An application of computer algebra algorithms will yield the formal solution
12sin(ax) 6c¢cos(ax) 12sin(x) 6
Ta@—-1) & a? -1 +a_2’
sin(ax)  2cos(ax)  (a’? + 1) cos(x)
a2 a? -1

px) =

q(x) =

fora & {—1,0,1}.

Usually scientific theories rest on certain mathematical models. In order to
test such theories it is necessary to compute in the mathematical model and
thus derive theoretic predictions which can then be compared with actual exper-
iments. Computer algebra offers a tool for the scientist to carry out the often ex-
tensive algebraic computations in mathematical models of scientific theories. So
computer algebra contributes to shifting the frontiers of scientific intractability.

Limitations of computer algebra

So if computer algebra can do all the above, why hasn’t it completely superseded
numerical computation? The reason is that computer algebra — just like any other
theory or collection of methods — has its limitations. There are problems for
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which the computation of an exact symbolic solution is prohibitively expensive;
there are other problems for which no exact symbolic solution is known; and then
there are problems for which one can rigorously prove that no exact symbolic
solution exists. Let us look at examples for each of these situations.

1. Elimination theory: The problem consists in “finding” the solutions to a
system of algebraic equations

fl(xly*'-sxn)=0,

fm(xlw--’xn)-:o,

where the f;’s are polynomials with, say, integral coefficients. If there are only
finitely many solutions of this system, then a symbolic method consists of first
triangularizing the system, i.e., finding a univariate polynomial g; ;(x|), whose
roots « are the xj-coordinates of the solutions of the system, bivariate polyno-
mials g2 1(x1, x2), ..., 82,i,(x1, x2), such that the x,-coordinates of the solutions
of the system are the roots of g2 ;(«, x2), ..., g2, (e, x2), etc., and then lifting
solutions of the simplified problems to solutions of the whole system.

There are general symbolic methods for solving the elimination problem,
but their complexity is at least exponential in the number of the variables n. So,
consequently, they are applicable only to systems in relatively few variables.

Nevertheless, there are approximative numerical approaches to “solving”
systems in high numbers of variables, such as homotopy methods.

2. Differential equations: There are simple types of differential equations,
such as integration problems, or homogeneous linear differential equations, for
which the existence of Liouvillian solutions can be decided and such solutions
can be computed if they exist (see Kovacic 1986, Singer 1981). However, not
much is known in terms of symbolic algorithms for other types of differential
equations, in particular partial differential equations.

3. Canonical simplification: Often symbolic expressions need to be simpli-
fied in order to avoid an enormous swell of intermediate expressions, or also
for making decisions about equality of expressions.

The class of radical expressions ER is built from variables x, ..., x,, ra-
tional constants, the arithmetic function symbols +, —, -, /, and the radical sign
¢/ > or, equivalently, rational powers (“radicals”) s” for r € Q. We call two rad-
ical expressions equivalent iff they describe the same meromorphic functions.
So, for instance,

V2 Vel Yx+1
Vx+1-Y24x +24 6x +6 '

The equivalence of unnested radical expressions, i.e., radicals do not contain
other radicals, can be decided by an algorithm due to B. F. Caviness and R. J.
Fateman (Caviness 1970, Fateman 1972, Caviness and Fateman 1976).
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Now let us consider the class of transcendental expressions E7, built from
one variable x, rational constants, the transcendental constant 7, and the function
symbols +, -, sin(.), | . | (absolute value). Two expressions are equivalent iff
they describe the same functions on R. Based on work by D. Richardson and
J. Matijasevic on the undecidability of Hilbert’s 10th problem, B. F. Caviness
(1970) proved that the equivalence of expressions in ET is undecidable.

1.2 Program systems in computer algebra

The first beginnings of the development of program systems for computer alge-
bra date back to the 1950s. In 1953 H. G. Kahrimanian wrote a master’s thesis
on analytic differentiation at Temple University in Philadelphia. He also wrote
corresponding assembler programs for the UNIVAC 1. At the end of the 1950s
and the beginning of the 1960s a lot of effort at the Massachusetts Institute of
Technology was directed towards research that paved the way for computer alge-
bra systems as we know them today. An example of this is J. McCarthy’s work
on the programming language LISP. Other people implemented list processing
packages in existing languages. In the early 1960s G. E. Collins created the sys-
tem PM, which later developed into the computer algebra system Aldes/SAC-II,
and more recently into the library SACLIB written in C.

Currently there exist a large number of computer algebra systems. Most
of them are written for narrowly specified fields of applications, e.g., for high
energy physics, celestial mechanics, general relativity, and algebraic geometry.
Instead of listing a great number of rather specialized systems, we concentrate
on the few ones which offer most of the existing computer algebra algorithms
and which are of interest to a general user.

SAC: Starting in the late 1960s, the SAC computer algebra system was de-
veloped mainly at the University of Wisconsin at Madison under the direction of
G. E. Collins. Currently the center of development is at RISC-Linz. The system
has gone through various stages, SAC-I, SAC-II, and now SACLIB, which is writ-
ten in C. Being a research system, SAC does not offer an elaborate user interface.
The emphasis is on the implementation and experimentation with the newest and
fastest algorithms for computing with polynomials and algebraic numbers.

Macsyma: Starting in the late 1960s, Macsyma was developed at the Mas-
sachusetts Institute of Technology (MIT) under the direction of J. Moses. Mac-
syma is one of the truly general computer algebra systems. The system contains
one of the biggest libraries of algebraic algorithms available in any computer
algebra system. Currently there are various versions of Macsyma in existence.

Reduce: Also in the late 1960s, the development of Reduce was started at
the University of Utah under the direction of A. Hearn. Currently the center
of development is at the Rand corporation. Reduce started out as a specialized
system for physics, with many of the special functions needed in this area. In
the meantime it has changed into a general computer algebra system.

Magma: In the 1970s, J. Cannon at Sidney started the development of the
Cayley system, which ultimately led to the present system Magma. Its main
emphasis is on group theoretic computations and finite geometries.
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Derive: This is the only general purpose computer algebra system which
has been written specifically for the limited resources available on pcs and
other small machines. D. Stoutemeyer has been developing the system (and its
predecessor muMath) at the University of Hawaii.

Maple: The system has been developed at the University of Waterloo by a
group directed by K. O. Geddes and G. H. Gonnet, starting around 1980. It is
designed to have a relatively small kernel, so that many users can be supported
at the same time. Additional packages have to be loaded as needed. Maple is
currently one of the most widely used computer algebra systems.

Mathematica: This is a relatively young computer algebra system; the first
versions were available just a few years ago. It has been developed by S. Wol-
fram Research Inc. Notable are its links to numerical computation and graphical
output.

Axiom: At the IBM research center at Yorktown Heights a group directed by
R. D. Jenks has for a long time been developing the Scratchpad system. Recently
Scratchpad has been renamed Axiom and its distribution is now organized by
The Numerical Algorithms Group (NAG) in Oxford. Axiom features a very
modern approach to computer algebra systems in several ways, providing generic
algorithms and a natural mathematical setting in which to implement algorithms.

A sample session of Maple

> maple

I\~/1 Maple V Release 3 (University of Linz)
NI [/t_. Copyright (c) 1981-1994 by Waterloo Maple Software and the
\ MAPLE / University of Waterloo. All rights reserved. Maple and Maple
| S > V are registered trademarks of Waterloo Maple Software.

| Type ? for help.

>
> # as any other computer algebra system, Maple computes with long
> # integers
>
> bigint:= sum(i~2, i=1..99999999);

bigint := 333333328333333350000000
> ifactor(bigint);

@7 @ % (11 (73) (89) (101) (137) (1447) (1853)

>

> # now let’s see some examples of computations with polynomials

>

> pol:=expand( (x-2)"2 * (x+1) * (x73-23*x+1)"2 );
pol :=
x9 - 46 x7 + 144 x6 + 523 x5 - 1817 x4 + 147 x3 -3 x8 + 2113 x2
- 184 x + 4

> po2:= expand( (x-2) *(x"5+31%x"3+2*x) );

po2 := x6 + 31 x4 + 2 x2 -2 x5 - 62 x3 -4 x

ged(pol,po2);

A\

x - 2

A\

gcdex(pol,po2,x,’s’,’t?);
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83
1/o - 388828112807569325 2 _ 582350036308715_  _ 12543465117426833 4
18979363028959228 * ~ 24489681514479614 * ~ 18979363028950228
- . 9412368064896 _ 3
12244820757239807 *
t;
7767142427983062623 3 _ 7240172238838992023 2 _ 12715368265072921137
T18975363028959228 * 18979363028959228 © 48979363028950228
1113115808836205007  301071640470705033 5 . 150074005808315194 4
18979363028959228  24489681514479614 * ' T12244840757239807 *
12543465117426833 7 _ 12505815645167249 6
18970363028050228 © ~ 48970363028959228 ©

simplify(pol*s+po2*t);
x -2

# a square free factorization of pol is computed

sqrfree(pol);

[1, [[x + 1, 1], [x4 2 - 23 %%+ a7 x - 2, 2]]]

# now let’s factor pol completely over the integers modulo 3 and
# over the rational numbers, and over an algebraic extension of the
# rational numbers

Factor(pol) mod 3;

arxe? G xr?
factor(pol);

-2+ 6E-23x+0?
minpo:= subs(x=y,op(3,"));

minpo := (y3 - 23y + 1)2

> alias(alpha = RootOf (minpo)):

v

v Vv

v

>
>
>
>

factor(pol,alpha);

x + 1) (x2 + alpha x - 23 + alpha2)2 x - alpha)2 x - 22

# the following polynomial is irreducible over the rationals, but
# factors over the complex numbers

po3:= x"2+y"2;
po3 := x2 +y
factor(po3);

x2 + y2
evala(AFactor(po3));

(x - RootOf(_Z2 +1) y) (x + RootOf(_Z2 +1) y)

# for doing linear algebra we load the package "linalg"

with(linalg):

Warning: new definition for norm
Warning: new definition for trace

>
>

A:=matrix([[1,-3,3],[3,-5,3],(6,-6,4]11);

[1 -3 3]
[ ]
=[3 -5 3]
L ]
[6 -6 4]
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> det(A);
16
> charpoly(A,x);

x3 - 12 x - 16

> eigenvals(A);
4, -2, -2
> eigenvects(A);
(4, 1, {01, 1, 213, [-2, 2, {[1, 1,01, [ -1, 0, 13}

> ffgausselim(A,’r’,’d’); # fraction free Gaussian elimination
[1 -3 3]
L ]
[0 4 -61
[ ]
[o 0 18]
> r; # the rank of A
3
> d; # the determinant of A
16
> B:=matrix(3,3,[1,2,3,1,2,3,1,5,6]);
1 2 3]
[ ]
B:=[1 2 3]
L ]
[1 5 61

> linsolve(B,[0,0,0]);
[ - _tl1], - _t[1], _t(11 ]

>
> # maple can do indefinite summation
>
> sum(i~2, i); #1722+ ...+ 172
17312 17232 + 176 4

> sum(i*a~i, i); # 1*a”1 + ... + i¥a”i

al Ga-i-a)

(a - 1)2
>
> # differentiation, integration
>
> expri:= x"(x7x);
=)
exprl := x

\'4

diff(exprl,x);

1 x =
x x~ (In(x) + 1) 1n(x) + -

> integrate(",x);

v

expr2:=1/(x"3+a*x"2+x);

\%

integrate(expr2,x);

In(x) - 1/2 ln(x2 +ax+ 1)+
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vV V Vv Vv

aiff(",x);

simplify(");

expr3:=1/(sqrt(a~2-x"2));

int (expr3,x=0..a);

1/2 Pi

# some differential equations can be solved symbolically

del:=-6xdiff (q(x),x)+diff(p(x),x,x)-6*sin(x);

-6 {5 aw) + 1

de2:=6xdiff(q(x),x,x)+a"2*diff (p(x),x)-6*cos(x);

d

de

el :

2

q(x)I + a2

2

\

} - 6 sin(x)

{—53- p(x)) - 6 cos(x)

Introduction

> desolu:=dsolve({del,de2,p(0)=0,q(0)=1,D(p) (0)=0,D(q) (0)=1},{p(x),q(x)});

desolu :

q(x) =

1/2 (cos(a x) cos(- x + a

cos(a x) cos(x + a x) +

{

x) a2

- cos(a x) cos(x + a x) a2

5
cos(a x) cos(- x + a x) + 2 cos(x) a

- 2 cos(x) a

2
+ sin(a x) sin(- x + a x) a2 - sin(a x) sin(x + a x) a
+ sin(a x) sin(- x + a x) a3 + sin(a x) sin(- x + a x) a
+ cos(a x) cos(- x + a x) a3 + cos(a x) cos(- x + a x) a
+ sin(a x) sin(x + a x) a3 + sin(a x) sin(x + a x) a
+ cos(a x) cos(x + a x) a3 + cos(a x) cos(x + a x) a
a5 cos(a x)
+ sin(a x) sin(- x + a x) - sin(a x) sin(x + a x) - 4 R S
a‘ -
3
+ 4 é--E%ﬁSE_EZ + 2 a4 sina x) - 2 a2 sin(a x)) /// (a” (" - 1)),
a -1
p(x) =
(12 sin(x) a”~ - 12 sin(x) a + 6 sin(a x) cos(x + a x)
- 6 sin(a x) cos(x + a x) a + 6 sin(a x) cos(- x + a x) a
+ 6 sin(a x) cos(- x + a x) - 6 cos(a x) sin(- x + a x) a
- 6 cos(a x) sin(- x + a x) - 6 cos(a x) sin(x + a x)
4 2 .
+ 6 cos(a x) sin(x+ax) a+6a -6 a3— 12 g__s;n(a x) + 122 sina x)
a -1 a 1
- 6 a cos(a x) + 6 cos(a x) a) % (a3 (a2 - 1))

7
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# computation of Groebner basis, determining singularities of amn
# algebraic curve by solving a system of algebraic equatioms

vV V. V V VvV

with(grobner);
[finduni, finite, gbasis, gsolve, leadmon, normalf, solvable, spoly]
> curve:=2%x"4-3%x"2xy+y 2-2xy~3+y~4;
curve := 2 x4 -3 x2 y + y2 -2 y3 + y4
> gbasis({curve,diff(curve,x),diff (curve,y)}, [x,y],plex);
[3 X2 w2 y2 -2y, xy, - y2 + y3]
# plotting

interface(plotdevice=postscript,plotoutput=figure4);
funct4:=b"2+27/(2%b)-45/2;

vV V. V V V

2 27
= b7+ 5 -
funct4 b 3% 45/2
> plot(funct4,b=-8..8,-30..30);
> interface(plotoutput=figure5);
> functb5:=x"2+3*BesselJ(0,y 2)*xexp(1-x"2-y"2);

functb := x2 + 3 BesselJ(0, y2) exp(1l - x2 - y2)

plot3d(functb,x=-2..2,y=-2..2,axes=FRAME) ;
# writing programs in Maple, e.g. for extended Euclidean algorithm

myee:=proc(f,g,x)
local h,s,t;
h:=gcdex(f,g,x,’s’,’t’);
RETURN( [h,eval(s),eval(t)])
end:

VvV VV V V V V VVVYV

f1:=expand((x+1)*(x+2));

> f2:=expand ((x+1)*(x-1));

v

myee (f1,£2,x);
[x +1, 1/3, -1/3]
simplify("[2]=f1 + "[3]1*£2);

\%

> quit;

1.3 Algebraic preliminaries

For a thorough introduction to algebra we refer the reader to any of a great num-
ber of classical textbooks, e.g., Lang (1984), MacLane and Birkhoff (1979), van
der Waerden (1970), or Zariski and Samuel (1958). Here we simply introduce
some definitions and basic facts that will be useful in subsequent chapters.

Throughout this book we will denote the set of natural numbers by N, the
natural numbers with 0 by Ny, the integers by Z, the rational numbers by Q,
the real numbers by R, and the complex numbers by C. Furthermore, we will
denote the integers without 0 by Z*, and similarly for other domains.

A semigroup (S, o) is a set S together with an associative binary operation o
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Fig. 5. Maple plot output, figure 5

on S. A monoid (S, o, e) is a semigroup with an identity element e; that is, e o x
= xoe = x for all x € S. Alternatively we could define a monoid as a semigroup
with a nullary operation which yields the identity element. A semigroup or a
monoid is commutative iff the operation o is commutative. If the operations
are understood from the context, then we often speak of the semigroup or the
monoid S without directly mentioning the operations.

A group (G,o,0,e) is a monoid (G, o, e) together with a unary inverse
operation ¢, i.e., x o (0x) = e = (ox) o x for all x € G. G is a commutative or
abelian group if o is commutative.

A ring (R,+, —,+,0) is an abelian group (R, +, —, 0) and a semigroup
(R, -) satisfying the laws of distributivity x - (y+2z) = x-y+x-zand (x+y) -z
= x-z2+y-z. A commutative ring is one in which the operation - is commutative.
A ring with identity is a ring R together with an element 1 (# 0), such that
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(R, -, 1) is a monoid. Unless stated otherwise, we will always use the symbols
+, —,-,0,1 for the operations of a ring. We call these operations addition,
minus, multiplication, zero, and one. The subtraction operation (also written
as —) is defined as x — y := x + (—y) for x, y € R. Multiplication is usually
denoted simply by concatenation. The characteristic of a commutative ring with
identity R, char(R), is the least positive integer m such that

l+---+1=0. (1.3.1)
(R

m times

char(R) = 0 if no such m exists.
Let (R, +, —, -, 0) and (R’, +', —', ", 0') be rings. A homomorphism of rings
h is a function from R to R’ satisfying the conditions

h0) =0, h(r+s)=h@r)+ h(s), h@-s)=h@)"h@s) . (1.3.2)

If R and R’ are rings with identities 1 and 1/, respectively, then A also has to
satisfy

D) =1. (1.3.3)

A homomorphism 4 is an isomorphism from R to R’ iff h is one-to-one and
onto. In this case we say that R and R’ are isomorphic, R = R’.

Let R be a commutative ring with identity. A subset / of R is an ideal in
Rifa+belandac el foralla,b el and c € R. I is a proper ideal if
{0} # I # R. I is a maximal ideal if it is not contained in a bigger proper ideal.
I is a prime ideal if ab € I implies a € I or b € 1. I is a primary ideal if
ab € I implies a € I or b" € I for some n € N. [ is a radical ideal if a" € 1
for some n € N implies a € I. The radical of the ideal I, radical(/) or V1, is
the ideal {a | a" € I for some n € N}. A set B C R generates the ideal I or B
is a generating set or basis for I if

I={Zribi |neNy, ri,...,r €R, bl,...,b,,eB} . (1.3.4)

i=l1

In this case we say that I is the ideal generated by B, I = ideal(B) = (B). I is
finitely generated if it has a finite generating set. I is a principal ideal if it has
a generating set of cardinality 1.

An ideal I in R generates a congruence relation =; on R by a =; b or
a=>bmod [ iff a —b € I (a is congruent to b modulo I). The factor ring R/,
(consisting of the congruence classes w.r.t. =;) inherits the operations of R in
a natural way. If R is a commutative ring with 1 and [ is prime, then R/; is an
integral domain. If / is maximal, then R/; is a field.

In the following considerations let us take non-zero elements of a commuta-
tive ring R with identity 1. Invertible elements of R are called units. If a = b-u
for a unit u, then a and b are called associates. b divides a iff a = b - ¢ for some
c € R. If ¢ divides a —b we say that a is congruent to b modulo c, a = b mod c.
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For every ¢ the congruence modulo ¢ is an equivalence relation. An element a
of R is irreducible iff every b dividing a is either a unit or an associate of a. An
element a of R is prime iff a is not a unit, and whenever a divides a product
b -c, then a divides either b or c. In general prime and irreducible elements can
be different, e.g., 6 has two different factorizations into irreducibles in Z[+~/—5]
and none of these factors is prime (compare Exercise 2).

A zero divisor in a commutative ring R is a non-zero element ¢ € R such
that for some non-zero b € R we have ab = 0. An integral domain or simply
domain D is a commutative ring with identity having no zero divisors. An
integral domain D satisfies the cancellation law:

ab=ac and a#0=b=c. (1.3.5)

If R is an integral domain, then also the ring of polynomials R[x] over R is an
integral domain. A principal ideal domain is a domain in which every ideal is
principal.

An integral domain D is a unique factorization domain (ufd) iff every non-
unit of D is a finite product of irreducible factors and every such factorization
is unique up to reordering and unit factors. In a unique factorization domain
prime and irreducible elements are the same. Moreover, any pair of elements
a, b (not both elements being equal to 0) has a greatest common divisor (ged)
d satisfying (i) d divides both a and b, and (ii) if ¢ is a common divisor of a
and b, then ¢ divides d. The ged of a and b is determined up to associates. If
gcd(a, b) = 1 we say that a and b are relatively prime. We list some important
properties of gcds:

(GCD 1) ged(ged(a, b), ¢y = ged(a, ged(b, c)).

(GCD 2) ged(a-c,b-c) =c-ged(a. b).

(GCD 3) ged(a+b - ¢, ¢) = ged(a, o).

(GCD 4) If ¢ = ged(a, b) then ged(a/c, b/c) = 1.
(GCD 5) If ged(a, b) = 1 then ged(a, b - ¢) = ged(a, c).

In Z we have the well-known Euclidean algorithm for computing a ged. In
general, an integral domain D in which we can execute the Euclidean algorithm,
i.e., we have division with quotient and remainder such that the remainder is
less than the divisor, is called a Euclidean domain.

A field (K, +, —.-,7", 0, 1) is a commutative ring with identity (K, 4, —, -,
0, 1) and simultaneously a group (K \ {0}, 7V D). If all the operations on K
are computable, we call K a computable field. If D is an integral domain, the
quotient field Q(D) of D is defined as

Q(D):{;l la.beD, b;éO}/~
, (1.3.6)

a ’ ’
where ~y<=>ab=ab.

a
b
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The operations +, —, -, ! can be defined on representatives of the elements of

Q(D) in the following way:

a ¢ _ ad+bc a ¢ _ ac
b + d

bd b'd ~ bd

_ -1
e=zt (97 =t

(1.3.7)

The equivalence classes of 0/1 and 1/1 are the zero and one in Q(D), respec-
tively. Q(D) is the smallest field containing D.

Let R be aring. A (univariate) polynomial over R is a mapping p: Ny — R,
n > py,such that p, = 0 nearly everywhere, i.e., for all but finitely many values
of n. If ny < ny < ... < n, are the nonnegative integers for which p yields
a non-zero result, then we usually write p = p(x) = > i_, pp,x". p; is the
coefficient of x/ in the polynomial p. We write coeff(p, j) for p;. The set of
all polynomials over R together with the usual addition and multiplication of
polynomials form a ring. We denote this ring of polynomials over R as R[x].
(In fact, as can be seen from the formal definition, the polynomial ring does
not really depend on x, which just acts as a convenient symbol for denoting
polynomials.) Many properties of a ring R are inherited by the polynomial
ring R[x]. Examples of such inherited properties are commutativity, having a
multiplicative identity, being an integral domain, or being a ufd. Let p be a non-
zero element of R[x]. The degree of p, deg(p), is the maximal n € Ny such
that p, # 0. The leading term of p, It(p). is x4 The leading coefficient
of p, le(p), is the coefficient of It(p) in p. The polynomial p(x) is monic if
le(p) = 1.

An n-variate polynomial over the ring R is a mapping p: Nj — R, (iy, ...,
in) = pi,..i» such that p; ; = 0 nearly everywhere. p is usually written
as Y pi...i,X|' ... x;", where the formal summation ranges over all tuples (i,

.., Ip) on which p does not vanish. The set of all n-variate polynomials over
R form a ring, R[xi, ..., x,]. This n-variate polynomial ring can be viewed
as built up successively from R by adjoining one polynomial variable at a
time. In fact, R[xy, ..., x,] is isomorphic to (R[xy, ..., x,—1[x,]. The (total)
degree of an n-variate polynomial p € R[x;...... v, ]* is defined as deg(p)

it

= max{zjzl ij | pi...i, # 0}. We write coeff(p, x,, j) for the coefficient of

x; in p, where p is considered in (R[xi..... Xn—1Dxn]. The degree of p =

Z;":O pilxt, ..., x,,_l)x,"7 € (Rlxy, ..., xy—1D[xn]* in the variable n, degx” (p),
is m, if p,, # 0. By reordering the set of variables we get deg, (p) for all
1 <i < n.In asimilar way we get It,,(p) and Icy, (p).

Let p(x) = pux" 4+ ...+ po be a polynomial of degree n over R. For
measuring the size of p we will use various norms, e.g.,

H
Ipol =Y Ipil. Ip@la=/pi+...+ .
(=0

P ()l = max{|pyl,....|pol} .

The resultant res,(f, g) of two univariate polynomials f(x), g(x) over an
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integral domain D is the determinant of the Sylvester matrix of f and g, con-
sisting of shifted lines of coefficients of f and g. res,(f, g) is a constant in D.
For m = deg(f), n = deg(g), we have res,(f, g) = (—1)™"res, (g, f), i.e., the
resultant is symmetric up to sign. If ay, .. ., a,, are the roots of f and by, ..., b,
are the roots of g in their common splitting field, then

res(f, 8) = le(f)"le(g)™ ﬁ [1@@ b)) .

i=lj=1

The resultant has the important property that, for non-zero polynomials f and g,
res,(f, g) = 0 if and only if f and g have a common root, and in fact, if D is
a ufd, f and g have a common divisor of positive degree in D[x]. If f and g
have positive degrees, then there exist polynomials a(x), b(x) over I such that
af + bg =res,(f, g). The discriminant of f(x) is

diSCrx(f) — (_1)m(m—1)/21c(f)2(m—1) l_[ (ai _ aj) .
i#]

We have the relation res, (f, f') = (—1)""=D/21c( f)discr,(f), where f’ is the
derivative of f.

Let K be a field. A power series A(x) over K is a mapping A: No — K.
We usually write the power series A as A(x) = E?io a;x', where a; is the
image of i under the mapping A. The power series over K form a commutative
ring with 1 and we denote this ring by K[[x]]. The order of the power series
A is the smallest i such that a; # 0.

Let K, L be fields such that K C L. Let « € L \ K such that f(e) = 0
for some irreducible f € K[x]. Then « is called algebraic over K of degree
deg(f). f is determined up to a constant and is called the minimal polynomial
for o over K. By K (&) we denote the smallest field containing K and «. K ()
is an algebraic extension field of K .

Exercises

1. Prove: If D is an integral domain, then also the polynomial ring D[x] is an
integral domain.
2. Let R be the ring Z[+/—5), i.e., the ring of complex numbers of the form
a + by/=3, where a, b € Z. Show
a. R is an integral domain,
b. R is not a unique factorization domain (e.g., 6 and 9 do not have unique
factorizations).

1.4 Representation of algebraic structures

Before we can hope to compute with algebraic expressions, we have to de-
vise a representation of these algebraic expressions suitable for the operations
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we want to perform. Whereas in numerical computation floating point or ex-
tended precision numbers and arrays are the representation of choice, these data
structures prove to be totally inadequate for the purpose of symbolic algebraic
computation. Let us demonstrate this fact by a few typical examples.

As a first example we take the computation of the greatest common divisor
(ged) of two polynomials f(x, y), g(x, y) with integral coefficients. For two
primitive polynomials their gcd can be computed by constructing a polynomial
remainder sequence ro, ry, . .., ry (basically by pseudodivision) starting with f
and g (see Chap. 4). The primitive part of the last non-zero element r; in this
sequence is the gcd of f and g. For the two relatively small polynomials

fO) =y +xy’ +x3y —xy +x* —x?2,

g, y) = xy> = 2y° + 7y — 2xy* + xy? + 5%y
we get the polynomial remainder sequence

ro=f,

r =g,

ry=Q2x —x)y> + 2x% — )2 + (0 — 4x* + 357 +4x? — dx)y
+ x® —4x% 4 3x% +4x3 —ax?

r3 = (—x" +6x% — 12x° + 8x*)y? + (—x" + 12x'2 — 58x'! 4 136x1°
—121x° — 117x% + 362x7 — 236x° — 104x7 + 192x* — 64x7)y
— x4 12x" = 58x2 + 1361 — 121x'0 — 116x° + 356x°
—224x7 — 112x® + 192x° — 64x* |

ra = (—x® +26x?7 — 308x2° 4 2184x> — 10198x%* + 32188x%
— 65932x%22 + 68536x2" + 42431x2° — 274533x' + 411512« '8
— 149025x'7 — 431200x'® 4 729296x !5 — 337472x'* — 318304x "
+ 523264x'2 — 225280x'" — 78848x'% + 126720x° — 53248x®
+ 8192x")y — x2° + 26x2% — 308x%7 + 2184x%° — 10198x%
+ 32188x2* — 65932x2% + 68536x2% + 42431x%' — 27453352
+ 411512x" — 149025x '8 — 431200x'7 + 729296x'¢ — 337472x 1
— 318304x ' + 523264x'3 — 225280x!2 — 78848x!! + 126720x'°
— 53248x° + 81928 .

The ged of f and g is the primitive part (with respect to y) of r4, which is
y +x. So we see that although the two input polynomials are of moderate size,
the intermediate expressions get bigger and bigger. The final result, however, is
again a small polynomial. Actually the biggest polynomial in this computation
occurs in the pseudo-division of r3 by rs. The intermediate polynomial has
degree 70 in x!
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Very similar phenomena occur in many algorithms of computer algebra,
e.g., in integration algorithms or Grobner basis computations. Therefore we
need dynamic storage allocation in computer algebra. The data structures used
for algebraic computation must be able to reflect the expansion and shrinking
of the objects during computation. A data structure that has all these properties
is the list structure.

Definition 1.4.1. Let A be a set. The set of lists over A, list(A), is defined as

the smallest set containing the empty list [ | (different from any element of A)

and the list [ay, ..., a,] for all a;,...,a, € AUIlist(A).
list(A) is equipped with the following (partial) operations:

— EMPTY: list(A) — {T,F} maps [ ] to T and all other lists to F.

— FIRST: list(A) — list(A) U A maps [aj,...,a,] to a; and is undefined
for [ ].

— REST: list(A) — list(A) maps [a;, @, ..., a,] to [az, ..., a,] and is unde-
fined for [ ].

— CONS: A U list(A) x list(A) — list(A) maps (a, [a],...,a,]) to [a,ay,
eyl

— APPEND: list(A) x list(A) — list(A) maps ([aj, ..., a,], [b1,....bu]) tO
[(11, ...,an,bl,...,bm].

— LENGTH: list(A) —» Ny maps [ ] to 0 and [ay,....a,] to n.

— INV: list(A) — list(A) maps [ai, ..., a,] to [a,, ..., a1].

— INIT: Ny xlist(A) — list(A) is defined as INIT(0, L) =[], INIT(m, L) = L
for m > LENGTH(L), and INIT(m, [a, ..., a,]) = la1,...,ay] for m <
LENGTH(L).

— DEL: Ny x list(A) — list(A) is defined as DEL(m,L) = [] for m >
LENGTH(L) and DEL(m, [ay, ..., a,])) = laus1. ..., a,] for m < n.

— SHIFT: Ny x A x list(A) — list(A) is defined as SHIFT(0,«. L) = L and
SHIFT(n, a, L) = CONS(a, SHIFT(n — 1, a, L)) for n > 0.

Observe that all lists over a set A can be constructed by successive applica-
tion of CONS, starting with the list [ ].

Lists are suited for representing objects of variable length because they are
not fixed in size. Whenever we have an object represented by a list, e.g., a
polynomial x° 4+ 2x3 — x> 4+ 1 represented by [[5, 1], [3, 2], [2, —1], [0, 1]], the
object can be enlarged by adding a new first element, e.g., by adding the term
3x° to the polynomial, yielding the representation [[6, 3], [5, 1],..., [0, I]].

The final goal of computer algebra is to implement algebraic structures and
algorithms on a computer. Of course, we cannot describe here the implementa-
tion on a specific make of computer. Instead, we describe the implementation on
a hypothetical machine. The model we use is a random access machine (RAM)
as specified in Aho et al. (1974). We suppose that the machine has set aside a
part of its memory for list processing, and that this part of the memory is ini-
tially organized in a so-called available-space-list (ASL). Each pair of adjacent
words in the ASL is combined into a list cell. The first word in such a cell,
called the information field, is used for storing information, the second word,
called the address or pointer field, holds the address of the next list cell. The
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ASL — 1001 1003 | } cell
1003 1005
1005 1007
| | |
| | |
| | |
9997 9999
9999 —1 Fig. 6

last cell in the ASL holds an invalid address, e.g., —1, indicating that there is
no successor to this cell. The ASL is then identified with the address of its first
cell. See Fig. 6.

The specific addresses in the address fields of the ASL are not really of
interest to us. What matters only is that the successive cells of the ASL are
linked together by pointers and ASL points to the first cell in this collection. So
graphically we represent the ASL as a sequence of cells connected by pointers:

e S 4 S e SO e

In order to store the list L = [ay, ..., ar], k cells are removed from the ASL
and linked together. The address of the first of these cells is stored in L. These
removed cells need not be consecutive elements of ASL:

L——>ra1 l 4-’[0: T q—> ‘_’

Now let us describe the general situation. The empty list is represented by the
empty pointer e (an invalid address, e.g., —1). If L is represented by

S T S

then the list L' = [a, L] is represented by

T3 -~
T

i.e., as a pointer to a cell containing a in the information field and a pointer to
L in the address field. If a itself is a list, then a pointer to this list is stored in
the information field of the first cell of L'.

Of course the problem arises how to distinguish between actual information,
i.e., an element of A if we are considering lists over A, and addresses to sublists
in the information field of a list. This can be achieved by sacrificing 1 bit of
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the information field. From now on we tacitly assume that we can always make
this distinction.
As an example let us consider the list

L =[110,011, 3, [[5), 2], 7]

over N. Its machine representation is

c—[ [ [ [ [ =07 [e]
(o [ +le Toe J L, T +1l2 [.]

All the operations defined on lists can be carried out rather efficiently on this
representation. For computing EMPTY(L) we just have to check whether the
pointer stored in L is a valid one. FIRST(L) has to extract the contents of the
information field of the first cell of L. REST(L) has to extract the contents of the
address field of the first cell of L. CONS(a, L) is computed by retrieving a new
cell C from the ASL, storing @ in the information field and L in the address field
of C and returning the address of C. All these operations are clearly independent
of the length of L, since only the pointer L or the first cell of the list have to
be inspected or changed. Their computation time is a constant. For computing
APPEND(L, Ly), the list L; is copied into L and the contents of the address
field of the last cell of L) is changed to L,. This takes time proportional to the
length of L. Also for computing LENGTH(L), the successive cells of L have
to be counted off, which clearly takes time proportional to the length of L.

The basic concepts of lists and operations on them have been introduced
in Newell etal. (1957). The language LISP by J. McCarthy is based on list
processing (McCarthy et al. 1962). A thorough treatment of list processing can
be found in Knuth (1973) or Horowitz and Sahni (1976).

There are, of course, also other possible representations of algebraic objects.
The basic concept and use of straight-line programs in algebraic computation
are, for instance, described in Strassen (1972), Freeman et al. (1986), von zur
Gathen (1987), and Kaltofen (1988). The computer algebra system Maple uses
dynamic arrays instead of linked lists.

1.5 Measuring the complexity of algorithms

The complexity analysis of algorithms is an important research area in its own
right. The reader is referred to Aho et al. (1974), Book (1986), Kaltofen (1990).
For our purposes the following simple approach is sufficient. Our model of
computation is a RAM equipped with the storage management for lists described
in the previous section. Nevertheless, we will not use the language of a RAM
for describing algorithms, but we will employ a certain pseudocode language,
the so-called algorithmic language. We do not give a formal specification of
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the algorithmic language but just say that it is a PASCAL like language, with
assignments, “if_then_else,” “for” and “while” loops, and recursive calls. It will
always be clear how an algorithm 4 described in the algorithmic language can
be translated into a program A" on a RAM. We measure the complexity of an
algorithm A by measuring the complexity of its translation A" on a RAM. By
tA(x) we denote the time, i.e., the number of basic steps, needed for executing
the algorithm A on the input x. The following definition can be found in Collins
(1973).

Definition 1.5.1. Let X be the set of inputs of an algorithm A4, and let P =
{X;}jes be a partition of X into finite sets, such that X; N X; = @ for i # j and
X= Uje] Xj'

By t:{ (j) == max{r4(x) | x € X;} we denote the maximum computing time
function or the maximum time complexity function of A (with respect to the
partition P).

By 14 (j) := min{t4(x) | x € X;} we denote the minimum computing time
function or the minimum time complexity function of A (with respect to the
partition P).

By 15(J) == Y yex, ta(x)/|X;| we denote the average computing time func-
tion or the average time complexity function of A (with respect to the parti-
tion P).

For a given algorithm A and a partition P = {X,};c, of the input set X of
A, the complexity functions tj{ and ¢ are functions from J to N and } is a
function from J to Q7, the positive rational numbers.

Definition 1.5.2. Let f and g be functions from a set S to RT, the positive
real numbers. f is dominated by g or g dominates f or f is of order g, in
symbols f < g or f = O(g), iff there is a positive real number ¢ such that
fx) <c-glx) forall x € S. f and g are codominant or proportional, in
symbols f ~ g, iff f <gand g < f. If f < g and not g < f then we say
that g strictly dominates f, in symbols f < g.

< is a partial ordering on (R*)S and ~ is an equivalence relation on (R*)".
We will often use the following properties, which can be easily verified.

Lemma 1.5.1. Let f, g be functions from S to R™.

a. If f(x) <c-g(x) for c € RT and for all but a finite number of x € S, then
f=0(g).

b. If f=0O(g) theng+ f ~g.

Lemma 1.5.2.
a. If c,d e Ny, ¢ <d, and n € N, then n¢ < n.
b. Ifc,de N, 1<c,d, and x € N, then log.x ~ log, x.

Only for a few algorithms will we give an analysis of the minimum or aver-
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age complexity functions. Usually it is much simpler to determine the maximum
complexity function, and in many cases this is the best we can achieve. So when
we talk of the complexity of an algorithm A, we usually mean the maximum
complexity.

The order of the complexity function of an algorithm tells us the asymptotic
time requirement for executing the algorithm on large inputs. Let us assume that
Ai, Ay, Az are algorithms for solving the same problem, and their complexities
are, respectively, O(n), O(n?), O(2"). Suppose in time ¢ (e.g., 1 second) we can
solve a problem of size s; by the algorithm A;. Then in time 10r we can solve
a problem of size 10s; by .A;, a problem of size 3.16s, by the algorithm A;,
and a problem of size only s3 + 3.3 by the algorithm .Aj.

However, we should be careful about relying too heavily on the theoretical
complexity of algorithms, if we supply only inputs of small or moderate size. So,
for instance, the Karatsuba algorithm for multiplying integers has a complexity
of O(n'°23), whereas the Schonhage—Strassen algorithm has a complexity of
O(n -logn - loglogn). Nevertheless, in all the major computer algebra systems
only the Karatsuba algorithm is used, because the superior complexity of the
Schonhage-Strassen algorithm becomes effective only for integers of astronom-
ical size. For smaller inputs the constant of the Schonhage—Strassen algorithm
determines the practical complexity. A similar phenomenon can be observed in
factorization of polynomials, where in practice the Berlekamp-Hensel algorithm
is preferred to the theoretically better Lenstra—Lenstra—Lovasz algorithm.

In general, if f(n), g(n) are the complexity functions of two competing al-
gorithms, where f < g, we need to determine the trade-off point, i.e., the value
of n for which f(m) < g(m), for m > n. See Fig. 7.

1.6 Bibliographic notes

There are several general articles and books on computer algebra and related
topics. Some of them are Akritas (1989), Boyle and Caviness (1990), Buchberger
et al. (1983), Caviness (1986), Cohen (1993), Davenport et al. (1988), Geddes
et al. (1992), Knuth (1981), Kutzler et al. (1992), Lidl and Pilz (1984), Lipson
(1981), Mignotte (1992), Mishra (1993), Moses (1971a, b), Pavelle et al. (1981),
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Pohst and Zassenhaus (1989), Rand and Armbruster (1987), Rolletschek (1991),
Winkler (1987, 1988b, 1993), Zippel (1993). The use of computer algebra for
education in mathematics is described in Karian (1992).

For further information on particular computer algebra systems we refer to
Buchberger et al. (1993), Cannon (1984), Char et al. (1991a, b, 1992), Collins
and Loos (1982), Fitch (1985), Gonnet and Gruntz (1993), Harper et al. (1991),
Heck (1993), Hehl et al. (1992), Jenks and Sutor (1992), MacCallum and Wright
(1991), Maeder (1991), Pavelle and Wang (1985), Rand (1984), Rayna (1987),
Rich et al. (1988), Simon (1990), Wolfram (1991).

There were or are several series of conferences in computer algebra and
related topics, e.g., SYMSAC, EUROSAM, EUROCAL, ISSAC, AAECC, DISCO,
as well as single conferences and workshops organized for particular areas or
applications. We list some of the most important ones: Bobrow (1968), Bronstein
(1993), Buchberger (1985a), Calmet (1982, 1986), Caviness (1985), Char (1986),
Chudnovsky and Jenks (1990), Cohen (1991), Cohen and van Gastel (1992),
Cohen et al. (1993), Davenport (1989), Della Dora and Fitch (1989), Fateman
(1977), Fitch (1984), Floyd (1966), Gianni (1989), Gonnet (1989), Grossman
(1989), Huguet and Poli (1989), JanBen (1987), Jenks (1974, 1976), Kaltofen
and Watt (1989), Leech (1970), Levelt (1995), Lewis (1979), Mattson and Mora
(1991), Mattson et al. (1991), Miola (1993), Mora (1989), Mora and Traverso
(1991), Ng (1979), Pavelle (1985), Petrick (1971), Sakata (1991), Shirkov et al.
(1991), van Hulzen (1983), von zur Gathen and Giesbrecht (1994), Wang (1981,
1992), Watanabe and Nagata (1990), Watt (1991), Yun (1980).

Periodical publications specializing in computer algebra are Journal of Sym-
bolic Computation (JSC), editor B. F. Caviness (formerly B. Buchberger), pub-
lished by Academic Press; Applicable Algebra in Engineering, Communica-
tion, and Computing (AAECC), editor J. Calmet, published by Springer-Verlag;
SIGSAM Bulletin, editor R. Grossman, published by ACM Press.



Arithmetic
in basic domains

2.1 Integers

For the purposes of exact algebraic computation integers have to be represented
exactly. In practice, of course, the size of the machine memory bounds the
integers that can be represented. But it is certainly not acceptable to be limited
by the word length of the machine, say 232,

Definition 2.1.1. Let B > 2 be a natural number. A S-digit is an integer b in
the range —f < b < B. Every positive integer a can be written uniquely as
a = Z;’;& a; B’ for some n € N, ag, ..., a,_, nonnegative f-digits and a,_
> 0. In the positional number system with basis (or radix) B the number a
is represented by the uniquely determined list agy = [+, a0, ..., a,—1]. In an
analogous way a negative integer a is represented by agy = [—, ap. ..., an-1],
where a = Z:’:ol (—ap)B',neN, ag, ... an nonnegative B-digits and a,
> 0. The number O is represented by the empty list [ ].

If the integer a is represented by the list [+, ag, ..., a,—1], then Lg(a) :==n
is the length of a w.r.t. B. Lg(0) :=0.

So, for example, in the positional number system with basis 10000, the
integer 2000014720401 is represented by the list [+, 401, 1472, 0, 2]. By rep-
resenting integers as lists, we can exactly represent integers of arbitrary size.
The memory needed can be allocated dynamically, “as the need arises.” For all
practical purposes we will choose 8 such that a 8-digit can be stored in a single
machine word.

In measuring the complexity of arithmetic operations on integers we will
often give the complexity functions as functions of Lg, the length of the integer
arguments of the operations w.r.t. to the basis 8 of the number system, i.e., we
decompose Z as

oC
Z = .LJOZ(") ,

where Z,) = {a € Z | Lg(a) = n}. Similarly, for algorithms taking two integers
as inputs we decompose

7 xZ= U Z(m.n) s

m.neNgy

where Zn ny = Zgny X Ly).
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It is crucial to note that for two different radices 8 and y the associated
length functions are proportional. So we will often speak of the length of an
integer without referring to a specific radix. The proof of the following lemma
is left as an exercise.

Lemma 2.1.1. Let 8 and y be two radices for positional number systems in Z.
a. Lg(a) = [logg(lal)] + 1 for a # 0.
b. Lg~1L,.

For future reference we note that obviously the algorithm INT_SIGN for
computing the sign £1 or O of an integer a takes constant time. So signs do not
present a problem in integer arithmetic, and we will omit their computation in
subsequent algorithms.

In fact, we could also omit the sign bit in the representation of integers,
and instead use non-positive digits for representing negative numbers. This,
of course, means that we need a new algorithm for determining the sign of
an integer. Such an algorithm is developed in the exercises and in fact one can
prove that this determination of the sign, although in the worst case proportional
to the length of the integer, in average is only proportional to a constant.

Addition

The “classical” addition algorithm INT_SUMC considers both inputs a and b as
numbers of equal length (with leading zeros, if necessary) and adds correspond-
ing digits with carry until both inputs are exhausted. So fnT_sumc(m, n) ~
max(m, n), where m and n are the lengths of the inputs. A closer analysis,
however, reveals that after the shorter input is exhausted the carry has to be
propagated only as long as the corresponding digits of the longer input are
B — 1 or —B + 1, respectively. This fact is used for constructing a more effi-
cient algorithm, whose computing time depends only linearly on the length of
the shorter of the two summands. We assume that an algorithm DIGIT_SUM
is available, which adds the contents of two machine words, i.e., two B-digits
a, b, yielding a digit ¢ and a digit d € {—1, 0, 1}, such that (a + b)) = [c, d].
Obviously the complexity function of DIGIT_SUM is constant.

First, let us simplify our problem by assuming that the two integers to be
added have the same sign.

Algorithm INT_SUMI(in: a, b; out: ¢);
[a b are mtegers sign(a) = sign(b) # 0; c = a + b]
. [the sign of c¢ is initialized, the 51gns of a, b are removed]
¢ := CONS(FIRST(a),[ ]); ¢ := 0; a’ := REST(a); b’ := REST(b);
2. [while a’ and b’ are not exhausted, add successive digits of @’ and ']
while @’ # [ ] and b’ # [ ] do
{d) := FIRST(a'); a’' := REST(a’); d; := FIRST()); b’ := REST());
(d, f) := DIGIT_SUM(d,, d»);
it f#0
then (d, f') := DIGIT_SUM(d, e) [f" =0 in this case]
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else (d, f) := DIGIT_SUM(d, e);
¢ :=CONS(d, ¢); e := f};
3. [the carry is propagated, until it disappears or both numbers are exhausted]
ifa’=[]then g :=belse g :=a’;
while e 2 0 and g # [ ] do
{d\ := FIRST(g); g := REST(g);
(d, e) := DIGIT_SUM(d|, e); ¢ := CONS(, ¢)};
4. ife=0
then {c := INV(c); ¢ := APPEND(c, g)}
else {¢ := CONS(e, ¢); ¢ := INV(c)};
return.

Lemma 2.1.2. For a, b € Z with sign(a) = sign(b) # 0, INT_SUMI correctly
computes a + b.

Proof. We only consider the case a, b > 0. For a,b < 0 the correctness can
be proved analogously. Let m = Lg(a), n = Lg(b), w.lo.g. m < n. After the
“while” loop in step (2) has been executed / times, 0 < i < m, we have

a+b=INV()+B -e+B -d+V).
So when step (2) is finished,
a+b=INV(i)+B" e+ p"-b .

After the “while” loop in step (3) has been executed j times, 0 < j < n — m,
we have . .
a+b=INV(c) + 8" e+ p" . b .

When the carry e becomes 0 we only need to combine INV(¢) and b'. Otherwise
b’ =[] after n — m iterations and we only need to add e as the highest digit to
the result. O

Theorem 2.1.3. The maximum, minimum, and average complexity functions
of INT_SUMI are proportional to max(m, n), min(m, n), and min(m, n), respec-
tively, where m and n are the B-lengths of the inputs.

Proof. The maximum and minimum complexity functions for INT_SUMI1 are
obvious. So let us consider the average complexity.

Let a, b be the inputs of INT_SUMI, and let m = L(a), n = L(b). Obviously
the complexity of steps (1), (2) is proportional to min(m, n). We will show that
the average complexity function of step (3) is constant. This will imply that the
length of ¢ in step (4) will be proportional to min(m, n), and therefore also the
average complexity of this step is proportional to min(m, n).

W.l.o.g. assume that the inputs are positive and that m < n. Letk = n —m.
If B is the radix of the number system, then there are (8 — 1)B*~! possible
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assignments for the k highest digits of b. The carry has to be propagated exactly

up to position m+i of b for i < k, if the digits in positions m+1, ..., m+i—1
of b all are B — 1 and the digit in position m + i is less than g — 1. So there are
(B — 1)2B*~=1 possible assignments of the digits in positions m +1,...,m+k

of b, for which exactly i iterations through step (3) are required. There are f —2
assignments for which the carry is propagated exactly up to position m + k, and
for one assignment the propagation is up to position m +k + 1. Summation over
the total time for all these assignments yields

k=1 .
Yi-(B-DBT T k- B-D+*k+ D1
i=l
=B —Bk+k—1)+pk—k+1=p".

So the average complexity for step (3) is

B* _ B
B-Dp-1 " p—17

i.e., it is constant. O

2 9

By similar considerations one can develop an algorithm INT_SUM2 for
adding two nonzero integers with opposite signs in maximum, minimum, and
average time proportional to the maximum, minimum, and minimum of the
lengths of the inputs, respectively (see Exercises). The combination of these
two algorithms leads to an addition algorithm INT_.SUM for adding two arbi-
trary integers. This proves the following theorem.

Theorem 2.1.4. There is an addition algorithm INT_SUM for integers with max-
imum, minimum, and average complexity functions proportional to max(m, n),
min(m, n), and min{m, n), respectively, where m and n are the 8-lengths of the
inputs.

The algorithm INT_NEG for computing the additive inverse —a of an integer
a is obviously of constant complexity. The difference a — b of two integers a and
b can be computed as INT_SUM(a, INT_NEG(b)). So the algorithm INT_DIFF
for computing the difference of two integers has the same complexity behaviour
as INT_.SUM. The algorithm INT_ABS for computing the absolute value of an
integer is either of constant complexity or proportional to the length of the input,
depending on which representation of integers we use.

Multiplication

Now we approach the question of how fast we can multiply two integers. Here
we can give only a first answer. We will come back to this question later in
Sect. 3.3. The “classical” multiplication algorithm INT_MULTC proceeds by
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multiplying every digit of the first input by every digit of the second input and
adding the results after appropriate shifts. The complexity of INT_MULTC is
proportional to the product of the lengths of the two inputs, and if the inputs are
of the same length 7, then the complexity of INT_.MULTC is proportional to n?.

A faster multiplication algorithm has been discovered by A. Karatsuba and
Yu. Ofman (1962). The basic idea in the Karatsuba algorithm is to cut the two
inputs x, y of length < n into pieces of length < n/2 such that

x=a-p"*+b, y=c-p"*+d. (2.1.1)

A usual divide-and-conquer approach would reduce the product of two integers
of length n to four products of integers of length n/2. The complexity of this
algorithm would still be O(n?). Karatsuba and Ofman, however, noticed that
one of the four multiplications can be dispensed with.

x-y=acB" + (ad + be)B"? + bd

(2.1.2)
=acB" + ((a+b)(c +d) —ac —bd) " + bd .
So three multiplications of integers of length n/2 and a few shifts and additions
are sufficient for computing the product x - y.
In the Karatsuba algorithm INT_MULTK we neglect the signs of the inte-
gers. Their handling is rather obvious and only obscures the statement of the
algorithm.

Algorithm INT_MULTK(in: x, y; out: z);
[x, y integers; z = x - y]

n := max(LENGTH(x), LENGTH(y));

if n =1 then {z := INT.MULTC(x, y); return};
if n is odd then n :=n + 1;

(a, b) := (DEL(n/2, x), INIT(n/2, x);
(c,d) := (DEL(n/2, y), INIT(n/2, y);

u := INT MULTK(a + b, ¢ + d);

v := INT MULTK(a, ¢);

w = INT_MULTK(b, d);

2 =vp" + (u—v—w)p"? + w;

return.

Theorem 2.1.5. The complexity of the Karatsuba algorithm INT_-MULTK is
O(n'°223), where n is the length of the inputs.

Proof. Initially we assume that n is a power of 2. Let x and y be integers of
length not exceeding #n, and let a, b, c, d be the parts of x, y as in (2.1.1). During
the execution of the Karatsuba algorithm we have to compute the products
(a +b)(c +d), ac, bd. All the other operations are additions and shifts, which
take time proportional to n. The factors in ac and bd are of length not exceeding
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n/2, whereas the factors in (a + b)(c + d) might be of length n/2 + 1. We write
the factors as

a+b=a\p"?+b,, c+d=cp"*+4d , (2.1.3)
where a; and c; are the leading digits of a + b and ¢ + d, respectively. Now
(@+b)c+d)=acip" + (ady + bic)) " + bid) . (2.1.4)

In the product b1d; the factors are of length not exceeding n/2. All the other
operations are multiplications by a single digit or shifts, and together their com-
plexity is proportional to n.

So if we denote the time for multiplying two integers of length n by M (n),
we get the recursion equation

k forn =1
Mn) = ’ 2.1.5
M= 3M0/2) +kn forn > 1. (2.1.5)

Here we have taken the constant £ to be a bound for the complexity of mul-
tiplication of digits as well as for the constant factor in the linear complexity
functions of the addition and shift operations. The solution to (2.1.5) is

M(n) = 3kn'®3 — 2kn | (2.1.6)

which can easily be verified by induction. This proves the assertion for all n
which are powers of 2.

Finally let us consider the general case, where n is an arbitrary positive inte-
ger. In this case we could, theoretically, increase the length of the inputs to the
next higher power of 2 by adding leading zeros. The length of the multiplicands
is at most doubled in this process. In the as?/mg)totic complexity, however, the
factor 2 is negligible, since (2n)°%:3 is O(n'0%23). O

The Karatsuba algorithm is practically used in computer algebra systems. In
fact, the idea of Karatsuba and Ofman can be generalized to yield a multipli-
cation algorithm of complexity n'*¢ for any positive real €. We do not go into
details here, but rather refer to the excellent exposition in Knuth (1981: sect.
4.3.3). We will, however, describe a theoretically even faster method, based on
the fast Fourier transform (see Sect. 3.3). For these faster methods, however,
the overhead is so enormous, that a practical importance seems unlikely.

That the complexity of multiplication depends mainly on the smaller of the
two inputs is explained by the following theorem.

Theorem 2.1.6. Let IM be a multiplication algorithm for integers with com-
plexity tf{vl (m) for multiplying two integers of lengths not greater than m, such
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that m < 1;{;(m). Then there exists a multiplication algorithm IM’ with

+
-l f > n,
t&/(m’n)f (m/n) T(n) orm>n
(n/m) - tyy(m) form <n

for inputs of lengths m and n, respectively.

Proof. Let a,b be the integers to be multiplied, and m = L(a),n = L(b).
W.lo.g. assume that m > n. IM' decomposes a into pieces a, ..., a—; of
length < n, such that a = 25;5 a; - B™ . The number of pieces can be chosen as
[ =[m/n] < (m/n)+ 1. Now each piece a; is multiplied by b by algorithm IM
and finally these partial results are shifted and added. Thus for some positive
constant ¢

m m
tﬁ:,l,(m, n) < (; + 1) -tﬁt,[(n) + (; + 1) -cn <X (m/n) - tﬁ(,l(n) ,
which completes the proof. U

Division
The problem of integer division consists of computing the uniquely determined

integral quotient, ¢ = quot(a, b), and remainder, r = rem(a, b), for a, b € Z,
b # 0, such that

0<r < |b| fora > 0,

=q-b d
@a=q:o+r an —bl <r <0 fora <O.
If la| < B/ - |b| for j € N, then ¢ has at most j digits. j will be approximately
L(a) — L(b) + 1. For determining the highest digit in the quotient one certainly
does not need more than linear time in L(b), even if all the possible digits are
tried. So we get

Theorem 2.1.7. There is an algorithm INT_DIV for computing the quotient and
remainder of two integers a, b of lengths m, n, respectively, m > n, whose
complexity I&T_Dlv(m, n)is On-(m —n+1)).

In fact we need not really try all the possible digits of the quotient, but
there is a very efficient algorithmic way of “guessing” the highest digit. Such
a method has been described in Pope and Stein (1960), where the following
theorem is proved. See also Collins et al. (1983).

Theorem 2.1.8. Let apy = [+.,a0.a1,....an-1], bigy = [+.bo, ..., by1],
B'b <a < pit'bfor j € N,m > n and b,_; > [B/2]. If g is maximal in
Z with g'b < a and ¢* = [(@y+;B + antj—1)/bu-1] (We set @; = 0 for i
> L(a)), then ¢ <q" < g +2.
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By a successive application of Theorem 2.1.8 the digits in the quotient g
of @ and b can be computed. Let m = L(a), n = L(b), 0 < a, 0 < b, and
by_1 > |B/2]). Thena < p""*1b, so q has at most m —n + 1 digits. First the
highest digit g,,_, is determined from the guess g*. We need at most 2 correction
steps of subtracting 1 from the initial guess. Collins and Musser (1977) have
shown that the probabilities of ¢* being g,,_, +i fori = 0, 1, 2 are 0.67, 0.32,
and 0.01, respectively. Now ¢ — 8" "q,,_,b < 8™ "b and the process can be
continued to yield g,,_,— and so on.

The condition b,_; > |B/2] can be satisfied by replacing a and b by a’ =
a-d, b =b-d, respectively, where d = |B/(b,_; + 1)]. This does not change
the quotient g and rem(a, b) = (¢’ —q - b")/d.

These considerations lead to a better division algorithm INT_DIV, the Pope—
Stein algorithm. The theoretical complexity function of the Pope—Stein algo-
rithm, however, is still n(m —n + 1), as in Theorem 2.1.7.

In Aho et al. (1974), the relation of the complexity of integer multiplication,
division, and some other operations is investigated. It is shown that the com-
plexity functions for multiplication of integers of length < n and division of
integers of length < 2n by integers of length < n are proportional.

Conversion

We assume that we have the arithmetic operations for integers in B-representation
available. There are two types of conversions that we need to investigate:
(1) conversion of an integer a from y-representation into S-representation, and
(2) conversion of a from S-representation into y-representation.

It is quite obvious how we can do arithmetic with radix B/, if we can do
arithmetic with radix 8. So in conversion problem 1 we may assume that y < 8,
e, y is a B-digit. If a,y = [+, ao, ..., a,-1), then we get a.g, by Horner’s
rule

a=(..((ap1y +ap2)y +ay,-3)y +...+a)y +ap .

Every multiplication by y takes time linear in the length of the multiplicand, and
every addition of a y-digit a; takes constant time. So the maximum complexity
of conversion of type 1 is proportional to

n—1
Yi~n? = L,(a)?.
i=I

Conversion problem 2 can be solved by successive division by y = yg).
Every such division step reduces the length of the input by a constant, and takes
time proportional to the length of the intermediate result, i.e., the maximum
complexity of conversion of type 2 is proportional to Lg(a)?.
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Computation of greatest common divisors

7 is a unique factorization domain. So for any two integers x, y which are
not both equal to 0, there is a greatest common divisor (gcd) g of x and y. g
is determined up to multiplication by units, i.e., up to sign. Usually we mean
the positive greatest common divisor when we speak of “the greatest common
divisor.” For the sake of completeness let us define gcd(0, 0) := 0.

But in addition to mere existence of gcds in Z, there is also a very efficient
algorithm due to Euclid (= 330-275 B.c.) for computing the gcd. This is proba-
bly the oldest full fledged non-trivial algorithm in the history of mathematics. In
later chapters we will provide an extension of the scope of Euclid’s algorithm to
its proper algebraic setting. But for the time being, we are just concerned with
integers.

Suppose we want to compute ged(x, y) for x, y € N. We divide x by y, i.e.,
we determine the quotient ¢ and the remainder r of x divided by y, such that

x=¢q-y+r, withr<y.

Now ged(x, y) = ged(y, r), ie., the size of the problem has been reduced.
This process is repeated as long as r # 0. Thus we get the so-called Euclidean
remainder sequence

Py, ras .o osnsrng 1

withr) = x,rp, =y, r; =rem(r;_2,r;_y) for3 <i <n+1and r,4; = 0. Clear-
ly ged(x, y) = r,. Associated with this remainder sequence we get a sequence
of quotients

CII,---sCIn—l ’

such that
ri=qi-riy1+rip2 for 1<i<n-—1.

Thus in Z greatest common divisors can be computed by the Euclidean algorithm
INT_GCDE.

Algorithm INT_GCDE(in: x, y; out: g);
[x, y are integers; g = gcd(x, y), g > 0]
1. r':=INT_ABS(x); r" := INT_ABS(y);
2. while r” # 0 do

{(g,r) := INTDIV(r', r");

rie=r" "=k
3. g:=1r;

return.

The computation of gcds of integers is an extremely frequent operation in any
computation in computer algebra. So we must carefully analyze its complexity.
G. Lamé proved already in the 19th century that for positive inputs bounded by n

the number of division steps in the Euclidean algorithm is at most flog¢(ﬁn)1
— 2, where ¢ = (1 ++/5). See Knuth (1981: sect. 4.5.3).
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Theorem 2.1.9. Let /;, [, be the lengths of the inputs x, y of INT.GCDE, and
let k be the length of the output. Then £y gepg(lh. [, k) is O(min(ly, 1) -
(max(ly, ) — k + 1)).

Proof. Steps (1) and (3) take constant time. So it remains to investigate the com-
plexity behaviour of step (2), &5 (1, [, k).

Letry, ra, ..., ryy; be the remainder sequence and g, .. ., g,—| the quotient
sequence computed by INT_GCDE for the inputs x, y. If |x| < |y]| then the first
iteration through the loop in (2) results in a reversal of the input pair. In this
case the first iteration through the loop takes time proportional to min(/y, /2). So
in the sequel we assume that |x| > |y| > 0. By Theorem 2.1.7

n—1 n—2
(k) = Y L(g)L(risy) < L(r2) - (ZL(qf + 1)+ L(qm)) - (2.1.7)

i=1 i=1
gi >1forl <i<n-—2andg,_ > 2. By Exercise 5

n-2 n—2

YL@+ D+L@)~L{gr- T@+D) . @L8)
i=l i=l
For 1 <i <n —2 we have ri;2(q; + 1) < rix19; + riy2 = r;, and therefore
qi +1 < ri/riy>. Furthermore g, = r,_/r,. Thus
n—2 Fa1 " T1T2 (112
gur - TlGg+ D < 2222 < (27 (2.1.9)
i=1 FnFp—1 Ty Fn

Combining (2.1.7), (2.1.8), and (2.1.9) we finally arrive at

_r_1>2) ~ min(/y, l5) - (max(l,, ) —k + 1) .

rn

51y, by, k) < min(ly, 1) - L ((
So it aepeis b2. k) < min(ly, k) - (max(/y, b)) — k + 1). O

The greatest common divisor g of x and y generates an ideal (x, y) in Z,
and g € (x, y). So in particular g can be written as a linear combination of x
and y,

g=u-x+tv-y.
These linear coefficients can be computed by a straightforward extension of

INT_GCDE, the extended Euclidean algorithm INT_GCDEE. Throughout the al-
gorithm INT_GCDEE the invariant
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r=u-x4+v.y and r"=u"-x+V"-y

is preserved.

Algorithm INT_GCDEE(in: x, y; out: g, u, v);
[x, y are integers; g = ged(x, y) =u-x +v-y, g > 0]
1. (', u’,v") := (INT_ABS(x), INT_SIGN(x), 0);
(r",u”,v") ;= (INT_ABS(y), 0, INT_SIGN(y));
2. while r” # 0 do
{q := INT_QUOT("', r");
(ru,v) =" u', vy —q- (", u", V",
(r/’ u/’ v/) — (I"”, M”, v :
r",u" vy = (r,u, v); )}
3. (gou,v)y = u' V),
return.

Exercises

1. Prove Lemma 2.1.1.

2. Assume that in the representation of integers as lists we omit the
information about the sign, and we use nonnegative digits for positive
integers and nonpositive digits for negative numbers. Design an algorithm
which computes the sign of an integer in this representation in constant
average time.

3. Develop an algorithm INT_SUM2 for adding two nonzero integers of
different sign with average complexity proportional to the minimum of the
lengths of the inputs.

4. Implement the multiplication algorithm of Karatsuba and Ofman and
determine the trade-off point between the “classical” algorithm INT_MULTC
and INT_ MULTK.

5. Let ay, ay, ... be an infinite sequence of integers with a¢; > 2 for
all i. Define the functions f, g from Nto R as f(n) := Y I, L(a;),

g(n) := L(]_[;’=l a;). Prove that f(n) ~ g(n) by uniform constants
independent of the a;’s, i.e., for some ¢, C € RT, ¢ f(n) < gn) < C - f(n)
for all n € N.

6. Design a division algorithm for positive integers based on Theorem 2.1.8 for
guessing the digits in the quotient. Presuppose that there is an algorithm for
determining [ (aB + b)/c] for B-digits a, b, c, i.e., an algorithm for dividing
an integer of length 2 by a digit. Many computers provide an instruction for
dividing a double-precision integer by a single precision integer.

7. Prove that the outputs of INT_.GCDEE are no larger than the two inputs.

8. Leta,b,a’,b’,a”, b" be positive integers such that a’/b’ < a/b < a”’/b",
and let ¢ = quot(a, b), ¢’ = quot(a’, b’), ¢" = quot(a”, b"), r' = rem(a’, b’).
Prove: If ¢’ = ¢” and r’ > 0, then

b’ b b”
> > .
a/ _ q/b/ — a — qb - arr _ q//b//
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9. Based on Exercise 8 devise an algorithm which computes the remainder
sequence of two arbitrarily long integers x, y using only divisions by single
digits. (Such an algorithm is originally due to D. H. Lehmer (1938).)

2.2 Polynomials

We consider polynomials over a commutative ring R in finitely many variables
X1, ..., Xy, L&, our domain of computation is R[x|, ..., x,]. Before we can
design algorithms on polynomials, we need to introduce some notation and
suitable representations.

Representations

A representation of polynomials can be either recursive or distributive, and it can
be either dense or sparse. Thus, there are four basically different representations
of multivariate polynomials.

In a recursive representation a nonzero polynomial p(x, ..., x,) is viewed
as an element of (R[xy, ..., x,—1])[x,], i.e., as a univariate polynomial in the
main variable x,,,

m .
plxr, ..., x) =Y pilxr, ..., xp—1)x),, with p, #0.
i=0

In the dense recursive representation p is represented as the list
pury = [(pm)wrys - - - (P0)@an]

where (p;)wr) 1s in turn the dense recursive representation of the coefficient
pi(xy, ..., x,—1). If n =1 then the coefficients p; are elements of the ground
ring R and are represented as such. The dense representation makes sense if
many coefficients are different from zero. On the other hand, if the set of sup-
port of a polynomial is sparse, then a sparse recursive representation is better
suited, i.e.,

px1, ..., x,) = ﬁ%)pi(xl, e X)X
eg>--->¢ and p; #0 for 0 <i <k,
is represented as the list
Pisry = Leo, (PO)srys -+ -5 ks (PR sr)] -
Again, in the base case n = 1 the coefficients p; are elements of R and are

represented as such.
In a distributive representation a nonzero polynomial p(xy, ..., x,) is viewed
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as an element of R[xy, ..., x,], i.e., a function from the set of power products in
X1, ..., X, into R. An exponent vector (ji, ..., j,) of a power product xlj1 ceex
is mapped to a coefficient in R. In a dense distributive representation we need

a bijection e: N — N{j. A polynomial

r )
pXl, . .., X)) = Za,-xe(” with a, #0
i=0

is represented as the list

Pudy = lay, ..., a0l .
A sparse distributive representation of

R
pxis.x) =Y ax™ with a;#£0 for 0<i <s
=0

is the list
p(&d) = [e(ko)v a0~ sty e(k.&‘)v aS] N

Which representation is actually employed depends of course on the algo-
rithms that are to be applied. In later chapters we will see examples for algo-
rithms that depend crucially on a recursive representation and also for algorithms
that need a distributive representation. However, only very rarely will there be
a need for dense representations in computer algebra. If the set of support of
multivariate polynomials is dense, then the number of terms even in polynomials
of modest degree is so big, that in all likelihood no computations are possible
any more.

In the sequel we will mainly analyze the complexity of operations on poly-
nomials in recursive representation. So if not explicitly stated otherwise, the
representation of polynomials is assumed to be recursive.

Addition and subtraction

The algorithms for addition and subtraction of polynomials are obvious: the coef-
ficients of like powers have to be added or subtracted, respectively. If p and g are
n-variate polynomials in dense representation, with max(deg, (p), deg, (q)) < d
for 1 <i < n, then the complexity of adding p and ¢ is O(A(p,q) - (d + 1)),
where A(p, g) is the maximal time needed for adding two coefficients of p
and ¢ in the ground ring R. If p and ¢ are in sparse representation, and ¢ is
a bound for the number of terms x;" with nonzero coefficient in p and ¢, for
1 <i < n, then the complexity of adding p and g is O(A(p, q) - t").
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Multiplication

In the classical method for multiplying univariate polynomials p(x) = S pix!
and q(x) = 37_,¢;x/ the formula

m+n

px) qx) =Y. ( Y -q,)x’ 2.2.1)

=0 Ni+j=l

is employed. If p and ¢ are n-variate polynomials in dense representation with d
as above, then the complexity of multiplying p and g is O(M(p. q) - (d + 1)*"),
where M (p, g) is the maximal time needed for multiplying two coefficients of
p and ¢q in the ground ring R. Observe that (d + 1)" is a good measure of the
size of the polynomials, when the size of the coefficients is neglected.

As for integer multiplication one can apply the Karatsuba method. That is,
the multiplicands p and g are decomposed as

px) = pi(x) - x4 po(x),  qx) = gio) - X 4 gox)
and the product is computed as

p(x)-q(x) = pi-q - x4

+ ((p1+po) - (@1 +g0) — p1-q1 — po - qo) - x'“"*" + po - qo .

Neglecting the complexity of operations on elements of the ground ring R, we
get that the complexity of multiplying p and ¢ is O((d + 1)" '°%3),

For multiplying the sparsely represented polynomials p(x) = 2;20 pix©i
and g(x) = Z}:o qjxff, one basically has to (1) compute p - qjxff for j =
0,...,t, and (2) add this to the already computed partial result, which has
roughly (j — 1)t terms, if + <« deg(p), deg(g). So the overall time complexity
of multiplying polynomials in sparse representation is

———— S————
(1) (2)

t
S(M(p.q) - t+G—1t)<Mp,q)-.
i=l

Division
First let us assume that we are dealing with univariate polynomials over a
field K. If b(x) is a non-zero polynomial in K[x], then every other polynomial

a(x) € K[x] can be divided by b(x) in the sense that one can compute a quotient
q(x) = quot(a, b) and a remainder r(x) = rem(a, b) such that

a(x) =q(x)-bx)+r(x) and (r(x)=0 or deg(r) < deg(bh)) . (2.2.2)

The quotient ¢ and remainder r in (2.2.2) are unique. The algorithm POL_DIVK
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computes the quotient and remainder for densely represented polynomials. It
can easily be modified for sparsely represented polynomials.

Algorithm POL_DIVK(in: a, b; out: g, r);
la,b € K[x], b #0; g = quot(a, b), r = rem(a, b). a and b are assumed to be
in dense representation, the results ¢ and r are likewise in dense representation]
1. g:=[1;d =a; c:=1c(b); m :=deg(a’); n := deg(h);
2. while m > n do

{d :=lc(a’)/c; g == CONS(d,q);a’ :=d —d -x"" - b;

for i =1 to min{m — deg(a’) — 1, m — n} do ¢ := CONS(0, ¢);

m = deg(a’)};
3. q:=1INV(q); r := a’; return.

Theorem 2.2.1. Let a(x),b(x) € K[x], b # 0, m = deg(a), n = deg(b),
m > n. The number of field operations in executing POL_DIVK on the inputs a
and b is O((n + 1)(m — n + 1)).

Proof. The “while”-loop is executed m — n + 1 times. The number of field
operations in one pass through the loop is O(n + 1). O

The algorithm POL_DIVK is not applicable any more, if the underlying
domain of coefficients is not a field. In this case, the leading coefficient of a
may not be divisible by the leading coefficient of . Important examples of such
polynomial rings are Z[x] or multivariate polynomial rings. In fact, there are no
quotient and remainder satisfying Eq. (2.2.2). However, it is possible to satisfy
(2.2.2) if we allow to normalize the polynomial a by a certain power of the
leading coefficient of b.

Theorem 2.2.2. Let R be an integral domain, a(x), b(x) € R[x], b # 0, and
m = deg(a) > n = deg(b). There are uniquely defined polynomials g (x), r(x)
€ R[x] such that

le(h)™™" 1. a(x) = q(x) - b(x) + r(x) and

(2.2.3)
(r(x) =0 or deg(r) < deg(b)) .

Proof. R being an integral domain guarantees that multiplication of a polynomial
by a non-zero constant does not change the degree.

For proving the existence of g and » we proceed by induction on m —n. For
m —n = 0 the polynomials g(x) = lc(a), r(x) = lc(b) - a — lIc(a) - b obviously
satisfy (2.2.3).

Now let m —n > 0. Let

c(x) :=1c®) -a(x) —x""-lc(a) -b(x) and m' :=deg(c) .
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Then m’ < m. For m" < n we can set ¢’ :== 0, r := lc(b)" ™" - ¢ and we get
le()" ™" - c(x) = ¢'(x) - b(x) + r(x). For m" > n we can use the induction
hypothesis on ¢ and b, yielding g, r; such that

)" " c=g;-b+r and (r; =0 or deg(r;) < deg(d)) .
Now we can multiply both sides by lc(b)” "~ and we get
le()" ™™ - c(x) =q'(x) -b(x) +r(x), where r =0 or deg(r) < deg(b) .

Back substitution for ¢ yields (2.2.3).

For establishing the uniqueness of ¢ and r, we assume to the contrary that
both g1, r| and g2, rp satisfy (2.2.3). Then ¢q; -b+r; = q2-b+rp, and (g, —q2)-b
= rp—ry. For g1 # g2 we would have deg((g; —q2)-b) > deg(b) > deg(ri—r»),
which is impossible. Therefore ¢g; = g, and consequently also r; = r;. O

Definition 2.2.1. Let R,a(x),b(x),m,n be as in Theorem 2.2.2. Then the
uniquely defined polynomials g(x) and r(x) satisfying (2.2.3) are called the
pseudoquotient and the pseudoremainder, respectively, of a and b. We write
q = pquot(a, b), r = prem(a, b).

Algorithm POL_DIVP(in: a, b; out: g, r);
la, b € R[x], b # 0; g = pquot(a, b), r = prem(a, b). a and b are assumed to be
in dense representation, the results ¢ and r are likewise in dense representation]
1. g:=1[14d :=a;c:=1lcb), m:=deg(a); n := deg(h),
2. ¢Wi=¢ifori=2tom—ndoc®:=c-cliD;
3. while m > n do
{d:=1lc(@) "™, g :=CONS(d, q); a’ :=c-a’ —Ic(a’) - x™" - b;
for i = 1 to min{m — deg(a’) — 1, m — n} do
{g :=CONS(0,9); a’ :=c-a'};
m := deg(a’)};
4. g :=1INV(q); r := a’; return.

The algorithm POL_DIVP computes the pseudoquotient and pseudoremainder
of two polynomials over an integral domain R.

Theorem 2.2.3. Let a(x),b(x) € Z[x], m = deg(a) > n = deg(h), | =
L(max{|lallc, Iblloo}). Then the complexity of POL_DIVP executed on a and b
is O(m - (m —n+ 1)%-1%).

Proof. The precomputation of powers of ¢ in step (2) takes time O((m — n)2%).

The “while”-loop is executed m — n + 1 times, if we assume that the drop
in degree of a’ is always 1, which is clearly the worst case. At the beginning of
the i-th iteration through the loop, L(]|a’|lo0) is O(il). So the computation of d
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takes time O(i(m —n + 1 —i)I?). The computation of a’ takes time O -m - [2).
The overall complexity is of the order

m—n+1
m-nm?P+ Y im-P~m—-n+1)>m-1>. 0

i=1

As we will see later, pseudoremainders can be used in a generalization of
Euclid’s algorithm. The following is an important technical requirement for this
generalization.

Lemma 2.2.4. Let R, a(x), b(x), m,n be as in Theorem 2.2.2. Let o, B € R.
Then pquot(e - a, B - b) = ™" .« - pquot(a, b) and prem(a - a, B - b) =
B "l o - prem(a, b).

Evaluation

Finally we consider the problem of evaluating polynomials. Let p(x) = p,x" +
...+ po € R[x] for a commutative ring R and a € R. We want to compute p(a).

-Successive computation and addition of pg, pix, ..., p,x" requires 2n — 1
multiplications and n additions in R. A considerable improvement is obtained
by Horner’s rule, which evaluates p at a according to the scheme

p(a)=(---(pn'a+Pn—])‘a+---)'a+p0,

requiring n multiplications and n additions in R. One get’s Horner’s rule from
the computation of rem(p, x —a), by using the relation p(a) = rem(p, x —a). In
fact, p(a) = rem(p, f)(a) for every polynomial f with f(a) = 0. In particular,
for f(x) = x2 —a? one gets the 2nd order Horner’s rule, which evaluates the
polynomial

/2] . [n/2]-1 241
p(_x) B Z P2jXx J + Z P2j+1X J
j=0 J=0
p(even) p(odd)
at a as
P = (o (p2tngay - @ + panai-n) @+ @t + po
P = (.. (P21 - @+ popw3) @’ +..) - + py)-a

The second order Horner’s rule requires n+ 1 multiplications and » additions
in R, which is no improvement over the 1st order Horner’s rule. However, if
both p(a) and p(—a) are needed, then the second evaluation can be computed
by just one more addition.
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Exercises

1. Analyze the complexity of adding n-variate polynomials
p:q € Zlxy, ..., x,] in dense representation, where deg, (p), deg, (¢) < d
for 1 <i <nand L(max{|iplle, lIgllec}) = 1.

2. With the notation of Exercise 1, analyze the complexity of multiplying p
and g by (2.2.1).

3. Let a(x), b(x) € Q[x], b # 0, m = deg(a),n = deg(b), m > n, and
L(v) < D for every coefficient v of the numerator or denominator of a or b.
What is the complexity of POL_DIVK executed on a and b?

4. Prove Lemma 2.2.4.

5. What is the complexity of POL_DIVP, if we count only the number of ring
operations in R?

6. Derive Horner’s rule and the 2nd order Horner’s rule from division by x —a

and x? — &2,

2.3 Quotient fields

Let D be an integral domain and Q(D) its quotient field. The arithmetic opera-
tions in Q (D) can be based on (1.3.7). If D is actually a Euclidean domain, then
we can compute normal forms of quotients by eliminating the gcd of the numer-
ator and the denominator. We say that r € Q(D) is in lowest terms if numerator
and denominator of r are relatively prime. The rational numbers Q = Q(Z) and
the rational functions K (x) = Q(K[x]), for a field K, are important examples
of such quotient fields.

The efficiency of arithmetic depends on a clever choice of when exactly the
ged is eliminated in the result. In a classical approach numerators and denomi-
nators are computed according to (1.3.7) and afterwards the result is transformed
into lowest terms. P. Henrici (1956) has devised the fastest known algorithms
for arithmetic in such quotients fields. The so-called Henrici algorithms for
addition and multiplication of r;/r; and s;/s, in Q(D) rely on the following
facts.

Theorem 2.3.1. Let D be a Euclidean domain, ry, r, 51, 52 € D, ged(ry, r2) =
ged(sy, s2) = 1.
a. Ifd =ged(ry, 2), ry =r2/d, s5 = 52/d,
then ged(ris) + sir5, rasy) = ged(rysy + s1r5, d).
b. If d] = gcd(rl,sz), d2 = ng(Sl, r2), r{ = r1/d1,ré = r2/d2, Si = Sl/dZ,
sy = s2/dh,
then ged(rysy, rysy) = 1.

Algorithm QF_SUMH(in: r = (r1, r2), s = (s1, $2); out: ¢t = (t1, 1));
[r, s € Q(D) in lowest terms. ¢ is a representation of r + s in lowest terms.]
1. if r; = 0 then {t :=s; return};
if s; = O then {¢ := r; return};
2. d:=gcd(ry, s2);
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3. ifd=1
then {r) :=ris5 + rasy; 1 = rps;)}
else
{r; = r/d; s5 = sp/d; t] := rish + s1r}; th = rash;
ify;, =0

then {t; :=0; 1 := 1}
else {e := ged(t], d);
ife=1
then {t; :=1t|; 2 :=1}}
else {t) :=1t]/e; 1y :=1}/e} } }
return.

Since the majority of the computing time is spent in extracting the gcd from
the result, the Henrici algorithms derive their advantage from replacing one gcd
computation of large inputs by several gcd computations for smaller inputs.

Algorithm QF_MULTH(in: r = (ry, r2), s = (51, $2); out: t = (t1, ));
[r,s € Q(D) in lowest terms. ¢ is a representation of r - s in lowest terms.]
1. ifrpy =0o0r sy =0 then {#; :=0; £, := 1; return};
2. dy = ged(ry, 82); dp = ged(sy, r);
3. ifdy =1

then {rl{ =158 = )

else {r| :==ri/dy; s :=s2/d1};

ifdy=1

then {s| :=s; r} :=r2}

else {si = sl/dz;/r% =ry/dy};
4. ni=rs; = r58y;

return.

Let us compare the complexities of the classical algorithm QF_-SUMC versus
the Henrici algorithm for addition in Q. We will only take into account the ged
computations, since they are the most expensive operations in any algorithm.

Suppose r = ri/r, s = s1/s3 € Q and the numerators and denominators
are bounded by n in length. In QF_.SUMC we have to compute a gcd of 2
integers of length 2n each. In QF_SUMH we first compute a gcd of 2 integers
of length n each, and, if d = gecd(r,, s2) # 1 and k = L(d), a gcd of integers
of length 2n — k and k, respectively. We will make use of the complexity
function for gcd computation stated in Theorem 2.1.9, i.e., t&T_GCD(ll, I, k) is
O(min(ly, bp) - (max(ly, Ip) — k + 1)).

If d = 1, then the computing time for the gcd in QF_SUMC is roughly 4n?,
whereas the gcd in QF_.SUMH takes time roughly n?. So QF_.SUMH is faster
than QF_SUMC by a factor of 4.

Now let us assume that d # 1, k = n/2, and ¢ = 1. In this case the
computation time for the ged in QF_.SUMC is 2n(2n — n/2) = 3n>. The times
for the ged computations in QF_SUMH are n(n —n/2) = n?/2 and (n/2)(3n/2)
= 3n? /4. So in this case QF_SUMH is faster than QF_SUMC by a factor of 12/5.

The advantage of the Henrici algorithms over the classical ones becomes
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even more pronounced with increasing costs of ged computations, e.g., in mul-
tivariate function fields like Q(xy, ..., x,) = O@Q[xy, ..., x.)).

Whether we use the classical algorithms or the Henrici algorithms for arith-
metic in Q(D), it is clear that arithmetic in the quotient field is considerably
more expensive than the arithmetic in the underlying domain. So whenever pos-
sible, we will try to avoid working in Q(D). In particular, this is possible in
gcd computation and factorization of polynomials over the integers.

Exercises

. Prove Theorem 2.3.1.
. Apply the classical and the Henrici algorithms for computing

a. 1089/140 + 633/350 and
b. x3+x2 —x—1 ;2+25x+6
x2-4 —x—x+1"
3. Compare the classical and the Henrici algorithm for multiplication in Q in a

similar way as we have done for addition.
4. Conduct a series of experiments to find out about the mean increase in
length in addition of rational numbers.

[\

2.4 Algebraic extension fields

Let K be a field and « algebraic over K. Let f(x) € K[x] be the minimal
polynomial of « and m = deg(f). For representing the elements in the algebraic
extension field K (a) of K we use the isomorphism K (o) = K[x]/(f(x)). Every
polynomial p(x) can be reduced modulo f(x) to some r(x) with deg(r) < m.
On the other hand, two different polynomials r(x), s (x) with deg(r), deg(s) < m
cannot be congruent modulo f(x), since otherwise r —s, a non-zero polynomial
of degree less than m, would be a multiple of f. Thus, every element a € K ()
has a unique representation

a=au1x" '+ tax+ta +(fx), aeck.

a(x)

We call a(x) the normal representation of a, and sometimes we also write a(«).
From this unique normal representation we can immediately deduce that
K (a) is a vector space over K of dimension m and {1, «, o2, .. .,a"‘_l} is a
basis of this vector space.
Consider, for instance, the field Q and let o be a root of x> — 2. Q(a) =
Qfx] Jix3—2) 1s an algebraic extension field of Q, in which x3 — 2 has a root,

namely «, whose normal representation is x. So Q(a) = Q(i/f) can be repre-
sented as {ayx? +ajx +ag | a; € Q}. In Q(a)[x] the polynomial x> — 2 factors
into x3 —2 = (x — @) (x% + ax + a?).

Addition and subtraction in K («) can obviously be carried out by simply
adding and subtracting the normal representations of the arguments. The result
is again a normal representation. Multiplication of normal representations and
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subsequent reduction (i.e., remainder computation) by the minimal polynomial
f(x) yields the normal representation of the product of two elements in K (c).

If we assume that the complexity of field operations in K is proportional
to 1, then the complexity for addition and subtraction in K («) is O(m). The
complexity of multiplication is dominated by the complexity of the reduction
modulo f(x). A polynomial of degree < 2m has to be divided by a polynomial
of degree m, i.e., the complexity of multiplication in K (a) is O(m?).

The inverse a~! of a € K(a) can be computed by an application of the
extended Euclidean algorithm E_EUCLID (see Sect. 3.1) to the minimal poly-
nomial f(x) and the normal representation a(x) of a. Since f(x) and a(x) are
relatively prime, the extended Euclidean algorithm yields the gcd 1 and linear
factors u(x), v(x) € K[x] such that

ux)f(x)+vx)ax)=1 and deg(v) <m.

So v(x) is the normal representation of a L.

For example, let Q(«) be as above, i.e., « a root of x> — 2. Let a, b € Q(a)
with normal representations a(x) = 2x> — x + 1 and b(x) = x + 2, respectively.
Thena+b=2x>+3,a-b=rem2x>+3x2 —x +2,x> —2) =3x> —x +6.
For computing a~! we apply E_LEUCLID to x> — 2 and a(x), getting

5 @2x =19 = 2) + H(—x* + 9% + 5)ax) =1 .

So a~! has the normal representation (—x? -+ 9x + 5)/43.

An algebraic extension K(x) over K with minimal polynomial f(x) is
separable if and only if f(x) has no multiple roots or, in other words, f’(x) # 0.
In characteristic 0 every algebraic extension is separable. Let K(«y) ... («,) be a
multiple algebraic extension of K. So ¢; is the root of an irreducible polynomial
filx) € K{a1)...(aj—1)[x]. For every such multiple separable algebraic field
extension there exists an algebraic element y over K such that

K(ap)...(an) =K(y) ,

i.e., every multiple separable algebraic extension can be rewritten as a simple
algebraic extension. y is a primitive element of this algebraic extension. For an
algorithmic determination of primitive elements we refer to Sect. 5.4.

Exercises

1. Let R be the ring Q[x],(/(x), where f(x) = x> — x* + 2x — 2. Decide
whether p(x) (or, more precisely, the equivalence class of p(x)) has an
inverse in R, and if so, compute p~!.

a. p(x) =x24+x+1,
b. p(x) =x>+x —2.
2. Let Zs(c) be the algebraic extension of Zs by a root « of the irreducible
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polynomial x* + 4x + 1. Compute the normal representation of (a - b)/c,
where a = > + o +2, b =30* + 2% + 4o, ¢ = 20* + @® + 20 + 1.

2.5 Finite fields

Modular arithmetic in residue class rings

Every integer m generates an ideal (m) in Z. Two integers a, b are congruent
modulo {m) iff a — b € {m), or in other words, m|a — b. In this case we write

a=bmodm or a=medmb .

So obviously a and b are congruent modulo m if and only if they have the same
residue modulo m. Since =moq . 1S an equivalence relation, we get a decompo-
sition of the integers into equivalence classes, the residue classes modulo m.

Let us consider the residue classes of integers modulo any positive integer m.
In general, this is not a field, not even an integral domain, but just a commutative
ring. This commutative ring is called the residue class ring modulo m and it is
denoted by Z () or just Z,,,. The residue class ring is a field if and only if the
modulus m is a prime number.

For the purpose of computation in such a residue class ring we need to
choose representations of the elements. There are two natural representations
for Z;m, namely as the residue classes corresponding to

{0,1,...,m—1} (least non-negative representation)

or the residue classes corresponding to

m m .
{a ez \ 5 <a< E} (zero-centered representation).

Both representations are useful in specific applications. Of course a change of
representations is trivial.

The canonical homomorphism H,, which maps an integer a to its repre-
sentation in Z,, is simply the computation of the remainder of a w.r.t. m. So
according to Theorem 2.1.7 it takes time proportional to L(m)(L(a) —L(m)+1).

Addition +,, and multiplication -, in Z,, are defined as follows on the
representatives

a+mb=H,(a+b), a-,b=H,(a-b).

Using this definition and the bounds of Sect. 2.1, we see that the obvious algo-
rithms MI_SUM and MI_MULT for +,, and -, respectively, have the complex-
ities y sums B sum = L(m) and #y yuir < L(m)? + L(m)(2L(m) — L(m)
+ 1) ~ L(m)?. So even if we use faster multiplication methods, the bound for
MI_MULT does not decrease.
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An element a € Z/, has an inverse if and only if ged(m, a) = 1, otherwise a
is a zero-divisor. So we can decide whether a can be inverted and if so compute
a~! by applying INT_GCDEE to m and a. If a is invertible we will get a linear
combination u-m+v-a = 1, and v will be the inverse of a. The time complexity
for computing the inverse is O(L(m)?).

An important property of modular arithmetic is captured in Fermat’s “lit-
tle” theorem. Theoretically this provides an alternative method for computing
inverses modulo primes.

Theorem 2.5.1 (Fermat’s little theorem). If p is a prime and a is an integer not
divisible by p, then a?~! = 1 mod p.

Arithmetic in finite fields

Now let us turn to finite fields. As we have seen above, Z,, will be a finite field
if and only if p is a prime number. In general a finite field need not have prime
cardinality. However, every finite field has cardinality p”, for p a prime. On the
other hand, for every prime p and natural number » there exists a unique (up
to isomorphism) finite field of order p". This field is usually denoted GF(p™),
the Galois field of order p".

From what we have derived in previous sections, it is not difficult to construct
Galois fields and to compute in them. Let f(x) be an irreducible polynomial
of degree n in Z,[x]. We will see later how to check irreducibility efficiently,
and in fact for every choice of p and n there is a corresponding f. Then f
determines an algebraic field extension of Z, of degree n, i.e.,

GF(p") = Zplx1 /150 -

So the arithmetic operations can be handled as in any algebraic extension field.
For a thorough introduction to the theory of finite fields, we refer to Lidl
and Niederreiter (1983) and Lidl and Pilz (1984). Here we list only some facts
that will be useful in subsequent chapters.
GF(p") is the splitting field of x”" — x over Lip, i1.€.,
P —x = [T G-a).
aeGF(p")

Every B € GF(p") is algebraic over Z,. If s is the smallest positive integer
such that 7" = B, then mg(x) = [[:Z5(x — 7' is the minimal polynomial of
B over Z,. The multiplicative group of GF(p") is cyclic. A generating element
of this cyclic group is called a primitive element of the Galois field.

An important property of Galois fields is the “freshman’s dream.” In fact,
this theorem holds for any field of characteristic p.

Theorem 2.5.2. Let a(x), b(x) € GF(p™)[x]. Then (a(x) + b(x))? = a(x)? +
b(x)?.
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Proof. In the binomial expansion of the left-hand side

14 P . .

2| Jat) b))

i=0\!
all the binomial coefficients except the first and the last are divisible by p and
for those we have (7) =1 = (7). O

Corollary. Let a(x) € Z,[x]. Then a(x)? = a(x?).

Proof. Let a(x) = }:;”zo a;x'. By Theorem 2.5.2 and Fermat’s little theorem
we have a(x)? = Y 1L (aix')P = Y1 aix'P = a(xP). O

Example 2.5.1. Let us carry out some of these constructions in GF(2*). The
polynomial f(x) = x* + x + 1 is irreducible over Zs, so

GF(2%) = Zolx] )t 4oty

Table 1. GF(2*). Elements 8 = by+b,a+bra? +bsa® of Z,(«), where a*+a+1 =0

B by b by b minimal polynomial of
B over Z,
0 0 0 0 0 X
1 1 0 0 0 x+1
o 0 1 0 0 A x4+
o? 0 0 1 0 xt+x+1
o’ 0 0 0 1 3+ x+1
l4a=0a* 1 1 0 0 x4+l
a+ao’=a’ 0 1 1 0 2+x+1
o’ +a’=ab 0 0 1 1 A4+ x x4+l
l+a+a’=0ad’ 1 1 0 1 x4
1 +a?=0ab 1 0 1 0 X 4x+1
a+a’=a° 0 1 0 1 A+ x+1
l+a+a’=a' 1 1 1 0 x2+x+1
a+al+ad=a 0 1 1 1 x4
l+a+a’+a’=a'? | N R | 3+ 1
l+a?+o’=ab 1 0 1 1 x4
1+a° =a" 1 0 0 1 x4l
1=a' 1 0 o0 0 | x+1
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Let a be a root of f. Every 8 € GF(2*) has a unique representation as
B =by+bia+ba* +bya®, biels.

For computing the minimal polynomial mg(x) for g = o, we consider the
powers B2 = a'?, p* = a®, B8 = o3, B'® = a® = B (Table 1), so

3 .
mp(x) = [[x =By =x*+ 3+ x> +x+1.
i=0

Every g € GF Y is a power of &, so « is a primitive element of GF 24.
However, not every irreducible polynomial has a primitive element as a root.
For instance, g(x) = x* + x3 + x? + x + 1 also is irreducible over Z,[x], so
GF(2% = 7, [x1/(¢(x))- But B, a root of g, is not a primitive element of GF(16),
since 8> = 1.

Exercises

1. Check the “freshman’s dream” by computing both sides of
(a(x) + b(x))? = a(x)? + b(x)?, where a(x), b(x) are the polynomials
a(x) =+ P+ 7+ b)) =P +y+ D+ 0P+ 1)
over the Galois field GF(2*) = Za[y],y 1y 11-

2. What is the complexity of computing a(x)” in Z,[x], where deg(a) = m?

3. Consider the finite field Zs() = Zs[x], 4442 (= GF (3%)). Determine the
minimal polynomial for 8 = 2a* + a.

2.6 Bibliographic notes

Further material on arithmetic in basic domains can be found in Heindel (1971),
Caviness and Collins (1976), Collins et al. (1983), and Jebelean (1993). Com-
plexity of polynomial multiplication over finite fields is considered in Kaminski
and Bshouty (1989), sparse polynomial division in Kaminski (1987). Handling
of power series in computer algebra is described in Koepf (1992).



Computing by
homomorphic images

3.1 The Chinese remainder problem and the modular method

The Chinese remainder method has already been investigated by Chinese math-
ematicians more than 2000 years ago. For a short introduction to the history we
refer to Knuth (1981). The main idea consists of solving a problem over the in-
tegers by solving this problem in several homomorphic images modulo various
primes, and afterwards combining the solutions of the modular problems to a
solution of the problem over the integers. In fact, the method can be general-
ized to work over arbitrary Euclidean domains, i.e., domains in which we can
compute greatest common divisors by the Euclidean algorithm. An interesting
list of different statements of the Chinese remainder theorem is given in Davis
and Hersh (1981).

Euclidean domains

Definition 3.1.1. A Euclidean domain (ED) D is an integral domain together

with a degree function deg: D* — Ny, such that

a. deg(a - b) = deg(a) for all a, b € D*,

b. (division property) for all a,b € D, b # 0, there exists a quotient g and a
remainder r in D such that a = g - b+ r and (r = 0 or deg(r) < deg(b)).

When we write “r = a mod b” we mean that r is a remainder of @ and b as
in (a). In other words, the function mod b returns a remainder of its argument
modulo b. In the same way we will consider functions quot and rem, yielding
q and r, respectively, for inputs a and b as in Definition 3.1.1.

Example 3.1.1. a. Z with deg(a) = |a| isan ED. Ifa =g -b+r and 0 < r
< |b|, then also g + 1 and r — b are a possible pair of quotient and remainder
for a and b. So in an ED quotients and remainders are not uniquely defined.

b. Every field K with deg(a) =1 for all a € K* is an ED.

c. For every field K the univariate polynomial ring K[x], where the de-
gree function deg returns the usual degree of a polynomial (canonical degree
function), is an ED. In fact, quotient and remainder can be computed by the
algorithm POL _DIVK.

d. If the coefficient ring of R[x] is not a field, then R[x] with the canonical
degree function is not an ED. Consider ax = ¢ - (bx) + r, where a,b € R.
For ¢ and r to be a quotient and remainder of ax and bx, g would have
to be an element of R satisfying a = g - b. This equation, however, is not
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solvable for arbitrary a, b € R*. So, for instance, polynomials over the integers
and multivariate polynomials over a field together with the canonical degree
function do not form Euclidean domains.

In an ED D we have deg(l) < deg(a) for all non-zero a, and deg(l) =
deg(a) if and only if a is a unit. If ¢ is not a unit and non-zero and a = b - ¢,
then deg(b) < deg(a).

Theorem 3.1.1. Any two non-zero elements a, b of an ED D have a greatest
common divisor g which can be written as a linear combination g =s-a+t-b
for some s,t € D.

Proof. Let I = {(a, b), the ideal generated by a, b in D. Let g be a non-zero
element of / with minimal degree, i.e., for all ¢ € I*, deg(g) < deg(c). So
g=s-a+t-bforsomes,t € D. Obviously (g) € I. On the other hand, let
¢ € 1. There are a quotient ¢ and a remainder r such that ¢ = ¢ - g + r and
r =0 or deg(r) < deg(g). Butr € I, so we have r = 0. Thus, (g) = 1. So g
is a common divisor of a and b. Now let ¢ be any common divisor of a and b.
Then ¢ divides s -a+1¢t-b=g. g

Definition 3.1.2. For a,b € D*, D an ED, and g = gcd(a, b), the equation
g=s-a+1t-bis called the Bezout equality and s, t are Bezout cofactors.

The Bezout equality can obviously be generalized to arbitrary elements of
D, if we set gcd(0,0) = 0.

Using Theorem 3.1.1 it is rather straightforward to show that any ED is a
ufd, cf. Exercise 3. So in an ED any non-zero a can be written as a = py - ...
- ps, where pj, ..., ps are prime. This representation is unique up to units and
reordering of the factors.

An ED in which quotient and remainder are computable by algorithms quot
and rem admits an algorithm for computing the greatest common divisor g of
any two elements a, b. This algorithm has originally been stated by Euclid for
the domain of the integers. In fact, it can be easily extended to compute not only
the ged but also the coefficients s, ¢ in the linear combination g =s-a +1¢ - b,
i.e., the Bezout cofactors.

Algorithm E_EUCLID(in: a, b; out: g, s, 1);
[a, b are elements of the Euclidean domain D; g is the greatest common divisor
ofa,band g=s-a+1t-b]
L. (ro,r1,S0,581,%,t):=(a, b, 1,0,0,1);
=1

2. while r; #£ 0 do

{gi = quot(ri_1,ri);

(Fit1s Sivts tigt) i= (rio1, Sic1, tiz1) = Gi + (ris i, 1i)3

i=i+1};
3. (g,s.t) = (ri_1, Si—1, ti—1); return.
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The extended Euclidean algorithm, E_EUCLID, terminates, because deg(r;) de-
creases in every iteration. Throughout the algorithm the relation r; = s;-a+t;-b
is preserved, so at termination we have g = s -a +t - b. Also, throughout the
algorithm gcd(r;, riy) = ged(rigy, riy2). So, when finally a remainder r; = 0
is reached, then the previous r;,_; must be the desired greatest common divisor.

Theorem 3.1.2. Let K be a field, a, b € K[x], deg(a) > deg(b) > 0, a and b
not associates. Let g, s, 7 be the result of applying E.EEUCLID to a and b. Then
deg(s) < deg(b) — deg(g) and deg(r) < deg(a) — deg(g).

Proof. Let ro,ry,...,ri—1,%x = 0 be the sequence of remainders computed
by E_LEUCLID, and similarly g, ..., gi—; the sequence of quotients and sp, sy,
..y Sk fo, t, ..., Iy the sequences of linear coefficients. Obviously deg(q;) =

deg(ri—y) —deg(r;) for 1 <i <k — 1.
For k = 2 the statement ob\_/iously holds. If k > 2, thgn for2 <i<k-1
we have deg(r;) = deg(r1) — Y}, deg(q) < deg(r1) — Y_j; deg(qn), deg(s;) <
};; deg(q;) and deg(t;) < Z;;i deg(g;). So deg(r;) + deg(s;) < deg(r1) and
deg(r;) + deg(z;) < deg(r;) + deg(qy) for 2 <i <k —1.Fori =k — 1 we get
the desired result. O

Corollary. Let a, b € K[x] be relatively prime, ¢ € K[x]* such that deg(c) <
deg(a - b). Then ¢ can be represented uniquely as ¢ = u - a + v - b, where
deg(u) < deg(b) and deg(v) < deg(a).

Proof. By Theorem 3.1.2 we can write | = u-a + v-b, where deg(u) < deg(b)
and deg(v) < deg(a).

Obviously ¢ = (c-u)-a+ (c-v)-b. If c-u or ¢-v do not satisfy the degree
bounds, then we set u’ ;= rem(c - u, b) and v' := ¢ - v + quot(c - u, b) - a. Now
we have c = u'-a + v - b and deg(u’) < deg(b). From comparing coefficients
of like powers we also see that deg(v') < deg(a). This proves the existence of
u and v.

If uy, vy and us, v, are two pairs of linear coefficients satisfying the degree
constraints, then (u; — us) -a = (v2 — vy) - b. So a divides v, — v;. This is
only possible if v, — vy = 0. Thus, the linear coefficients u, v are uniquely
determined. O

Theorem 3.1.3. Let K be a field and a, b € K[x] with deg(a) > deg(b) > 0.
Let g be the greatest common divisor of a and b. Then the number of arithmetic
operations in K required by E_EUCLID is O((deg(a) — deg(g) + 1) - deg(b)).

Proof. Let k be the length of the sequence of remainders computed by E_EU-
CLID, i.e., g = ry_i. The complexity of the body of the “while” loop is dom-
inated by the polynomial division for computing quot(r;_p, ;). By Theorem
2.2.1 the number of arithmetic operations in this division is O((deg(r;) + 1) -
(deg(ri_1) — deg(r;) + 1). So the complexity of step (2), and also of the whole
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algorithm, is dominated by

k=1

(deg(r;) + 1) - (deg(ri—1) — deg(r;) + 1)

i=1

< (deg(b) + 1) - (deg(a) — deg(g) +k — 1) .

Since k — 2 < deg(a) — deg(g), we get deg(b) - (deg(a) — deg(g) + 1) as a
dominating function for the complexity of E_EUCLID. d

The Chinese remainder algorithm

For the remainder of this section we assume that D is a Euclidean domain. The
problem that we want to solve is the following.

Chinese remainder problem (CRP)
Given: ry, ..., r, € D (remainders)

my, ..., m, € D* (moduli), pairwise relatively prime
Find: r € D, such that r = r, mod m; for 1 <i <n

We indicate the size of the CRP by an appropriate index, i.e., CRP, is a CRP
with n remainders and moduli. We describe two solutions of the CRP. The first
one is usually associated with the name of J. L. Lagrange. The second one is
associated with I. Newton and is a recursive solution.

In the Lagrangian solution one first determines u;; such that

I=uyj-mp+uje-mj, for 1 <jk<n, j#Fk.

This can obviously be achieved by the extended Euclidean algorithm. Next one
considers the elements

n
Iy == H Ujpm;, for 1 <k<n.
J=1j#k

Clearly, /;, = 0 mod m; for all j # k. On the other hand, [}, = H;-’:]’j#k(l —
ukjmk) = 1 mod mg. So

n
r=>Yr- I
k=1

solves CRP.

The disadvantage of the Lagrangian approach is that it yields a static algo-
rithm, i.e., it is virtually impossible to increase the size of the problem by one
more pair 7,41, m,4; without having to recompute everything from the start.
This is the reason why we do not investigate this approach further.

So now we consider the recursive Newton approach. Let us first deal with
the special case n = 2, i.e., with CRP,. For given remainders ry, r, and moduli
mp, my we want to find an r € D such that
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1. r= r mod mi,

2. r =rymod my.

The solutions of congruence (1) have the form r; + om, for arbitrary o € D.
Moreover, we also have a solution of (2) if r; + om; = rp mod my, ie., if
om) = rp —rp mod my. By Theorem 3.1.1 there is a ¢ € D such that cm; =
1 mod m». So for o = (ry — ry)c we also get a solution of (2). Thus, we have
shown that CRP; always has a solution. The obvious algorithm is called the
Chinese remainder algorithm.

Theorem 3.1.4 (Chinese remainder theorem). CRP, always has a solution,
which can be computed by the algorithm CRA 2.

Algorithm CRA_2(in: ry, rp, my, my; out: r);

[r1,r2, my, mp determine a CRP, over D; r solves the CRP;]
l. c:=m; modms;

2. ry:=r; modmy;

3. 0 = (r, — ry)c mod my;

4. r:=r;+omy; return.

The general CRP of size n can be solved by reducing it to CRPs of size 2.
This reduction is based on the following facts, which will be proved in the
Exercises.

Lemma 3.1.5. a. Let my,...,m, € D* be pairwise relatively prime and let
M =T['Z] m;. Then m, and M are relatively prime.

b. Letr,r" € D, and m|, my € D* be relatively prime. Then r = r’ mod m;
and r = r’ mod my if and only if r = r’ mod mm,.

So now let R, be a solution of the first two congruences of CRP,. Then the
solutions of the original CRP, are the same as the solutions of the following
CRP,_;

r = Ry mod mym, ,
r=rimodm;, fori=3,....n.

Iterating this process we finally arrive at a CRP of size 2 which can be solved
by CRA_2.

Theorem 3.1.6. A CRP, of any size n always has a solution, which can be
computed by the algorithm CRA _n.

Algorithm CRA_n(in: r, ..., r,, my, ..., my; out: r);
[ri,...,rqy,myq, ..., m, determine a CRP, over D; r solves the CRP,]
1. M :=my;

2. r:=r;y modmy;
3. fork=2tondo
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{r ;= CRA2(r, ri, M, my);

M:=M- m};
return.

Example 3.1.2. We want to find an integer r such that

1. r=3mod4,
2. r=5mod7,
3. r=2mod3.

We apply CRAn in the Euclidean domain Z. First, CRA_2 is applied to the
congruences (1), 2): c =4 'mod7=2,06 = (5-3)-2mod7 =4,r =
3+4.4=19.Sor =19 solves (1), (2). Now the problem is reduced to

1,2) r=19mod28, (3)r=2mod3.

By another application of CRA2 we get c =28 'mod3 =1,0 = (2—19) -
Imod3=1,r=19+1-28 =47. So r =47 is the least positive solution of
the CRP (1), (2), (3).

A CRP of size n > 2 could also be reduced to CRPs of size 2 by splitting
the remainders and moduli into two groups

(r1,...,rL,,/2J, m1,...,an/2J) and

(Pln/2)41s - oo s Ty Mnp2)41s -0 - M)

recursively applying this splitting process to the problems of size n/2, solving
the resulting CRPs of size 2, and combining the partial results again by solving
CRPs of size 2. Such a reduction lends itself very naturally to parallelization. The
disadvantage is that in order to add one more remainder r,4 and modulus m, 4
to the problem, the separation into the two groups of equal size gets destroyed.
That, however, is exactly the pattern of most applications in computer algebra.

The Chinese remainder problem can, in fact, be described in greater gener-
ality. Let R be a commutative ring with unity 1.

Abstract Chinese remainder problem
Given: ry, ..., r, € R (remainders)

Iy, ..., 1, ideals in R (moduli), such that I; + I; = R for all i # j
Find: r € R, suchthat r =r, mod [; for 1 <i <n

The abstract Chinese remainder problem can be treated basically in the same
way as the CRP over Euclidean domains. Again there is a Lagrangian and a
Newtonian approach and one can show that the problem always has a solution
and if r is a solution then the set of all solutions is given by r + 11 N... N I,.
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That is, the map ¢: r +— (r + 1y, ...,r + I,) is a homomorphism from R onto
I_[;'=1 Ry, with kernel I; N... N I,. However, in the absence of the Euclidean

algorithm it is not possible to compute a solution of the abstract CRP. See Lauer
(1983).

A preconditioned Chinese remainder algorithm

If the CRA is applied in a setting where many conversions w.r.t. a fixed set of
moduli have to be computed, it is reasonable to precompute all partial results
depending on the moduli alone. This idea leads to a preconditioned CRA, as
described in Aho et al. (1974).

Theorem 3.1.7. Let ry,...,r, and m,, ..., m, be the remainders and moduli,
respectively, of a CRP in the Euclidean domain D. Let m be the product of all
the moduli. Let ¢; = m/m; and d; = ci_‘ mod m; for 1 <i < n. Then

r =Y cidir; mod m (3.1.1)

i=1
is a solution to the corresponding CRP.

Proof. Since ¢; is divisible by m; for j s i, we have ¢;d;r; = 0 mod m; for
J # i. Therefore

n
Zlcl'djr,‘ =cjdirj=r;modm;, forall 1<j<n. O
i=

A more detailed analysis of (3.1.1) reveals many common factors of the
expressions c;d;r;. Let us assume that n is a power of 2, n = 2'. Obviously,
my - ... -myp is a factor of cidir; for all i > n/2 and mppp 41 -... -my is a
factor of ¢;d;r; for all i < n/2. So we could write (3.1.1) as

n/2 n n n/2
r = (ch/-d,'r,) . 1—[ m; + ( Z c;’d,-r,-) . ]_[m,- , (3.1.2)
i=1 i=n/2+1 i=n/2+1 i=1
where ¢, = (my-...-mpup)/m; and ¢! = (my241-...-my)/m;. The expression

(3.1.2) suggests a divide-and-conquer approach. The quantities we will use are

i+2/—1 i+2/—1
q,-j = l—[ mj and S,‘j = Z q,-jdlrl/ml .
I=i I=i
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For j = 0 we have s;0 = d,r;, and for j > 0 we can compute s;; by the formula

Sij = Sij—1-qit2i-1 j1 Ft Sig2i-1 j1 " Gij—1 -

Finally we reach s;; = r, i.e., an evaluation of (3.1.2). These considerations
lead to CRA _PC, a preconditioned CRA.

Algorithm CRA_PC(in: ry,...,r,, my,...,m,, dy, ..., d,; out: r);
[r1,...,rn,my, ..., m, determine a CRP,, over D,
d; = (m/m;)~" mod m; for 1 <i <n, where m = [Ti=mj,
n = 2" for some t € N; r solves the CRP,]
1. [compute the g;;’s]
fori =1 to n do g;p := m;;
for j=1tor do
fori =1 step 2/ to n do
qij = 4qi,j—1 " Giy2i-) j-15
2. [compute the s;;’s]
fori =1tondosj:=d -ri;
for j=1tot do
for i =1 step 2/ to n do
Sij = Sij—1-qit2i-1 j—1 T Sip2i-1 jo1 " Gij-1;
3. r = sy, return.

A correctness proof for CRA_PC can be derived easily by induction on j.

Example 3.1.3. We execute CRA_PC over the integers for (ry,r,r3, r4) =
(1,2,4,3) and (m;, ma, m3, mg) = (2, 3,5, 7). The corresponding inverses are
(di,d>, d3,ds) = (1,1,3,4). We start by computing the values of the g;;’s in
step (1):

qo=m =2, qo=my=3, gqo=m3=5qo=my=7
qu =mymy =6, g3 =mzmy =35
qi2 = mimoymsny = 210

In step (2) the computation of the s;;’s yields

S10 = 1, $20 = 2, §30 = 12, S40 = 12
S11 = 7, 8§31 = 144
spp = 1109
So the result returned in step (3) is 1109, which is congruent to 59 modulo 210.

In fact, we could reach the minimal solution 59 if in step (2) we took every s;;
modulo g;;.
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CRA over the integers

When we apply the Chinese remainder algorithm CRA to integers, we can always
assume that the moduli are positive and that the function mod m returns the
smallest positive remainder. The following is based on these assumptions.

Theorem 3.1.8. Over the integers the algorithm CRA_n computes the unique
solution of the CRP satisfying 0 < r < [;_; mx.

Proof. By inspection of CRA_2 we find that 0 < r; <m; and 0 < o < m3. So
the result computed by CRA_2 satisfies 0 < r < mm;. Since CRA n is simply
a recursive application of CRA_n we get the bounds for r.

If r, 7’ are two solutions of the CRP within the bounds, then [];_, mk|r —r/,
so they have to be equal.

In a typical application of CRA_n on a computer, the remainders r; and the
moduli m; will be single digit numbers, i.e., they will fit into single computer
words. So when CRA_2 is applied in the “for” loop of CRA_n, r and M are of
length k — 1 and r¢, my are of length 1. In computing M ~!'mod my one divides
M by my and afterwards applies the Euclidean algorithm to rem(M, my) and my.
The division takes time O(k) and the Euclidean algorithm takes some constant
time (inputs are single digits). Steps (2) and (4) in CRA_2 take constant time.
Step (3) in CRA_2 takes time O(k). So the complexity of the call to CRA 2 in
the k-th iteration in CRA n is O(k). Also the multiplication M - m; takes time
O(k). So the whole k-th iteration in CRA_n takes time O(k). By summation
over all iterations we get that the complexity of CRA_n is O(n?).

Theorem 3.1.9. If all the remainders and moduli are positive integers with
0 fzr,- <m; and L(m;) = 1 for 1 < i < n, then the complexity of CRA n is
Owm*).

Theorem 3.1.10. Let n be a power of 2 and let my, ..., m,, rq, ..., r, determine
a CRP over the integers. Assume that every one of the moduli and remainders
has length less than or equal to the positive integer b. Let M(l) denote the
complexity function for multiplying two integers of length /. Then CRA_PC
(where in step (2) all s;; are taken modulo ¢;;) takes time proportional to M (bn)-
log n.

A proof of Theorem 3.1.10 can be found in Aho et al. (1974: theorem 8.12).

CRA in polynomial rings

Let us now consider the Euclidean domain K [x], where K is a field. As for the
case of the integers we investigate the solution of CRP by CRA _n and we give
a complexity analysis of CRA_n. We also consider the case of linear moduli,
which leads to Newton’s scheme of interpolation.



60 Homomorphic images

Theorem 3.1.11. In K[x] the algorithm CRA_n computes the unique solution r
of the CRP satisfying deg(r) < Y i_, deg(m;).

Proof. Investigating the solution r computed by CRA_2, we find that deg(r) =
deg(r; + om;) < max{deg(m;) — 1,deg(m;) — 1 + deg(m)} < deg(m;) +
deg(m;y). Induction yields the degree bound for the output of CRA _n. The unique-
ness can be shown by an argument analogous to the one in Theorem 3.1.8 and
is left to the reader. O

Theorem 3.1.12. If all the remainders r; have degree less than the corresponding
moduli m; and deg(m;) < d for 1 < | < n, then the number of arithmetic
operations in K required by CRA_n on K[x] is O(d*n?).

Proof. In the k-th iteration, the degrees of r and M are bounded by (k — 1)d.
So the division of M by my takes (k — 1)d? arithmetical operations, and the
subsequent application of E_LEUCLID takes d? operations. Steps (2) to (4) of
CRA_2 are also bounded by (k — 1)d?. So the number of arithmetic operations
in CRAn is of the order } ;_,(k — 1)d®> ~ d*n?. O

A special case of the CRP in K[x] is the interpolation problem. All the
moduli m; are linear polynomials of the form x — B;.

Interpolation problem IP
Given: ¢y, ..., a, € K,

Bi, ..., Bn € K, such that g; # B; for i # j,
Find: u(x) € K[x], such that u(8;) = «a; for 1 <i <n.

Since p(x) mod (x — B) = p(B) for B € K, the interpolation problem is a
special case of the CRP. The inverse of p(x) in K[x],x—py is p(B)~!. So CRAn
yields a solution algorithm for IP, namely the Newton interpolation algorithm.
By applying Theorem 3.1.12 we see that the number of arithmetic operations in
the Newton interpolation algorithm is of the order n?.

The modular method

Let P be a problem whose input and output are from a domain D. The basic idea
of the modular method in computer algebra consists of applying homomorphisms
©1,...,9m 0 D, ¢;: D+ D;, such that the corresponding problem P; can be
more easily solved in D; and the solutions of the problems in the image domains
can be combined to yield the solution of the original problem P in D. So usually
we need a criterion for detecting whether the following diagram commutes, i.e.,
whether ¢; is a “good” or “lucky” homomorphism,

D & D
@i {  comm. 7

P;
D; > D;
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and how many homomorphisms we need for reconstructing the actual solution
of Pin D.

The constructive solvability of Chinese remainder problems in Euclidean
domains such as Z or K[x], K a field, enables us to solve many problems in
computer algebra by the modular method. The basic idea consists in solving a
problem P over the ED D by reducing it to several problems modulo different
primes, solving the simpler problems modulo the primes, and then combining
the partial solutions by the Chinese remainder algorithm. In many situations,
such as greatest common divisors or resultants of polynomials, this modular
method results in algorithms with extremely good complexity behaviour.

Exercises

1. Let D be an ED, a, b € D*. Prove that if b is a proper divisor of a, then
deg(b) < deg(a).

2. Prove that in an ED D every ideal is principal.

3. Prove that in an ED every non-zero element can be factored uniquely into a
product of finitely many irreducible elements, up to units and reordering of
factors.

4. Prove that the ring Z[i], i = +/—1, of Gaussian integers is an ED and
compute the ged of 5 — 8/ and 7 + 3i.

5. Let f(x) =x>—x?+2, g(x) = x>+ x+1 be polynomials over Q. Compute
a representation of h(x) = x4 2xas h(x) = p(x)f(x) 4+ q(x)g(x), where
deg(p) < 2 and deg(qg) < 3.

6. Compute the polynomial r(x) € Q[x] of least degree satisfying

r(x) =2x2+1 mod x* +x2 -1
rx) =x+2 mod x2 + 2x + 2.

7. Prove Lemma 3.1.5.

8. Consider an algorithm for solving a CRP, by splitting it into two CRP,
recursively, as long as n > 2. What is the time complexity of such an
algorithm over the integers?

9. Let R be a commutative ring with 1. Let /, I, ..., I, be ideals in R
satisfying I + I = R for 1 <k <n.Provethat I+ 1, N...N I, =R.
10. Let R be a commutative ring with 1. Let 7,, ..., [, be ideals in R

satisfying I; + I; = R for i # j. Then R;;n i, = [Ty Ry
11. Generalize the Corollary to Theorem 3.1.2, i.e., show that for
ay,...,a, € K[x] pairwise relatively prime and ¢ € K[x] with
deg(c) < deg(a;) + ...+ deg(a,) = n there exist uy, ..., u, € K[x] with
deg(u;) < deg(a;) for 1 <i <r, suchthat c =) _, (u; [—[;f:,.j#,. a;).

3.2 p-adic approximation

In contrast to the modular method, which solves a problem by solving various
homomorphic images of the problem and combining the solutions in the im-
age domains by the Chinese remainder algorithm, in this section we consider a
single modulus p. The approach consists of solving a problem modulo p and
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then lifting this solution to a solution modulo p* for suitable k. Newton’s ap-
proximation algorithm for determining the roots of equations can be adapted
to the problem of lifting modular solutions. Throughout this section let R be a
commutative ring with identity 1 and 7 an ideal in R. Before we state and prove
the main theorem on this lifting approach we start with a technical lemma on
Taylor expansion.

Lemma 3.2.1. Let f € R[x|,...,x,],r > 1, y1,...,y, new polynomial vari-
ables. Then
r af
f(xl+y1,---,xr+yr)=f(x1’---vxr)+ _yj+h7
j=10%;

where h € R[x,..., X, y1,...,y]and A =0 (mod (yi, ..., y,)?).

Proof. Obviously

r
f(-xl+ylv'-'vxr+yr)=g(x1,--'vxr)+Zgj(-xlv-”vxr)'yj ()
j=1 *

+h(x19--'7-xrvylv-"vyr)
for some polynomials g, g1, ..., g, h with 1 =0 (mod (yi, ..., y,)?). Substi-
tuting (0,...,0) for (yi,...,y,) in () yields g(x1,...,x,) = f(x1, ..., %)
Derivation of (*) w.r.t. y; by the chain rule yields
ah

(-xlv"-vxrvylv"'vyr) .
9y;

a
5];()61+y1,-.-,xr+yr)=gj(xh---,xr)+
Xj

Substituting (0, ...,0) for (yi,...,y,) and using the fact that dh/dy; = 0
(mod (y1,...,yr)), we get 3f/dx; = g;. O

Theorem 3.2.2 (Lifting theorem). Let I be the ideal generated by py, ..., p
inR, fi,..., fn € Rlx1,...,x,],r >1,and ay, ..., a, € R such that

fitar,...,a;) =0 (modI) fori=1,...,n.

Let U be the Jacobian matrix of fi, ..., f, evaluated at (ay, ..., a,), ie.,
a N
U=(u,-j).-=1 ..... ", where u,-jzi(al,...,a,) .
j=lwr 0x;

Assume that U is right-invertible modulo I, i.e., there is an r X n matrix W =
(wj;) such that U - W = E, (mod I) (E, is the n x n identity matrix).
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Then for every 1 € N there exist a(’) . (’) € R such that

fi@®,....a")y=0 (modI') for 1<i<n,
and
a}’)saj (mod I) for 1<j<r.

Proof. We proceed by induction on . For t+ = 1 the statement is satisfied by

aj(.l)=aj forl <j<r.

Sonow let# > 1 and assume that the statement of the theorem holds for . We
show that it also holds for  + 1. Let gy, . .., g, be the generators of the ideal I
(a possible choice for the ¢’s are the products p{" - - - p; withe; +...+e =1).
By the induction hypothesis there exist vy € R,i = 1,...,n,k = 1,...,m
such that

m
i@, a") =Y vigr - (3.2.1)
k=1
We set

(t+l) (t)

a; + B; forsome Bjel', j=1,...,r

(this guarantees aj( -

= 30 bjkgx so that fia!™V, ... a"") =0 (mod I'*").
Letu;) = 3 (a} ...,aﬁ”)forz=1,...,n,J=1,...,r.ThenbyLemma
3.2.1

= a; (mod 7)) and determine the coefficients b;; in B;

fl( (H—l)’ . 51+1)) — fi(aY) + By, .”’a(t) + B,)

__fl(a(f) o rt))+ ZM(”B (mod IH—I)

& & 322
= kZ VikqGk + Zu,(}) : kz bjkqx 622
- i= =1

I
iygk

;
(i + Z"‘x‘)bjk)CIk for 1 <i<n.
So fi@!"™", ... a*") =0 (mod I'*') if and only if

v,k—i-Zu()bk—O (mod 1) for i=1,....n, k=1,....m. (32.3)

The conditions (3.2.3) determine m systems of linear equations with the common

coefficient matrix (ug.)). But a;’) =a; (mod I), so uﬁ}) = u;; (mod I). Thus,
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in order to solve (3.2.3) it suffices to solve

,
vik + Y uijbixy =0 (mod ) for i=1,....n, k=1,....m. (3.24)
Jj=1

Since W = (wj) is a right-inverse of U, the solution of (3.2.4) is

n
bjk=—ij1v1kmod1 for j=1,....,r, k=1,...,m. O
1=1

The proof of the lifting theorem is constructive, so we can immediately
extract an algorithm LIFT for lifting modular solutions of systems of polynomial
equations.

Algorithm LIFT(in: (p1,..., p1), (fi..... fu). (a1, ..., a;), W, t;out: (@, ...,
ar));

[pi,..., pi generate an ideal I in R, fi,..., f, € R[x1,....x,], ai,...,a,
€ R, such that fi(aj,...,a,) =0 (mod /) fori =1,...,n, Wisanr xn

matrix over R such that U - W = E, (mod /), where U = (u;j) with u;;
— ﬁ

(al,...,a,) fori =1,...,n,j=1,...,r, and ¢ is a positive integer;
the output ai, ..., a, are elements of R such that f;(aj,...,a,) =0 (mod I')
fori=1,...,n,and a; =q; (mod I) for j=1,...,r]
1. for j=1tor do aj(l) = aj;
2. fors=1tor—14do

{compute g1, ..., g, € R such that I* = (qy, ..., gm);

compute viy € R, i =1,...,n,k=1,...,m such that

f,(a(s) ...,aﬁ”):ZZ’zl virgr fori =1,....n

bjx == — Z}qlwﬂvlkmodlforj_l Lnk=1,..., m;

for j =1tor do a(’+” : ” + Y e bikarl;

3. for j=1tor doa .=a()

I return.

Example 3.2.1. Let R = Z, and consider the two polynomial equations

fl(xl,x”’)—xlX7—,x, 10=0,

falxr, x2) =X1 —dxixy+x1=0.

As the ideal I we choose I = (3). An initial solution modulo [ is a; = 1,ay =
—1. So as the evaluated Jacobian we get

v=(3 2)-

A right-inverse of U modulo 7 is
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(Y

Let us carry out the algorithm LIFT with these input values.

Fors—lwegetq1—3anda“)_1 (0 —-1. fi(l,—1) = —4-3, s0
vl = —4. (1, =1)=2-3,50 vy = 2. —W (— 4 27 =@, )T (mod 3), so
we get by =2,by =1 anda;)—7 a‘z)_2

All the following iterations yield (bi1, b21) = (0,0) and in fact we have
reached an integral solution (7, 2) of the system of equations.

Now suppose that we just consider the single equation

filxi,x) =x1x2 —x3 —10=0

and also start with (a1 ,a2 ) = (1, —1). As the inverse modulo 3 we take
= (—1 1)7. With these inputs the algorithm LIFT produces the sequence of

modular solutions (a%”,azw) =(1,-1), (a iZ),ag ) = (—2.2), (a}z), §3)) =
(=20, 20), etc. There are exactly 8 integral solutions of f(x, x2) = 0, namely
(£11, £1), (£7, £2), (£7, £5), (11, £10). Obviously, none of them is ap-
proximated by the lifting process. What we get is an approximation of a 3-adic
solution. However, choosing W = (2 1)7 as the right-inverse of the Jacobian,

and starting from the same initial solution leads to the integral solution (7, 2).

As we have seen in Example 3.2.1, the algorithm LIFT does not necessarily
converge to a solution of the system of polynomial equations in R. For R = Z
and I = (p), p a prime number, we get a so-called p-adic solution.

A brief exposition of what p-adic numbers are might be helpful. Let p be
a prime number. For any nonzero integer a, let the order of a w.r.t. p, ord,a,
be the highest power of p which divides a, i.e., the greatest m such that a =0
(mod p™). The function ord, can be extended to rational numbers x = a /b by
setting ord,,x := ord,a —ord,b. Using the order function we now define a norm
||, on Q by

1
ordp.v o

if x #£0;
|x\1z =3P )
0, if x =0.

| .1, is non-Archimedean. Two Cauchy sequences {«;}, {b;} of rational numbers
w.rt. |.], are called equivalent if |a; — b;|, — 0 as i — oo. Now we define
Q, to be the set of equivalence classes of Cauchy sequences. We define the
norm | .|, of an equivalence class a to be lim;_ |a;|,, where {a;} is any
representative of a.

Arithmetic operations can be defined on Q, in a natural way, so Q,, is a field,
the field of p-adic numbers. The rational numbers Q can be identified with the
subfield of Q,, consisting of equivalence classes containing a constant Cauchy
sequence. (@, is complete w.r.t. the norm | . |, i.e., every Cauchy sequence has a
limit. For a thorough introduction to p-adic numbers we refer to Mahler (1973)
and Koblitz (1977).
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p-adic lifting will play an important role in the factorization of polynomials
with integer coefficients. The special case of the lifting theorem in the context of
factorization is the Hensel lemma. H. Zassenhaus (1969) proposed a “quadratic
Hensel construction.” This idea can be generalized to the lifting theorem in the
following way. Analyzing the proof of the lifting theorem we see that Eq. (3.2.2)
does not only hold modulo 7'*!, but in fact modulo /. So we aim to determine

a"*? such that

fi@™. . alf*hy =0 (mod I*).

This is the case if

u,k+2u“b =0 (mod /') for i=1,....n, k=1,....m. (3.2.5)

The system is solvable if

is invertible modulo 17, i.e., if there is a matrix W such that
v .w" =E, (modlI). (3.2.6)

U = U (mod I) and U is invertible modulo /. So there exists an initial
solution to the system of equations (3.2.6), i.e., a matrix W such that U - W =
E, (mod 7). The Jacobi matrix of the system (3.2.6) is U. Thus, by the lifting
theorem there is a matrix W) satisfying (3.2.6).

The algorithm LIFT_Q lifts both the modular solution and the matrix W in a
q121adratlc manner, i.e., in every step a solution modulo /” is lifted to one modulo
1 !

Algorithm LIFT_Q(in: (pi,..., pp), (f1,..., fu), (a1, ...,a,), W, t; out: (ay,
‘7511'));

[pi,..., p generate an ideal [ in R, fi,..., f, € Rlx,....x ), a1,...,a, €

R, such that fi(a;,...,a;,) = 0 (mod I) fori = 1,...,n, Wisanr xn

matrix over R such that U - W = E, (mod I), where U = (u;;) with u;;
aﬁ

(a1, .yayfori=1,...,n,j=1,...,r,and ¢ is a positive integer;
the outputal,...,&r are elements of R such that fi(a;,...,a,) =0 (mod 12')
fori=1,...,n,and g =a; (mod I) for j =1,...,r]
1. s:=0;
for j =1 tor do a? =a;
J o 7
WO = w;

2. while s < ¢ do
{[determine ideal basis]
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compute g, ..., g, € R such that [Z = Gis- s qm);
[lift a1

compute vik € R,i=1,...,n, k=1, ..., m such that

f,(a(s) L aY) = Yo vikgk fori =1,...,n;

jk_ lew v[kaI'j—'l rk=1 Loamy

(s+l)

for j =1tor do a; (s)+2k 1 bikqu;

[lift W]

(s+1y ._ 3fi ( s+]) +1) .
i .=3f;( O a Ty fori=1, .o n =1,
fork=1,....m compute an n X n matrix Dk over R such that

U(H-l) A E, + Zzl 1 Dka,
fork=1tomdo Z; ;== -W® Dy:
woeth .— we 4 Z;("zl Ziqx;
[increase exponent]
s:=s+1};
3. for j=1tor doa;:= aj(.'); return.

Example 3.2.2. As in the previous example let R = Z, [ = (3),
fitx,x0) =xix; —x3 —10=0,

W= (-1 DT and afo) =1,a (0) = —1 the initial solution modulo 3.

Applying the quadratic 11ft1ng algorithm LIFT_Q we get the approximation
@, a") = (=2,2), @2, a?) = (=20.20), (@', al¥) = (~830,830), ...
of a 3- adlc solution of f; = 0.

fi@?,af’y = 1377810 = 0 (mod 3%' = 6561).

A quadratic lifting scheme obviously takes fewer lifting steps for reaching
a certain p-adic approximation. On the other hand, every single lifting step
requires the lifting of the inverse of the Jacobian matrix.

Exercises

1. Define arithmetic operations such that Q,, is a field and the rational numbers
Q are a natural subfield of Q,.
2. Work out the details in Example 3.2.2.

3.3 The fast Fourier transform

The Fourier transform has innumerable applications in science and technology,
where it is generally used for constructing fast algorithms. In this section we will
introduce and analyze the discrete Fourier transform, its inverse, and applications
to convolutions and products. An efficient algorithm for the computation of the
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discrete Fourier transform, the fast Fourier transform (FFT), will be developed.
Finally, we get the currently fastest known multiplication algorithm for integers.

Throughout this section let K be a computable field and letn = 14 --- 4 1
(n times) be invertible in K, i.e., char(K) f n. A vector a = (ag, ..., d,—1) over
K determines a polynomial

n—1

a(x) = Zakxk . (3.3.1)
k=0

This polynomial can also be represented by its values at n different evaluation
points in K. The discrete Fourier transform of the vector a is exactly such an
evaluation at certain well-chosen points, which are called Fourier points.

Definition 3.3.1. An element w in K is a primitive n-th root of unity iff ©" = 1
and w/ # 1 for 0 < j < n.

So, for example, e>7!/"
complex numbers.

is a primitive n-th root of unity in the field of

Definition 3.3.2. Let w be a primitive n-th root of unity in K. Let A =
(A,'j)oi,"jq, be the (n x n) matrix with A,'j =w".Leta = (ay, ay, ..., a,,_|)T be

a vector of length n over K. The vector F,(a) = A - a, whose i-th component

0O <i <nis Z;(]) arw'*, is the discrete Fourier transform (DFT) of a

(w.r.t. w).
Obviously the i-th component ZZ;& arw'™* of F,(a) is the evaluation of the
polynomial in (3.3.1) corresponding to the vector a at x = '. We can write

Fo(a)o
Fy(a)
Fw(a) = .
Fw(a)n—l
1 1 1 o 1 o
| ® w2 L a)n—] aj
_ ! . =A-.-qa
| wn_] a)Z(n—]) - a)(”_l)_ ap—1

The matrix A is the evaluation of the Vandermonde matrix at . We call A the
Vandermonde matrix at w of order n.

Sometimes we think of the argument a to the Fourier transform as a vector,
and at other times as a polynomial. We will freely use whatever notion is more
convenient. Moreover, we allow ourselves to write the vector ¢ sometimes as a
column vector and at other times as a row vector.
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Lemma 3.3.1. Let w be a primitive n-th root of unity in K, and let A be the Van-
dermonde matrix at w of order n. Then A is regular and Al = %(w'”)osi,jm.

Proof. Let A~! be defined as above. The element in the i-th row and j-th
column of A- A7 is

. ln——l ki

Swij = ;k;)w’ w™ .

Obviously w;; = n for 0 < i < n. Now let i # j. Then wi; = Y j_g =k,

Since 0 <| i — j |< n, we have o'~/ # 1. Using the summation formula for
geometric series we get

i—jyn _ nyi—j __
wy =@ _ @yl 0
T Wit~ w =i —1

Definition 3.3.3. Let n, w, A and a be as in Definition 3.3.2. The vector Fajl (a)

= A™! - a, whose i-th component (0 < i < n) is % Z;(l, arw ™%, is the inverse
discrete Fourier transform (iDFT) of a (w.r.t. ).

In order to speed up the evaluation of the polynomial (3.3.1), we will use
the fact that the set of Fourier points {w' | 0 < i < n} contains an additive
inverse of every one of its elements for properly chosen n.

Lemma 3.3.2. Let n = 2m, w a primitive n-th root of unity in K. Then
a. "t =—w for0<j<m,

b. @’ is a primitive m-th root of unity.

Proof. a. Since w is an n-th root of unity, we have

(wm+j) (wj)z n (a)j)z

Any solution of x2 — (w))? = (x + @) (x — w’) must be either v/ or —w/. But

"+ wl | so we must have 0"t/ = —w/.
b. Clearly w? is an m-th root of unity. If (w?)/ = 1 for some 0 < j < m,
then o* = 1 for some 0 < k < n, in contradiction to  being primitive. a

Theorem 3.3.3. Let n = 2m, w a primitive n-th root of unity in K. With the
notation

m—1 .
a(x) =a?(x?) + x - a9(x?), a¥(y) = Yoarjy’, a“(y) = Z agj+1y
j=0 =0
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we can express Fy(a) as

[ a® \ a®©(1) +a“ (1)
a(w) a'(w?) + wa' (w?)
e ( )_ a(wm—l) B a(e)((wZ)m—l) _+_wm—1a(o)((w2)m—l)
SO=N e | T a (1) — a'o (1)
a(wm+l) a(e)(wZ) _ a)a(o)(a)Z)
a(me—l) a(e)((wZ)m—l) _ wm—la(o)((w2)m—l))

Proof. The first m components of F,(a) are obvious. For 0 < j < m we
have "%/ = —w/ by Lemma 3.3.2. So a(0"t/) = a(—w’) = a@ ((w)?) —
wla? (w')?). O

From Theorem 3.3.3 and Lemma 3.3.2 (b) we see that F,(a) can be evalu-
ated very efficiently if n is a power of 2. This observation is the basis for the
fast Fourier transform.

Algorithm FFT(in: n,w,a; out: b);
[the integer n is a power of 2 and invertible in K, w is a primitive n-th root

of unity in K, a = (ag, ...,a,—;)7 is a vector of length n over K, which is
also interpreted as a polynomial a(x) = ;’;01 a;x'; b is the Fourier transform
F,(a) of a.

We assume that the powers w,0<i<n,are precomputed. ]
1. if n =1 then {b := a; return};
2. m:=n/2,
a' = (az)izo,..m-1; a9 = (a2i4+1)i=0....m—1;
3. [recursive calls]
c'® := FFT(m, ?, a'®y;
9 = FFT(m, w?, a?);
4. [combination]
for j:=0tom —1do
{bj :== cj(.e) + -cj(f));
bmtj = c;e) -
return.

i A0y,
w Cj }a

Example 3.3.1. Let K = Zj7,n = 8, w = 2. Then n is invertible in K and w is a
primitive n-th root of unity in K. We compute the Fourier transform of the vector
a=(2,3,51,4,6,1,2)" by the algorithm FFT. a is decomposed into its even
and odd parts a'© = (2,5,4, DT, a'® = (3, 1,6,2)7. Recursive application of
FFT to 4,4, a'? yields the vector ¢©) = (12, 14,0, 16)7. Recursive application
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of FFT to 4, 4, a® yields the vector ¢! = (12, 10, 6, 1)7. So in the combination
step we get b= (7,0,7,7,0, 11, 10, 8)7T as the Fourier transform of a.

Theorem 3.3.4. The number of field operations in the algorithm FFT is %n log, n.

Proof. The time (number of field operations) T (r) of executing FFT on an input
of length n satisfies the equation

T(n) =2T(n/2) + 3n .

Iterating this formula (log, n — 1) times gives
T(n) = 3(log, m)2"°&"~! 4+ nT(1) .

But 7 (1) =0, so we get %n log, n as the total number of field operations. [J

For executing FFT over finite fields we need to know whether for a given n
we can find an appropriate finite field Z, and a primitive n-th root of unity in it.
Fortunately this is the case.

Theorem 3.3.5. Z, has a primitive n-th root of unity if and only if n | (p —1).

Proof. By Lagrange’s theorem, the order of a group element divides the order
of the group. So n must divide the order p — 1 of the multiplicative group Z;.

Now suppose n | (p — 1). The multiplicative group of Z, is cyclic, so it
contains a primitive element a. Thus, 8 = «?~"/" has order n in Zj,, i.e., B is
a primitive n-th root of unity in Z,,. g

So for n = 2* there is a primitive n-th root of unity in Z, if and only if p
is of the form

p=2%g+1.

The generalized prime number theorem states that for relatively prime integers
a, b the number of primes less or equal to x in the arithmetic progression a-q +b
(g =1, 2,...) is approximately

X

1 ¢(a) ,
og x

where ¢ is Euler’s phi function. As a consequence we get that the number of
primes p = 2%q + 1 < x is approximately

X k-1

log x
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For instance, there are approximately 180 primes p = 2¢¢ + 1 (¢ odd) with
exponent k > 20 below x = 23!, Any of these primes could be used to compute
FFTs of size 2%,

Polynomial multiplication and convolution

There exists a very tight connection between the Fourier transform and the
evaluation of polynomials. Let

n—1

a(x) = Y a;x'
i=0

be a polynomial of degree n — 1. We can represent a by its vector of coefficients
(ag, ...,an—1), or by its values at n distinct evaluation points xg, ..., Xy—|.
Computing the coefficient representation of a polynomial from the list of values
at evaluation points is interpolation. On the other hand, the DFT of the coef-
ficient vector is the representation of a as the values at the evaluation points
o, w,...,0""". So the inverse DFT is just a particular way of interpolating,
namely w.r.t. interpolation points which are the powers of a primitive root of
unity.

Definition 3.3.4. Leta = (ay, ...,a,-1), b = (by, ..., b,_1) be vectors over K.

The convolution of a and b, written as a O b, is the vector ¢ = (cg, ..., Can—1),
with ¢; = Z;’;é ajb;_;, where ay = by =0 fork <Oork <n.
The positive wrapped convolution of a and b is the vector ¢ = (cg, ..., Cr—1)
: i n—1
with ¢; = Zj:O ajbi—j + Zj=i+l ajbpyi-j.
The negative wrapped convolution of a and b is the vector ¢ = (cg, ..., cy—-1)

. _ i n—1
with ¢; = 3% _gajbi—; — 310 ajbuyi-j.

The motivation for considering convolutions comes from the multiplication
of polynomials. The coefficients of the product of two polynomials of degree
n — 1 are exactly the components of the convolution of their coefficient vectors.
On the other hand, if the polynomials are represented as their values at 2n eval-
uation points, the representation of their product can be determined by pairwise
multiplication of the values.

Theorem 3.3.6 (Convolution theorem). Let w be a primitive 2n-th root of unity
in K. Leta = (ap,...,an—1) and b = (bg, ..., b,—1) be vectors of length n
over K, and @ = (ay, ..., a,—1,0,...,0), b= (bg, ..., by—1,0,...,0) the cor-
responding vectors of length 2n, where the trailing components have been filled
with 0’s. Thena © b = F, Y(F,(a) - F,(b)), where “-” means componentwise
multiplication.

Proof. Obviously the vector ¢ = a O b consists of the coefficients of a - b. So
if we can show that F,(c) = F,(a) - F,(b) then we are done. But this is clear,
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since every line is of the form
hSa by =h"(a) h(b)
where . is the evaluation homomorphism w.r.t. o'. g

Example 3.3.2. Let us suppose that we are given the polynomial a(x) = x + 10
and we want to compute (x + 10)?. Making use of the convolution theorem
we represent a as the vector (10, 1, 0. 0), apply the Fourier transform F,, w.r.t.
some 4th root of unity w, F,(a) = (ao, a, a», as), raise all the components
of the transform to the third power, and apply the inverse Fourier transform,
getting Fw"(&g,&f, &g,&;) = (1000, 300. 30, 1), representing the polynomial
x% 4+ 30x? + 300x + 1000 = a(x)?.

Quite clearly this approach will be a slow-down compared to the usual
method of multiplication. The same is true for higher degree but sparse poly-
nomials. However, if the polynomials to be multiplied are of high degree and
dense, then the Fourier transform might be a feasible alternative.

The addition of trailing 0’s can be avoided by using the wrapped convo-
lutions. In describing the Schonhage-Strassen multiplication algorithm we will
make use of the wrapped convolutions. Evaluating two polynomials of degree
n — 1 at n points, multiplying these values componentwise, and applying the
inverse transformation, we get exactly the components of the positive wrapped
convolution.

Theorem 3.3.7. Let w be a primitive n-th root of unity in K, > = w. Let
a={(ag,...,a,-1) and b = (by, ..., b,_1) be vectors of length n over K.

a. The positive wrapped convolution of ¢ and b is Fw‘l (Fy(a) - F,(b)).

b. Letd = (dp, ..., d,—1) be the negative wrapped convolution of @ and b. Let

a, b and d be defined as (ag, Yay, . . . . U an_y), (bo, Wby .. Y ),
and (do. Y. ..., ¥""'d,_1). Then d = F; ' (F, (@) - F,(b)).

Proof. We consider only part (b). Observe that

p n—1
dp = Zaj “bp—j — > aj by, ;.
Jj=0 j=p+l

Let F(d) = (d,....d._)), ie.,

n—1

dj = Zw”-d,,-d”:
p=0



74 Homomorphic images

n—1 p . n—1 n-1 .
=22V aj by =3 ¥ Y aj bupj-”

p=0j= p=0j=p+1

n—1p / n—1 n—1 + !
=YYyl ai by P+ Y Y aj by, 0P (33.2)

p=0j=0 p=0j=p+1

On the other hand, let
F@) =(ay....a, ), a =Y 9% a, 0,
Fby= (b, ....b,_), b=y b o,
ie.,

n—1ln—1
@ b= T YT ay by 0l

== 3.3.3
n—1s n—1 n—1 (3.3.3)
= Z Zws “ar - by o+ Z Z Wnﬂ “a; - bpysy - o™ .
s=0r=0 s=0t=p+1
The statement follows from (3.3.2) = (3.3.3). O

Theorem 3.3.8. Let w be a primitive n-th root of unity in K, > = w, ¥" = —1.
Leta = (ao, ...,ay—1) and b = (b, ..., b,—) be vectors of length n over K.
The convolution a © b as well as the wrapped convolutions of a and b can be
computed in O(n logn) arithmetic operations.

Proof. Combine Theorems 3.3.4, 3.3.6, and 3.3.7. O

FFT in the integers modulo m

With only slight modifications of the proofs, the whole theory of the fast Fourier
transform can be generalized to commutative rings with identity R, see for in-
stance Aho et al. (1974). The complexity bounds remain the same. Fourier trans-
forms in rings Z,, are particularly important in the fast Schonhage—Strassen in-
teger multiplication algorithm. For given n and w, powers of 2, we will need to
explicitly find a ring Z,, in which we can execute the Fourier transform. The
existence and form of such an m is given by the following theorem.

Theorem 3.3.9. Let n and w be powers of 2 with positive exponents and let
m ="+ 1.1In Z, there is a multiplicative inverse of n and w is a primitive
n-th root of unity.
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Proof. m and n are relatively prime, so n is invertible in Z,,. We have o" =
w"? - w"? = (=1) - (=1) = 1 mod m. So w is an n-th root of unity in Zy,.
Finally we have to show that w/ # 1 for 0 < j < n. For 0 < j < n/2 we

have 1 < w/ <m —1, 50 @/ 5 +1 modulo m. For j = n/2 we have o/ = —1
modulo m. For n/2 < j < n we have o/ = o"?w/™? = —w/™"/? # £1
modulo m. O

Now let us determine the bit complexity of the Fourier transform in rings
D, m = "2 + 1.

Theorem 3.3.10. Let @ and n be powers of 2 and m = ©"/? + 1. Let a =
(ag,ay,...,a,—1) be a vector over Z and 0 < a; < m for each i. Then the
DFT of a and the iDFT of a modulo m can be computed in time dominated by
n? logn log .

Proof. We apply the algorithm FFT. The time T (n, w) for executing FFT on
inputs of size (n, ) is 2 times the time for executing FFTs of size (n/2, w?)
(from step (3)) plus 2(n/2) times the time for executing the multiplication by
w’ and the subsequent addition or subtraction in step (4) for computing b; or
bm+j. Multiplication by w’ is a left-shift, and the result is less than «". So we

can write o/ - c;o) = z0 + z10"% = 70 — z; mod m, where 0 < z; < »"/?, and

therefore the computation of b; takes time dominated by logm ~ nlog w. Thus,
we get

T(nw) < 2T (5. 0%) +n’logw .
Iterating this equation logn times, we get the complexity of the DFT as
T(n,w) < n*logn logw .

For computing the iDFT we substitute w™! for @ in FFT. Multiplication by
w7 is the same as multiplication by " ~”. This means that the multiplication in
step (4) is again a left-shift yielding a result bounded by w®/?". Therefore either
w™ i = —1modmor o™ -cf” = z9+210"? + 220" = 20—21 +22 mod m.
So the computation of b; takes time dominated by logm ~ nlogw and we get
the same complexity bound as above. The only complication is that now we
need to multiply the result by 1/n. If n = 2, then

ok pnilega—k Zgnloge — ()t = ()" 4 22 4 2=m-m+1=1modm ,
so multiplication by n~! can be computed as a left-shift by n log w —k positions.
The result is again bounded by w®/?" so its remainder modulo m can be
computed in time dominated by nlogw. Thus, also the time for computing
iDFT is dominated by n? logn logw. O
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The Schonhage-Strassen integer multiplication algorithm

In Sect. 2.1 we have introduced the Karatsuba algorithm INT_MULTK for multi-
plying two integers of length n by partitioning them into integers of length n/2.
The complexity of INT_MULTK is proportional to 7'°¢23. This approach is gen-
eralizable and leads to the so-called Schonhage-Strassen integer multiplication
algorithm (Schonhage and Strassen 1971).

We represent the inputs as b blocks of / bits each. These & blocks are
regarded as the coefficients of a polynomial. In order to get the coefficients of
the product of these polynomials, we evaluate them at suitable points, multiply
these values, and interpolate. Choosing the n-th roots of unity as evaluation
points, we can apply the algorithm FFT and the convolution theorem. Recursive
application of this process leads to a multiplication algorithm for integers of
length n with complexity n logn loglogn.

For simplifying the analysis we will assume that n is a power of 2. This
can always be achieved by adding leading O’s and the complexity function
will remain unchanged (only the constant factor is increased). Actually we will
compute the product of two integers of length » modulo 2" 4 1. If we want
the exact product of two integers of length n, we must again add leading 0’s
and compute the product of integers of length 2z modulo 2% + 1. Again, the
complexity function remains unchanged.

So now let # and v be binary integers in the range 0 < u, v < 2" which
should be multiplied modulo 2" + 1. If either u or v is equal to 2", we use the
special symbol —1 to represent it and we treat this situation as an easy special
case,e.g, u2"=—u=2"+1—umod?2" + 1.

Now for n = 2¥ we set b = 2%/ for k even and b = 2*~1/2 for k odd.
Furthermore, let / = n/b. Then [ > b and b | [. Both « and v are decomposed
into b blocks of / bits each. So

o | - [w | o | lw |

N e’ e N’ N e’
! bits [ bits ! bits [ bits

u=up_ 20V w2 4wy and v=vp_ 28V 2 g
The product of u and v is

W = yop 22V 2l (3.3.4)
where

b—1
yi=Zujv,-_j, 0<i<?2b.
j=0

We assume that u; = v; =0 for j <O or j > b~ 1. The term y, | is 0 and
is only present for reasons of symmetry.
The product uv could be computed by application of the convolution the-
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orem. This would mean that we need 2b multiplications and shifts. However,
if we use wrapped convolutions, we need only b multiplications. This is the
reason for computing uv modulo 2" + 1. Because of 22/ + 1 = 2" 4+ 1 we have

Y2+ 2% = (3 — ype)2' mod 2"+ 1.
So (3.3.4) is transformed to

uv = wb_lz(b_l)] +--- 4 w12] +wymod 2" + 1,

where
Wi =Yy — Yoti» 0=i<b.

Since the product of two binary numbers of length / is less than 2% and since
yi and ypy; are sums of i + 1 and b — (i + 1) of such products, respectively,
we get the bounds —(b — 1 —i)2% < w; < (i + 1)2%. So w; has at most 2%
possible values. If we can compute the w;’s modulo »2% then we can compute
uv modulo 2" + 1 in O(b log(h2%)) additional steps by adding the w;’s after
appropriate shifts.

For computing the w;’s modulo »2% we compute them both modulo b and
modulo 2% + 1. Let w; = w; mod b and w;" = w; mod (2% +1). b is a power
of 2 and 2% + 1 is odd, so b and 2% + 1 are relatively prime. b = 27 divides ,
so it also divides 2%, and therefore we have 2% + 1 = 1 mod b. As in the proof
of the Chinese remainder theorem we get

wi = 2% + D((w] — w!) mod b) + w/’
and —(b — 1 —i)2% < w; < (i +1)2%. The complexity of computing w; from
w; and w;" is O( + logb) for each i (O(logb) for w; — w! mod b, O(l) for
the shift by 2/ positions, O(/ + logb) for subsequent additions). So in total the
complexity is O(bl + b logb) or O(n).

The w;’s are computed modulo b by setting u; = u; mod b and v, = v; mod
b and forming the binary numbers

u

u)_,00...0u},_,00...0...00...0u) .
0 =v,_,00...0v,_,00...0...00...0v,

of length 3b log b. Every block of 0’s has the length 2 log . The computation of
the product &9 by the Karatsuba algorithm takes time O((3b logb)' ), i.e., less

than O(n). a0 = ¥:25" 2@ 1edi where y/ = ij.ial u;v;_;. Furthermore,
! < 231gb S0 the y;’s can easily be extracted from the product /9. Then the
Y Y y p

values of the w;’s modulo b are simply y; — y, .. mod b.

The w;’s modulo 2% +1 are computed via a wrapped convolution. This means
we have to compute a DFT, multiply the resulting vectors componentwise, and
compute an iDFT. Let w = 2%/* and m = 2% + 1. By Theorem 3.3.9 b has
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a multiplicative inverse in Z,, and w is a primitive b-th root of umtir So by
Theorem 3.3.7 the negatlve wrapped convolution of [ug, Yuy,..., V1]
and [vg, Yvy, ..., ¥ lv,_,], where Y= 22/b s of the form

[0 — ¥6), YOt = Yps1)s -+ - WO b1 — yap_1)1 mod 2% 41,

where y; = thé ujv;_j for 0 <i <2b — 1. Now the w;’s modulo 22l 4 1 can
be computed by appropriate shifts.

Algorithm INT_MULTSS(in: u, v, n; out: w);

(u, v are binary integers of length n, n = 2* for some k € N;

w is a binary integer such that w = uv mod 2" + 1.]

0. For small n apply one of the usual multiplication algorithms.
For big n (n > 3 at least) set b = 2/2 if k is even and b = 2*~D/2 if k is
odd, and [ = n/b.
Let u = Zl.’ Vu;2i and v = Zf’;(} v; 2!, where 0 < u;, v; < 2! — 1, be the
representations of u, v in the positional number system with base 2.

1. Call FFT for computing F,[uq, wul, o, ¥ lup_1] modulo 2% + 1 and
Fylvo, Yvr, ..., ¥*"lvy_1] modulo 2% + 1, where w = 2%/ and = 2%/°.

2. Apply INT_MULTSS recursively for computing the pairwise products of the
DFTs of step (1) modulo 2% 4 1. The case that one of the components is 22
is treated as a special case.

3. Compute the iDFT modulo 2% + 1 of the vector of pairwise products of
step (2).

The result is [wo, Ywy, ..., ¥*~Twp_;] modulo 2% + 1, where w; is the i-th
component of the negative wrapped convolution of [ug, uy, ..., up_1] and
[vo, v1, ..., vp—1].

Compute w! = w; mod 2% + 1 by multiplication of ¥'w; by ¥~/ modulo
22+ 1.
4. Compute w,f = w; mod b as follows:
a. Set u; = u; mod b and v] = v; mod b for 0 <i < b.
b. Construct the binary numbers # and v by concatenating the u;’s and v;’s
with blocks of 2log b zeros in between.
Sof = Zb—l /2(3logb)1 and © = Zb 01 /2(3logb)t
c. Compute the product uv by the Karatsuba algonthm
d. The product ad is Y ;75" y/2G18Di where y! = Zziol Wi ;.
Set w; = (y; — ¥ ,)modb f0r0<z <b.
5. Compute the w;’s as w; = (2% + 1)((w w/") mod b) + w!, where
—b-1 —1)22’ < w; < G+ 1)2%.
6. Setw = Z-b_o w; 2 mod 2" + 1.

Theorem 3.3.11. The complexity of the algorithm INT_MULTSS is O(n logn -
loglogn).

Proof. Let M(k) be the complexity of applying INT_MULTKSS to binary inte-
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gers of length k. Then by Theorem 3.3.10 the complexity of the steps (1) to (3)
is

O(max{b? - logh - 1og2%/", b- M(b -log2%/%)})

= O(max{bl -logb, b- M(2)})

=0l -logb+b-MQ2D) ,
where the first term in the complexity bound comes from the Fourier transforms
and the second term from the multiplications of the components. The length of
i and 9 in (4) is bounded by 3b - log b, so the multiplication by the Karatsuba
algorithm takes time O((3b - loghb)'®). For sufficiently big b we have (3b -
logh)!® < b2, so that the complexity for step (4) is dominated by the term
O(b? logb) in the complexity bound for (1)-(3). The steps (5) and (6) are of
complexity O(n) and can be neglected.

Using the fact that n = bl and b < \/n we get the recursive relation

M@m) <c-n-logn+b-M(Q2I) (3.3.5)

for a constant ¢ and sufficiently big n. Setting M'(n) = M (n)/n, we can trans-
form (3.3.5) into

M'(n) < c-logn +2M'(2])

and furthermore by / < 2./n into
M'(n) <c-logn +2M'(4/n) . (3.3.6)
Now by induction on n we can show that
M'(n) <c’ -logn -loglogn for some ¢’ . (3.3.7)
Assume that (3.3.7) hold for all m < n. Then by the induction hypothesis

M'(n) <c-logn+2M'(4/n)

<c-logn+2-c -log(4/n) - loglog(4+/n)

=c-logn+2-c'- (24 3logn) - log(2 + { logn)

=c-logn+4-c -log( 2+ 3logn )+c -logn -log(2 + §logn)
——— e e’
< %logn for suf-
ficiently big n

<c-logn+4c -log% +4c" -loglogn

+ ¢ logn-log%+c -logn -loglogn .

For sufficiently big n and ¢’ the first four terms are dominated by the forth,
which is negative. So M’(n) < ¢’ - logn - loglogn. This proves (3.3.7).



80 Homomorphic images
Relation (3.3.7) implies

M) <c' -n-logn-loglogn . O

Example 3.3.3. Let us demonstrate how the algorithm INT_ MULTSS works by

applying it to u = 217 and v = 145. We choose n = 16 = 2%, ie., k = 4.

0. b=2% =4 and [ = n/b = 4. We decompose the binary representations
of # and v into blocks:

u = 0000-2*3 + 0000-2*2 + 1101 -2*" + 1001 -2*9,
~— —— —— —~—

us3 us ) up

v = 0000-2*% + 0000 -2*2 + 1001 -2*" 4 0001 -2*°.
—— —— —— —

v3 ] 23] Vo

1. ¢ =22%4* =4, w = Y% = 16 is a primitive 4th root of unity modulo 28+1.
As the DFT modulo 28 4+ 1 of [ug, Yuy, ¥2uz, ¥3u3] = [9, 52,0, 0] we get
(61,70, 214, 205]. As the DFT modulo 28 + 1 von [vo, Yvi, ¥2v2, ¥3v3] =
[1,36,0,0] we get [37, 63,222, 196].

2. The pairwise product modulo 28 + 1 is p = [201, 41, 220, 88].

3. Now we have to compute the inverse DFT modulo 2841 of p,i.e., Fajl (p) =

F,-1(p), where o~ = 241. We get F" (p) = 4[36 219,35,0] = [wo
1/fw1, wzwz ¥3ws] mod 28 + 1. So the w!”s are wj =9, w{ = %4, wg
117, w3 =0.

4. a. [uo,ul,uz, 3] {1,1,0,0], [v0 vl,vz,v3]- [1,1,0,0].

b.a= 00 0000 00 0000 Ol 0000 Ol

’ ’
Il3 M M llo

U= 00 0000 00 0000 01 0000 01

’

v; v2 v1 v0
c. av = 0---0000001 000010 000001.
.Vz .Vi ,"0
d. wy=y)—y, mod 4 =1,
w:l =yi —yé mod 4 = 2,
w/2=y;—y9mod4: 1,
w; = 3—y7mod4=0.

5. wo=Q+1)- (1 -9 mod4) +9=09,
w; =284+ 1) - ((2 —94) mod 4) + 94 = 94,
2 =%+ 1) - (1 =117 mod 4) + 117 = 117,
=2+ 1)-((0=0)mod4) +0=0.
6. Combmmg these partial results we finally get w = wo2° + wi2* + wy2% +
w32'? = 31465.
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Exercises

1. Let @ be a primitive n-th root of unity in K, and let # = 2m. Show that %
is a primitive m-th root of unity in K.

2. Let w be a primitive n-th root of unity in K, and let n be even. Show that
c071/2 = —1.

3. How could you use the Fourier transform to compute the product of
x99 4 1 and x'% 4 x over C? How many evaluations points do you need?

4. Prove Theorem 3.3.7 (a).

3.4 Bibliographic notes

The modular approach and the technique of p-adic lifting are treated in Lauer
(1983). For a way of exploiting sparseness in Hensel lifting we refer to Kaltofen
(1985b).

The fast Fourier transform has been discovered by J. M. Cooley and J. W.
Tukey (1965). The discrete Fourier transform has a long history. In Cooley et al.
(1967) the roots of the FFT are traced back to Runge and Konig (1924). For
overviews on FFT we refer to Cooley et al. (1969), Aho et al. (1974), or Lipson
(1981).



Greatest common divisors
of polynomials

4.1 Polynomial remainder sequences

If K is a field, then K[x] is a Euclidean domain, so ged(f, g) for f, g € K[x]
can be computed by the Euclidean algorithm. Often, however, we are given
polynomials f, g over a domain such as Z or K[xy, ..., x,—1] and we need to
compute their ged.

Throughout this section we let I be a unique factorization domain (ufd) and
K the quotient field of I.

Definition 4.1.1. A univariate polynomial f(x) over the ufd I is primitive iff
there is no prime in / which divides all the coefficients in f(x).

A key fact concerning primitive polynomials has been established by C. F.
Gauss.

Theorem 4.1.1 (Gauss’s lemma). Let f, g be primitive polynomials over the
ufd /. Then also f - g is primitive.

Proof. Let f(x) = Y L ga;x', g(x) = Y !_ob;x'. For an arbitrary prime p in
I, let j and k be the minimal indices such that p does not divide a; and by,
respectively. Then p does not divide the coefficient of x/** in f - g. O

Corollary. Gced’s and factorization are basically the same over I and over K.

a. If f1, f2 € I[x] are primitive and g is a gcd of f; and f; in I[x], then g is
also a ged of fi and f> in K[x].

b. If f € I[x] is primitive and irreducible in /[x], then it is also irreducible in
K[x].

Proof. a. Clearly every common divisor of f; and f, in I[x] is also a com-
mon divisor in K[x]. Now let g’ be a common divisor of f; and f; in K[x].
Eliminating the common denominator of coefficients in g’ and making the result
primitive, we get basically the same divisor. So w.l.0.g. we may assume that g’
is primitive in /[x]. For some primitive ky, hy € I[x], a;, a; € K we can write
fi=ai-hi-g, fr=ay hy-g. Since, by Gauss’s lemma, h;g’ and h,g’ are
primitive, a; and a> have to be units in /. So g’ is also a common divisor of f;
and f, in I[x].

b. Suppose f = f;- f, for some fi, f» € K[x]\ K. Then for some primitive
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fl,f2 € I[x]\ I anda € K we have f =a- f|- f;. By Gauss’s lemma f - f2
is also primitive, so a has to be a unit.

By this corollary the computation of gcds in /[x] can be reduced to the
computation of gcds in K[x]. From a complexity point of view, however, this
reduction is not very efficient, since arithmetic in the quotient field is usually
much more costly than in the underlying integral domain. In the following we
will develop methods for working directly in the ufd /.

Definition 4.1.2. Up to multiplication by units we can decompose every poly-
nomial a(x) € I[x] uniquely into

a(x) = cont(a) - pp(a) ,

where cont(a) € I and pp(a) is a primitive polynomial in I[x]; cont(a) is the
content of a(x), pp(a) is the primitive part of a(x).

Definition 4.1.3. Two non-zero polynomials a(x), b(x) € I[x] are similar iff
there are similarity coefficients «, 8 € I'* such that a - a(x) = B - b(x). In this
case we write a(x) 2 b(x). Obviously a(x) = b(x) if and only if pp(a) = pp(b).
>~ is an equivalence relation preserving the degree.

Now we are ready to define what we mean by a polynomial remainder
sequence.

Definition 4.1.4. Let k be a natural number greater than 1, and fi, f>, ..., fitl
polynomials in /[x]. Then fi, f, ..., fit1 is a polynomial remainder sequence
(prs) iff

deg(f1) > deg(f2) ,
fi#0 for 1l<i<k and fry1 =0,
fi@prem(fi_, fi—1) for 3<i<k+1.

Lemma 4.1.2. Let a, b, a’, b’ € I[x]*, deg(a) > deg(b), and r =~ prem(a, b).
a. Ifa~a’and b > b’ then prem(a, b) ~ prem(a’, b’).
b. gecd(a, b) ~ ged(b, r).

Proof. a. Let aa = o'a’, Bb = B'b’, and m = deg(a), n = deg(b). By Lemma
224

B " laprem(a, b) = prem(ca, Bb)

= prem(e’a’, B'b) = ()" " Ta'prem(d’, b') .

b. Clearly a, b and b, prem(a, b) have the same primitive divisors, so gcd(a,
b) >~ gcd(b, prem(a, b)), and by part (a) this is similar to gcd(b, r). O
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Algorithm GCD_PRS(in: a, b; out: g);

la, b e I[x]*, g = gcd(a, b)]

1. if deg(a) > deg(b)

then {f) := pp(a); f2 ;= pp(b)}

else {fi ;== pp(D); f2 :=ppl@)};

d = gcd(cont(a), cont(b));

compute f3,..., fx, fke1 = O such that fi, fo, ..., fi,0is a prs;
g :=d - pp(fi); return.

W

Therefore, if fi, f2, ..., fr, 0 is a prs, then

ged(f1, f2) > ged(f2, f3) = ... = ged(fui, fi) = fi -

If fi and f, are primitive, then by Gauss’s lemma also their gcd must be
primitive, i.e., gcd(fi, f2) = pp(fx). So the gcd of polynomials over the ufd /
can be computed by the algorithm GCD_PRS.

Actually GCD_PRS is a family of algorithms, depending on how exactly we
choose the elements of the prs in step (3). Starting from primitive polynomials
f1, f», there are various possibilities for this choice.

In the so-called generalized Euclidean algorithm we simply set

fi=prem(fi—, fi-1) for 3<i<k+1.

This choice, however, leads to an enormous blow-up of coefficients, as can be
seen in the following example.

Example 4.1.1. We consider polynomials over Z. Starting from the primitive
polynomials

f1=x8+x6—3x4—3x3+8x2+2x—5,
fr=3x" +5x* —4x> —9x + 21,

the generalized Euclidean algorithm generates the prs

fi=—15x*4+3x2 -9,

f4 = 15795x2 4 30375x — 59535 ,

fs = 1254542875143750x — 1654608338437500 ,
fo = 12593338795500743100931141992187500 .

So the ged of fi and f> is the primitive part of f, i.e., 1.

Although the inputs and the output of the algorithm may have extremely
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short coefficients, the coefficients in the intermediate results may be enormous.
In particular, for univariate polynomials over Z the length of the coefficients
grows exponentially at each step (see Knuth 1981: sect. 4.6.1). This effect of
intermediate coefficient growth is even more dramatic in the case of multivariate
polynomials.

Another possible choice for computing the prs in GCD_PRS is to shorten
the coefficients as much as possible, i.e., always eliminate the content of the
intermediate results.

fi == pp(prem(fi_2, fi—1)) .

We call such a prs a primitive prs.
Example 4.1.1 (continued). The primitive prs starting from f, f> is

f3=5x4—x2+3 ,
fi=13x>4+25x — 49 .
fs5 = 4663x — 6150 ,
fo=1.

Keeping the coefficients always in the shortest form carries a high price. For
every intermediate result we have to determine its content, which means doing
a lot of gcd computations in the coefficient domain.

The goal, therefore, is to keep the coefficients as short as possible without
actually having to compute a lot of gcds in the coefficient domain. So we set

Bi fi i=prem(fi—2. fi-1) ,

where B;, a factor of cont(prem( f;_5, fi_1)), needs to be determined. The best
algorithm of this form known is Collins's subresultant prs algorithm (Collins
1967, Brown and Traub 1971).

First we need some notation. Let

m

a(x) =Y aix', bx)= Y bx'
i=0 i=0

be non-constant polynomials in /[x] of degree m and n, respectively, where
m > n.
Let M(a, b) be the Sylvester matrix of a and b, i.e.,
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(am Am—1 +++ - ==+ 4 Qo 0 v o ... 0\

0 am A+ v oo a; agp O ... ... 0

0 .o 0 Am Am_1 -+ -+ -+ 4] dg

M@b)=| - - - - - - - - = = =
b, bnp_i .o b by 0 -+ «v - 0

0 by, by_y - - - b bp 0 - - 0

\() N S T

The lines of M (a, b) consist of the coefficients of the polynomials x"~'a(x), ...,
xa(x),a(x) and x™~'b(x), ..., xb(x), b(x), i.e., there are n lines of coefficients
of a and m lines of coefficients of b. The resultant of a and b is the determinant
of M(a, b). In order to get the subresultants, we delete certain lines and columns
in M(a, b).

By M(a, b); ; we denote the matrix resulting from M (a, b) by deleting

— the last j rows of coefficients of a,
— the last j rows of coefficients of b,
— the last 2j 4 1 columns except the (m +n —i — j)-th,

forO0<i<j<n-1.
Definition 4.1.5. Let a(x), b(x) € I[x]* with m = deg(a) > deg(b) = n. The

determinant of M(a, b) is the resultant of a(x) and b(x).
For 0 < j <n — 1 the polynomial

J )
S,-(a, bYy(x) = Z det(M (a, b),;j)x'
i=0
is the j-th subresultant of a and b.

Obviously deg(S;(a, b)) < j.

Example 4.1.2. Let a(x) = 2x* 4 x> — 4, b(x) = 3x% 4 2 over the integers. We
want to compute the first subresultant S (a, b) of a and b.

—4 0
—4

M(a,b) =

OO W | oM
OQOoOWO | NO
SWoON | ©—~
LWOND | —O
oMo Oo | ©
VO oo |
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Thus we get

Si(a, b)(x) = det(M(a, b)) 1)x + det(M(a, b)o1)

2 010 2 01 —4
3020 302 01)_

= det 03 0 2 - x + det 030 0 =0x+102.
0 0 3 0 0 0 3 2

In the following we will give a relation between the chain of subresultants
of polynomials a(x), b(x) and the elements of a prs starting from a and b. We
will use the following notation: for a prs fi, f>, ..., fx, 0in I[x],

ny:=deg(f;)y for 1<i<k m>n>...>n>0),

8,-:=n,~—n,'+1 for 1 <i<k-1.

Theorem 4.1.3. Let fi, f» € I[x]* and fi, f2...., fx. fex1 = O be a prs in
I[x]. Let o; := lc(f,-_l)‘s"—2+1 for 3 <i <k+1, and B; € I such that §; f;
=prem(fi_o, fi-1) for3 <i <k+1.

Then for 3 <i < k we have:

S"i—]—l(fl’fZ):yiﬁ ,

Si(f1, 2)=0 for nji.1—1>j>n;,
Sn, (f1, f2) =6i fi

Si(fi, f2)=0 for ny>j=>0,

where
vi = (=) .lc(fl._l)l—tsi—l . (n(ﬁl/al)"l—l—”i~l+l ,1C(ﬁ_1)3172+51—1) ,
1=3

6= (=D)% - 1e(f)* =" (TT(Brfe™ '~ te(fip)81) |
1=3
o = 121:3(”1—2 —ni-1+ Doy —nio + 1),

i
=) (m——n)_1 —n;) .
=3

Proof. For a proof of Theorem 4.1.3 we refer to Brown and Traub (1971). See
also Brown (1978). O
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In simpler words, Theorem 4.1.3 states that both S, ,_i(fi, f2) and S, (fi,
f2) are similar to f;, and all the subresultants in between vanish.

Example 4.1.3. Let us demonstrate the relations stated in Theorem 4.1.3 by
considering the polynomials

fi=xt =23 41, pH=3x"+2x+3

in Z[x]. We choose Bz = 1, i.e., f3 = prem(f|, f») = 58x + 6.
The first subresultant of f;, f> is

I ,
Si(fi, o) =D det(M(f1, f)i1)x'
i=0

I -2 0 0 | -2 0 1
3 32 30 32 30
=det| 5 3 5 g|ratdetfy 35

0 0 3 2 0 0 3 3

= —58x — 6 = —prem(f, f2) .
The coefficient of similarity y3 in Theorem 4.1.3 is
= (_1)0’3 . 31—52 . (/3‘;/0(2)"2-”2_'—1 . 35|+53

==D*3".qapen-3F=-1.

Example 4.1.4. Suppose fi, f2, fi, f1. f5. fo = Oisaprsin I[x] with n; = 10,
ny =9, n3 =6, ng =5, ns = 1. Then we must have the following relations

Sny -1 =S f3.
S7=0,

S, =8> f3,
Snyi—1 =85> fy,
Sy =85 > fu,
Sns_1—1 =S84 f5,
$3=58%=0,
Sis=81>fs5.
So=0.

So the sequence of subresultants of f, f> basically agrees with a prs starting
from f1, f>. Moreover, this particular prs eliminates much of the content of the
intermediate results without ever having to compute a ged of coefficients. In
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fact, there is a very efficient way of determining the sequence of subresultants,
see Brown (1978).

Theorem 4.1.4. Let f1, f>, ..., frs1 be as in Theorem 4.1.3. In order to get
y; =1 for 3 <i <k+ 1, we have to set B; as follows:

By = (=D,
Bi= (=1)%2+ e(fig) - hY3 for i=4,... k+1,
where
=le(f)™
=le(fi)P - h) 70 for i=3,...k

By choosing the similarity coefficient 8; as in Theorem 4.1.4, we get the
so-called subresultant prs:

f3= (D> prem(fi, fo)
(_1)8;_2+1

= —————— -prem(fi_2, fi-1) for i=4,... k.
Ie(fi_a) - hi

This subresultant prs is computed by the algorithm PRS_SR.

Algorithm PRS_SR(in: fi, fo;out: F =1[f1, f2, ..., frl)s
[f1, f> € I[x], deg(f1) > deg(f2), f1. fa. ..., fx, O are the subresultant prs for
f1. f2 up to sign]
F:=[f fil;
=Lh=1, f = fr;i:=3
2. while f’' # 0 and deg(f’) > 0 do
{8 :=deg(fi—2) — deg(fi-1);
[’ = prem(fi—2, fi-1);
if f"#0
then { f; := f'/(g - h®); F = CONS(f,, F);
g:=le(fio); hi:=h'"
=i+ 1}};
F := INV(F); return.

Example 4.1.1 (continued). The subresultant prs (up to sign) of f; and f» com-
puted by PRS_SR is

fi=—15x*+3x2 -9,
f1 = 65x2 4+ 125x — 245 ,
fs = —9326x + 12300 ,
fo = 260708 .
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If we apply PRS_SR to univariate polynomials over the integers, we can give
a bound on the length of the coefficients that could appear. Let fi(x), fo(x) €
Z[x] of degree m and n, respectively, and let the absolute values of all the
coefficients be bounded by d. We use Hadamard’s bound for the determinant of
a p x p-matrix A = (a;;)

14 p
det(A) < [T,/ Y a}, .

i=1Y j=1

Applying this to the resultant of f; and f> we obtain

(\/(m n 1)d2)n(\/(n + 1)d2)’" = d"(m + l)n/2(n + l)m/z

as a bound for the coefficients of the subresultant prs.

For Z[x|, ..., x;], n the maximal degree in any variable of f; and f,, and
d a bound for the absolute values of all the integer coefficients in f; and f>,
the worst case complexity of PRS_SR is proportional to

¥ 2(rlogn + L(d))*

(see Loos 1983).

Exercises

1. Prove: If I is a ufd then also /[x] is a ufd.

2. Write a procedure in Maple (or your favorite computer algebra system)
implementing the algorithm PRS_SR.

3. Compute the sequence of subresultants for the polynomials

f) =3 —2x* —18x* —6x> + 15x + 9,
g(x)=x4—3x3+x2—2x—3.

How does this sequence of subresultants compare to a polynomial remainder
sequence for f and g?

4. Let K be an algebraically closed field, n a positive integer, H a
hypersurface in A"(K), the affine space of dimension n over K. Let
f € K[xi,...,x,]\ K be a defining polynomial of H, i.e.,

H={(a....a,) | fai,...,a,) =0}. Let f = f""-.... f be the
factorization of f into irreducible factors. Let I = I (H), i.e., I is the ideal
of polynomials in K[x,...,x,] that vanish on H.

Show that I = (f\ -...- f,).

5. Let K be a field, f, g € K[x, y] relatively prime.
Show that there are only finitely many points (a;, a;) € A%(K) such that
fla, ax) = glar,ax) =0.
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4.2 A modular ged algorithm

For motivation let us once again look at the polynomials in Example 4.1.1,

f1=x8+x6—3x4—3x3+8x2+2x——5,
fr =3x8 4+5x* —4x? —9x + 21 .

If f; and f, have a common factor 4, then for some qi, g2 we have

fi=qi-h, fr=q-h. (4.2.1)

These relations stay valid if we take every coefficient in (4.2.1) modulo 5. But
modulo 5 we can compute the gcd of f; and f> in a very fast way, since all
the coefficients that will ever appear are bounded by 5. In fact the ged of f
and f> modulo 5 is 1. By comparing the degrees on both sides of the equations
in (4.2.1) we see that also over the integers ged(fi, f2) = 1. In this section we
want to generalize this approach and derive a modular algorithm for computing
the gcd of polynomials over the integers.

In any modular approach we need a bound for the number of moduli that
we have to take, more precisely for the product of these moduli. In our case we
need to know how big the coefficients of the gcd can be, given bounds for the
coefficients of the inputs. Clearly the coefficients in the gcd can be bigger than
the coefficients in the inputs, as can be seen from the following example:

a=x"4x2—x—-1=Gx+D*x-1),
b=x*+x4x+1=Gx+D*x2—x+1),
ged@,b) =x2+2x+1 =@+ 1?2.

The bound in Theorem 4.2.1 is derived from investigations in Landau (1905),
Mignotte (1974, 1983).

Theorem 4.2.1 (Landau-Mignotte bound). Let a(x) = Y "r ja;x' and b(x) =
Z?:o bix' be polynomials over Z (a,, # 0 # b,) such that b divides a. Then

m
Ya?.
i=0

Corollary. Let a(x) = Y "L a;x' and b(x) = I, bix' be polynomials over
Z (a, # 0 # b,). Every coefficient of the gcd of a and b in Z[x] is bounded in
absolute value by

n

Yo 1bi| < 2"
i=0

b)l

am

m

. 1
2mm(m,n) . gcd(am, b,) - min a:, — :
lam!V i=o 1b.1V 20
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Proof. The gcd of a and b is a divisor of both a and b and its degree is bounded
by the minimum of the degrees of a and b. Furthermore the leading coefficient
of the gcd divides a,, and b, and therefore also gcd(a,,, by). O

The gecd of a(x) mod p and b(x) mod p may not be the modular image of
the integer gcd of a and b. An example for this is a(x) = x — 3, b(x) = x + 2.
The ged over Z is 1, but modulo 5 a and b are equal and their ged is x + 2.
But fortunately these situations are rare.

So what we want from a prime p is the commutativity of the following dia-
gram, where ¢, is the homomorphism from Z[x] to Z,[x] defined as ¢,(f(x))
= f(x) mod p.

Z[x] x Z[x] e, Lplx] x Zp[x]
gcd in Z[x] | J gedin Zp[x]
Zlx] R Zy[x]

Lemma 4.2.2. Let a,b € Z[x]*, p a prime number not dividing the leading

coefficients of both a and b. Let a(, and b(,) be the images of a and b modulo p,

respectively. Let ¢ = ged(a, b) over Z.

a. deg(ged(acy), bp))) > deg(ged(a, b)).

b. If p does not divide the resultant of a/c and b/c, then ged(a(p), b)) =
¢ mod p.

Proof. a. ged(a, b) mod p divides both a(,) and b(p), so it divides ged(agp),
b(py). Therefore deg(ged(a(yy, b(p))) > deg(ged(a, b) mod p). But p does not
divide the leading coefficient of gcd(a, b), so deg(ged(a,b) mod p) =
deg(gcd(a, b)).

b. Let ¢(p) = ¢ mod p. a/c and b/c are relatively prime. c(p) is non-zero.
So

ged(agpy, bip)) = cpy - ged(@qpy/cpys bipy/€(py) -

If ged(aqp), b(py) # c(p), then the ged of the right-hand side must be nontrivial.
Therefore res(a(p)/c(p), bpy/c(p)) = 0. The resultant, however, is a sum of
products of coefficients, so p has to divide res(a/c, b/c). 0

Of course, the ged of polynomials over Z, is determined only up to multi-
plication by non-zero constants. So by “gcd(ap), b(p)) = ¢ mod p” we actually
mean “c mod p is a gcd of agpy, bp).”

From Lemma 4.2.2 we know that there are only finitely many primes p which
do not divide the leading coefficients of a and b but for which deg(ged(ap),
b(p))) > deg(ged(a, b)). When these degrees are equal we call p a lucky prime.

One possibility for computing the gcd of two integer polynomials a and b
would be to determine the Landau-Mignotte bound M, choose a prime p > 2M
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not dividing the leading coefficients of a and b, compute the gcd ¢(,,) of a and
b modulo p, center the coefficients of ¢, around O (i.e., represent Z, as {k |
—p/2 < k < p/2}), interpret c(,) as an integer polynomial c, and test whether
¢ divides a and b in Z[x]. If yes, we have found the gcd of a and b, if no, p
was an unlucky prime and we choose a different prime. Since there are only
finitely many unlucky primes, this algorithm terminates and produces the gcd.
The drawback is that p may be very big and coefficient arithmetic may be costly.
In the sequel we describe a modular algorithm that chooses several primes,
computes the gcd modulo these primes, and finally combines these modular geds
by an application of the Chinese remainder algorithm. Since in Z,[x] the gcd
is defined only up to multiplication by constants, we are confronted with the
so-called leading coefficient problem. The reason for this problem is that over
the integers the gcd will, in general, have a leading coefficient different from 1,
whereas over Z, the leading coefficient can be chosen arbitrarily. So before we
can apply the Chinese remainder algorithm we have to normalize the leading
coefficient of ged(a(y), bp)). Let a,, b, be the leading coefficients of a and b,
respectively. The leading coefficient of the gcd divides the ged of a,, and b,.
Thus, for primitive polynomials we may normalize the leading coefficient of
ged(agp), bpy) to ged(ap, by) mod p and in the end take the primitive part of
the result. These considerations lead to the following modular gcd algorithm.

Algorithm GCD_MOD(in: a, b; out: g);
la, b € Z[x]* primitive, g = gcd(a, b).
Integers modulo m are represented as {k | —m/2 <k <m/2}.]
1. d:= gcd(c(a), Ic(b));
M :=2 - d - (Landau—Mignotte bound for a, b);
[in fact any other bound for the size of the coefficients can be used]
2. p:= a new prime not dividing d;
Cp) ‘= gcd(a(p), b(p)); [with IC(C(p)) =1]
8(p) = (d mod p) - c(p);
3. if deg(g(p)) = O then {g := 1; return};
P :=p;
8 == 8&(p)>
4. while P < M do
{p := a new prime not dividing d;
c(p) = ged(apy, bwy); [with Ie(c(py) = 1]
g(p) = (d mod p) - ¢(p);
if deg(g(y)) < deg(g) then goto (3);
if deg(g(p)) = deg(g)
then {g := CRA_2(g, g(»), P. P);
[actually CRA 2 is applied to the coefficients of g and g(p)]

P:=P-p}}
5. g:=ppg);
if gla and g|b then return;
goto (2).

Usually we do not need as many primes as the Landau-Mignotte bound tells
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us for determining the integer coefficients of the gcd in GCD_MOD. Whenever g
remains unchanged for a series of iterations through the “while”-loop, we might
apply the test in step (5) and exit if the outcome is positive.

Example 4.2.1. We apply GCD_MOD for computing the gcd of

a=2x%—13x5 +20x* + 12x3 — 20x2 — 15x — 18,
b=2x%+x — 14x* — 11x3 +22x2 +28x + 8 .

d = 2. The bound in step (1) is
M =2-2-2%2 min(}+v1666, $v/1654) ~ 10412 .

As the first prime we choose p = 5. g5y = (2 mod 53+ x2+x+1). So
P=5and g =2x> +2x> 4+ 2x + 2.

Now we choose p = 7. We get g7y = 2x* + 3x3 + 2x + 3. Since the degree
of g(7) is higher than the degree of the current g, the prime 7 is discarded.

Now we choose p = 11. We get g(j1) = 2x° + 5x2 — 3. By an application
of CRA2 to the coefficients of g and g(;;) modulo 5 and 11, respectively, we
get g = 2x3 +27x% +22x — 3. P is set to 55.

Now we choose p = 13. We get g(13, = 2x> — 2x — 4. All previous results
are discarded, we go back to step (3), and we set P = 13, g := 2x*> — 2x — 4.

Now we choose p = 17. We get g17) = 2x% — 2x — 4. By an application
of CRA2 to the coefficients of g and g(;7) modulo 13 and 17, respectively, we
get g = 2x? — 2x —4. P is set to 221.

In general, we would have to continue choosing primes. But following the
suggestion above, we apply the test in step (5) to our partial result and we see
that pp(g) divides both a and b. Thus, we get ged(a, b) = x> — x — 2.

The complexity of GCD_MOD is proportional to m>(logm + L(d))?, where
m is the maximal degree of a and b and d a bound for the absolute values of
all the coefficients in a and b (see Loos 1983).

Multivariate polynomials

We generalize the modular approach for univariate polynomials over Z to mul-
tivariate polynomials over Z. So the inputs are elements of Z[xy, ..., x,—i][x,],
where the coefficients are in Z[xy, ..., x,_1] and the main variable is x,. In this
method we compute modulo irreducible polynomials p(x) in Z[x|, ..., x,—1].
In fact we use linear polynomials of the form p(x) = x,_y — r where r € Z.
So reduction modulo p(x) is simply evaluation at r.

For a polynomial a € Z[x, ..., x,—2][yllx] and r € Z we let a,_, stand
for a mod y —r. Obviously the proof of Lemma 4.2.2 can be generalized to this
situation.
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Lemma 4.2.3. Let a,b € Z[xy, ..., x,-2][¥][x]* and r € Z such that y —r
does not divide both Ic, (a) and Ic, (b). Let ¢ = ged(a, b).

a. degx (ng(ay—r’ by—r)) > degx(gcd(a, b)).

b. If y —r Jresy(a/c,b/c) then ged(a,—,. by—y) = ¢y

The analogue to the Landau—Mignotte bound is even easier to derive: let ¢
be a factor of a in Z[x, ..., x,—2][y][x]. Then deg (c) < deg, (a). So we get
the algorithm GCD_MODm. For computing the gcd ofa,b e Zxi, ..., x, the
algorithm is initially called as GCD_MODm(a, b, n,n — 1).

Algorithm GCD_MODm(in: a, b, n, s; out: g);
fa,b e Zlx, ..., x5][x,]" 0 <s < n; g =gcd(a, b).]
0. if s =0 then {g := gcd(cont(a), cont(h))GCD_MOD(pp(a), pp()); return};
1. M =1+ min(deg, (a), deg, (b));
2. r:= an integer s.t. deg, (ay,—,) = deg, (a) or deg, (by,—,) = deg, (b);
g = GCDMODm(ay, _y, by,—r,n, s — 1);
3. m:=1;
& = &y
4. while m < M do
{r := a new integer s.t. deg, (a.,—,) = deg, (a) or deg, (by,—) =
deg, (b);
8¢y := GCD_MODm(ay,—,, by, 1,5 — 1);
if deg, (g()) < deg,, (g) then goto (3):
if deg,. (g() = deg(g)
then {incorporate g, into g by Newton interpolation (see Sect. 3.1);

m:=m+ 1} };
5. if g € Z[x1, ..., xs][x,] and g|a and g|b then return;
goto (2).

Example 4.2.2. We look at an example in Z[x, y]. Let

a(x,y) =2x2y3 —xy? + 32 + 2x%y —x3y — 6xy + 3y +x° = 3x%,
b(x,y) =2xy> — y3 — x2y2 + xy? — X3y + dxy — 2y + 2x% .

We have
M =1+ min(deg, (a), deg, (b)) =4 .

The algorithm proceeds as follows:

r =1: ged(ax—1,by—1) =y + 1.

r = 2: ged(ax—2, by—2) = 3y + 4. Now we use Newton interpolation to
obtain g = 2x — )y + 3x — 2).

r = 3: ged(ax—3, by—3) = 5y + 9. Now by Newton interpolation we obtain
g = (2x—1)y+x? and this is the gcd (the algorithm would actually take another
step).

The modular approach is the fastest currently known, both in theory and
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practice. The complexity of GCD_MODm is proportional to m>**!(nlogm +
L(d))?, where n is the number of variables, m is the maximal degree of a
and b, and d a bound for the absolute values of all the integer coefficients in a
and b (see Loos 1983).

Exercises

1. Apply GCD_MOD for computing the gcd of x> — x* — 3x2 — 3x + 2 and
x* —2x% = 3x% 4 4x + 4 in Z[x]. Use the primes 2,3,5,7,...
2. Compute the ged of the bivariate integer polynomials

FOy) =y +xy° + %y —xy +at -7,
glx,v)= xy5 — 2y5 +x2_v4 - 2xy4 +)cy2 +x2y

both by the subresultant algorithm and the modular algorithm.

3. What is the ged £ of the polynomials f, g in Z[x]? Check whether the
integer factors of the resultant of f/h and g/h are unlucky primes in the
modular approach to gcd computation.

f=x"=3" =2 +13x° — 15x2 +7x — 1,
g=x" =0 + 18" — 13  + 22 +2x — 1.

4.3 Computation of resultants

Since the Oth subresultant of two polynomials is equal to their resultant, we can
use the algorithm PRS_SR for computing resultants. But, as in the case of gcd
computations, we can also apply a modular method for computing multivariate
polynomial resultants. Such an approach is described in Collins (1971).

Suppose we want to compute the resultant of the two polynomials a, b €
Z[x1, ..., x,] w.r.t the main variable x,. We reduce a and & modulo various
primes p to a¢,) and b(,), compute res,, (a(p), b(p)), and use the Chinese re-
mainder algorithm for constructing res,, (a, b). For the subproblem of comput-
ing resy, (apy, b(p)) over Z, we use evaluation homomorphisms for the variables
X1, ..., X-—1 and subsequent interpolation. Thus, the problem is ultimately re-
duced to a resultant computation in Z,[x,], which can easily be achieved by the
subresultant prs algorithm.

Lemma 4.3.1. Let [, J be integral domains, ¢ a homomorphism from / into J.
The homomorphism from /[x] into J[x] induced by ¢ will also be denoted
¢, ie, oYL cix’) = YL p(ci)x’. Let a(x), b(x) be polynomials in /[x].
If deg(¢p(a)) = deg(a) and deg(¢p(b)) = deg(b) — k, then ¢(res,(a, b)) =
p(lc(a))rres, (¢ (a), ¢ (b)).

Proof. Let M be the Sylvester matrix of @ and b, M* the Sylvester matrix of
a* = ¢(a) and b* = ¢ (b). If k = 0, then clearly ¢ (res,(a, b)) = res,(a*, b*).
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If kK > 0 then M* can be obtained from ¢ (M) by deleting its first k rows and
columns. Since the first k& columns of ¢ (M) contain ¢(lc(a)) on the diagonal
and are zero below the diagonal, ¢ (res,(a, b)) = ¢(det(M)) = det(¢(M)) =
Ic(a)kres, (a*, b*). O

As in any application of the modular method, we need a bound on the num-
ber of required homomorphic images. The bound for the evaluation homomor-
phisms is obvious, namely if deg, (a) = m,, deg,, (b) = n,, degxH (a) =m,_y,
deg, (b) = n,_y, then from inspection of the Sylvester matrix we immediately
see that deg, (resy, (a,b)) < myn,—y + nymy—y. So if x,_; is evaluated at
menr_y +n.m,_; + 1 points, the resultant can be reconstructed from the resul-
tants of the evaluated polynomials. The method fails if the finite field Z, does
not contain enough evaluation points. In practice, however, p will be much big-
ger than the required number of evaluation points, so this possibility of failure
is not a practical one and we will ignore it.

For determining a bound for the integer coefficients in the resultant we use
the following norm of multivariate polynomials which is inductively defined as

m I .
norm(c(x1)) = [[e(x) i = X lcil for c(x)) = ) cix) € Zx1],
i=0 i=0
m

m )
norm(c(xy, ..., x,)) = y_norm(c;) for c(xy,...,x) = ) cix,
i =0 i=0

e Zlxy, ..., x ] .

For this definition of the norm we have norm(a + b) < norm(a) + norm(b),
norm(a - b) < norm(a) - norm(b), and |a| < norm(a) if « is any integer coeffi-
cient in a.

Lemma 4.3.2. Let a(xy, ..., x,) = Y 1 oa@i(xy, ..., Xr—)xb, b(xy, ..., x,) =
S obi(x1, ..., x,—1)x be polynomials in Z[xy,...,x,]. Let d = maxg<j<m
norm(a;), e = maxg<;<, norm(b;), « an integer coefficient in res, (a, b). Then
| < (m 4+ n)!ld"e™.

Proof. Each non-zero term of the determinant of the Sylvester matrix, as the
product of n coefficients of ¢ and m coefficients of b, has a norm of at most
d"e™. Since there are at most (m +n)! such terms, we have norm(resy, (a, b)) <
(m 4+ n)!d"e™, and hence |a| < (m + n)'d"e™. O

These considerations lead to Collins’s modular algorithm for computing the
resultant of two multivariate polynomials over the integers.

Algorithm RES_MOD(in: a, b; out: c¢);
la,b € Zxy,...,x,), r = 1, a and b have positive degree in x,; ¢ = resy, («,

b).]
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l. m:=deg, (a); n:=deg, (b);
d 1= maxp<j<, DOrm(a;); e := maxop<;<, norm(b;);
P:=1,¢:=0; B:=2(m +n)\d"e";
2. while P < B do
{p := a new prime such that deg, (a) = deg, (a(y)) and deg, (b) =
degx, (b(P));
¢(py = RES.MODp(a(p), b(p));
¢ :=CRA2(c, c(py, P, p);
[for P =1 the output is simply c(p), otherwise CRA_2 is actually applied
to the coefficients of ¢ and c(p)]
P:=P.pk
return.

The subalgorithm RES_MODp computes multivariate resultants over Z, by
evaluation homomorphisms.

Algorithm RES_MODp(in: a, b; out: ¢);
la,b € Zylxy,....,x;), r = 1, a and b have positive degree in x,; ¢ =
resy, (a, b)]
0. if r =1 then {c := last element of PRS_SR(«, b); return};
l. m, :=deg, (a), ny :=deg, (b); my— :=deg, (a);n,_|:= deg, (b);
B :=mn, | +nrm, | + 1,
Dx,—)=1¢clxy,...,x_1):=0; B :=—
2. while deg(D) < B do
2.1. {B:= B+ 1, [if B = p stop and report failure]
if deg, (ax,_,=p) < deg, (a) or deg, (bx,_,=p) < deg, (a) then goto
(2.1);
cy(x1, ..., x,—2) := RES_MODp(ay, =g, bx,_,=p);
¢ = (€ (X1 Xp—) — (X1 X2 DB D (e ) + (a1,
.y Xr—1); [s0 ¢ is the result of the Newton interpolation]
D(x,—1) == (xp—1 — ,B)D(xr—l)};
return.

The complexity of RES_MOD is analyzed in Collins (1971) and it turns out
to be dominated by (m + 1)+ (log d(m+ 1)) + (m + 1)*" (log d(m + 1))?, where
d is an upper bound for the norms of the inputs a and » and the degrees of a
and b in any variable are not greater than m.

Solving systems of algebraic equations by resultants

Theorem 4.3.3. Let K be an algebraically closed field, let

m _ n .
a(xyy ..., X)) = 2.ai(x1, ..o, X)Xy, b(X1, oL X)) = D obi(x0, L Xem )X,
i=0 i=0

be elements of K[xy, ..., x,] of positive degrees m and n in x,, and let c(xy,
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ooy Xp—1) =resy (a, b). If (1,...,0,) € K" is a common root of a and b,
then c(ay, ..., a,—1) = 0. Conversely, if c(ay,...,a-—;) = 0, then one of the
following holds:

a. am(al, PN ,Otr_1) = b,,(ozl, . ,O(r_l) = 0,

b. for some «, € K, (1, ..., a,) is a common root of a and b.

Proof. ¢ = ua+vb, forsome u, v € K[xy,...,x,]. If (@1, ..., @) is a common

root of a and b, then the evaluation of both sides of this equation immediately
yields C(Oll, ey O(r_1) =0.

Now assume c(«j, ..., a,—1) = 0. Suppose a,(«|,...,a,—1) # 0, so we
are not in case (a). Let ¢ be the evaluation homomorphism x; = «;, ..., X,
=a,_i. Let k = deg(b) — deg(¢(b)). By Lemma 4.3.1 we have 0 = c(«y, . . .,
a,-1) = ¢(c) = plresy (a, b)) = $(an) resy, (¢(a), p(b)). Since ¢p(an) # 0,
we have res,, (¢ (a), (b)) = 0. Since the leading term in ¢(a) is non-zero,
¢(a) and ¢(b) must have a common non-constant factor, say d(x,) (see van

der Waerden 1970: sect. 5.8). Let o, be a root of d in K. Then (¢, ..., a,) is
a common root of a and b. Analogously we can show that (b) holds if b,(«,
v tr_1) # 0. O

Theorem 4.3.3 suggests a method for determining the solutions of a system of
algebraic, i.e., polynomial, equations over an algebraically closed field. Suppose,
for example, that a system of three algebraic equations is given as

ai(x,y, ) =ax(x,y,2) =az(x,y,2) =0 .

Let, e.g.,

b(x) =res(resy(ai, az), resy(ar, a3z)) ,

c(y) = res (resy(ai, az), res(ay, a3)) ,

d(z) = resy(resc(ay, az), resc (a1, az)) .
In fact, we might compute these resultants in any other order. By Theorem 4.3.3,
all the roots («, a2, a3) of the system satisfy b(a;) = c(az) = d(a3) = 0. So if
there are finitely many solutions, we can check for all of the candidates whether
they actually solve the system.

Unfortunately, there might be solutions of b, ¢, or d, which cannot be ex-

tended to solutions of the original system, as we can see from the following
example.

Example 4.3.1. Consider the system of algebraic equations

aj(x,y,2) =2xy +yz —3z2=0,
az(X,y,z)=x2—xy+y2—1=0,
az(x,y,2) = yz+x>—-2z2=0.
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We compute

b(x) = res (resy(ay, az), resy (a2, az))
=xS(x — D(x + DA27x* = 167x% + 4) ,
c(y) =res (res,(ay, az), res,(az, az))
= (y = D*(y + D33Gy* — D(127y* = 216y* + 81) -
- (457y* — 486y + 81) ,
d(z) = res,(resy(ay, az), resy(aj, az))

=5184z'% — 1)(z + (1277 — 917% + 16) .

All the solutions of the system, e.g., (1, 1, 1), have coordinates which are roots

of b, c, d. But there is no solution of the system having y-coordinate 1/+/3. So
not every root of these resultants can be extended to a solution of the system.

Exercises

1. Apply algorithm RES_MOD for computing the resultant of a(x, y) and
b(x,y) wrt. y

a(x,y) =xy2 —x3y — 2x2y + xy +2x* —2x%
b(x,y) = 2x2y2 - 4x3y +4x* .

2. Use resultant computations for solving the system of algebraic equations
fi=fi=fi=0overC

Ny, 2) =2xy — yz + 2z,
fZ(va’Z)=-x2+yZ—1 f
file,y,2) =xz4+yz —2x .

3. Solve over C:

fl(X,y,Z)=xz—xy2—4x2—%:0,

fxy,2)=yz+2x+1=0,
f3(x»yq2)=X2Z+y2+%x=0.

4. According to Theorem 4.3.3 a solution of res,, (a, b) can be extended to
a common solution of @ and b if lc,, (a) or Ic,, (b) is a non-zero constant
in K. This can be achieved by a suitable change of variables. Work out
the details of an algorithm for solving systems of algebraic equations by
resultants along these lines.
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4.4 Squarefree factorization

By just computing gcds we can produce a so-called squarefree factorization of
a polynomial, i.e., a partial solution to the problem of factoring polynomials
which is to be treated in the next chapter. Throughout this section let K be a
computable field generated as Q(/), where I is a ufd. Whenever / is a ufd,
then also /{x] is a ufd (see Sect. 4.1, Exercise 1).

Definition 4.4.1. A polynomial a(xy,...,x,) in I[x, ..., x,] is squarefree iff
every nontrivial factor b(x(, ..., x;) of a (i.e., b not similar to a and not a
constant) occurs with multiplicity exactly 1 in a.

By Gauss’s lemma we know that for primitive polynomials the squarefree
factorizations in /[x] and K[x] are the same. There is a simple criterion for
deciding squarefreeness.

Theorem 4.4.1. Let a(x) be a nonzero polynomial in K[x], where char(K)
= 0 or K =Z, for a prime p. Then a(x) is squarefree if and only if gcd(a(x),
a’'(x)) = 1. (a’(x) is the derivative of a(x).)

Proof. If a(x) is not squarefree, i.e., for some non-constant b(x) we have a(x)
= b(x)? - ¢(x), then

a'(x) = 2b(x)b (x)c(x) + b*(x)c'(x) .

So a(x) and a’(x) have a non-trivial gcd.
On the other hand, if a(x) is squarefree, i.e.,

a(x) = [Jai(x) ,
i=1

where the a;(x) are pairwise relatively prime irreducible polynomials, then

ax)y=y (a;(x) ﬁ aj(x)) )
j=1

i=1
J#i

Now it is easy to see that none of the irreducible factors a;(x) is a divisor of
a'(x). a;(x) divides all the summands of a’(x) except the i-th. This finishes
the proof for characteristic 0. In Z,[x], a,f (x) cannot vanish, for otherwise we
could write a;(x) = b(xP) = b(x)? for some b(x), and this would violate our
assumption of squarefreeness. Thus, ged(a(x), a’(x)) = 1. O

The problem of squarefree factorization for a(x) € K[x] consists of deter-
mining the squarefree pairwise relatively prime polynomials b (x), ..., bs(x),
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such that
a(x) = [[bi(x)" . (4.4.1)

i=1

Definition 4.4.2. The representation of a as in (4.4.1) is called the squarefree
factorization of a.

In characteristic 0 (e.g., when a(x) € Z[x]), we can proceed as follows. We
set aj(x) := a(x) and ax(x) := ged(ay, a}). Then

() = [1hi) ™" = [1hi o)
i=1 i=2
and

§
c1(x) :=ar(x)/ax(x) = []bi(x)
i=l
contains every squarefree factor exactly once. Now we set

a3 (x) == ged(az, ay) = [[bi(x) 2,

=3
(1) = a0 fas(x) = [1bi(x) -
=2

c2(x) contains every squarefree factor of muliplicity > 2 exactly once. So we
have

bi(x) = c1(x)/e2(x) .

Next we set _
as(x) 1= ged(as, ay) = [[bi(x)' 2,
i—4
c3(x) 1= a3 (x) faa(x) = [[bi(x) .
i=3
So we have

by(x) = c2(x)/c3(x) .

Iterating this process until ¢, (x) = 1, we ultimately get the desired squarefree
factorization of a(x). This process for computing a squarefree factorization is
summarized in SQFR_FACTOR.

Algorithm SQFR_FACTOR(in: a; out: F);

[a is a primitive polynomial in Z[x],

F =[b1(x),...,bs(x)] is the list of squarefree factors of a.]
1. F:=[1]

a) .= a,
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az := ged(ar, ay);

) i=ai/az;
a3 .= ged(ay, ajy);
€ = az/az;

F = CONS(C]/Cz, F);
2. while ¢; # 1 do
{az 1= a3; a3 := ged(az, af);
Cl =0y 02 1= ay/as;
F := CONS(ci/c2, F)};
F := INV(F); return.

If the polynomial a(x) is in Z,[x], the situation is slightly more complicated.
First we determine

d(x) = ged(a(x), a’(x)) .

If d(x) = 1, then a(x) is squarefree and we can set a;(x) = a(x) and stop.
If d(x) # 1 and d(x) # a(x), then d(x) is a proper factor of a(x) and we can
carry out the process of squarefree factorization both for d(x) and a(x)/d(x).
Finally, if d(x) = a(x), then we must have a’(x) = 0, i.e., a(x) must contain
only terms whose exponents are a multiple of p. So we can write a(x) =
b(x?) = b(x)? for some b(x), and the problem is reduced to the squarefree
factorization of b(x).

An algorithm for squarefree factorization in Z,[x] along these lines is pre-
sented in Akritas (1989), namely PSQFFF.

Theorem 4.4.1 can be generalized to multivariate polynomials. For a proof
we refer to the Exercises.

Theorem 4.4.2. Let a(xi,...,x,) € K[x.....x,] and char(K) = 0. Then a
is squarefree if and only if ged(a, da/dx, ..., da/dx,) = 1.

Squarefree factorization is only a first step in the complete factorization of
a polynomial. However, it is relatively inexpensive and it is a prerequisite of
many factorization algorithms.

Exercises

1. Apply SQFR_FACTOR to the polynomial a(x) = x7 + x® — x> —x* — x3 —
x4+ x + 1 over the integers.

2. Prove Theorem 4.4.2.

3. Based on Theorem 4.4.1, derive an algorithm for squarefree factorization in
Zylx], p a prime.

4. Let p(x) = 112x* + 58x% — 31x? 4+ 107x — 66. What are the squarefree
factorizations of p(x) modulo 3 and 11, respectively?
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4.5 Squarefree partial fraction decomposition

Definition 4.5.1. Let p(x)/q(x) be a proper rational function over the field K,
ie., p,q € K[x], ged(p, q) = 1, and deg(p) < deg(g). Let ¢ = q; -q%---q,’f

be the squarefree factorization of g. Let a;(x), ..., ax(x) € K[x] be such that
PO @0 ik deg(ar) < deg(ql) forl<i<k.  (45.1)
g(x) i3 (X)

Then the right-hand side of (4.5.1) is called the incomplete squarefree partial
fraction decomposition (ispfd) of p/q.
Let b;j(x) € K[x], 1 < j <i <k, be such that

p(x) _ koL bjj(x)
q(x) {3 Z1qi(x)) (4.5.2)
with deg(b;;) < deg(g;) for1 < j <i<n.

Then the right-hand side of (4.5.2) is called the (complete) squarefree partial
fraction decomposition (spfd) of p/q.

Both the incomplete and the complete squarefree partial fraction decompo-
sition of a proper rational function are uniquely determined. For any proper
rational function p/q the ispfd can be computed by the following algorithm.

Algorithm ISPFD(in: p, ¢; out: D);
[p/q is a proper rational function in K (x),

D = [la1, q1], . o lak, qx]] is the ispfd of p/q, ie., p/q = ZLl(a,'/q;) with
deg(a;) < deg(q;) for 1 <i <k.]
1. [qi1,...,qx] := SQFR_FACTOR(g);
2. coi=pidoi=gq;i =1,
3. while i < k do
{d; :=d;_1/q;
determme c¢i,a; such that deg(c;) < deg(d;), deg(a;) < deg(q) and
ql +a;- d =Ci- 1}’
ak = Ck—1, return.

Theorem 4.5.1. The algorithm ISPFD is correct.

Proof. Immediately before execution of the body of the “while” statement for 7,
the relation

a a;— Ci— :
P 4535 where dy =gl ...qf, (453)
9 q g, -, din

holds, as can easily be seen by induction on i.
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The polynomials ¢; and a; in step (3) can be computed by application of the
corollary to Theorem 3.1.2. O

Once we have the incomplete spfd we can rather easily get the complete
spfd by successive division. Namely if a; = s - g; + ¢, then

a; K t

i—1 i’

g a4
Example 4.5.1. Consider the proper rational function

p(x)  4x® —3x7 +25x% — 11x% + 18x% — 9x + 8x? — 3x + |
qlx) 3x9 — 2x8 + 7x7 — 4x6 +5x5 — 2x4 + x3

The squarefree factorization of g (x) is
g(x) = (Bx* = 2x + D(x* + D3 .
Application of ISPFD yields the incomplete spfd

plx) 4x +—x3+2x+2+x2—x+1
g(x)  3x2—-2x+1 (x2 4+ 1)? x3 '

By successive division of the numerators by the corresponding ¢;’s we finally
get the complete spfd .

px) 4x 4= +3x+2+1+—1+1
g(x)  3x2—=2x+1 x2+1 @2+D2 x x2 ' x3°

Exercises

1. Show the uniqueness of the incomplete and the complete spfd of proper
rational functions.
2. Compute the complete spfd of 1/(x* — 2x* +2x — 1).

4.6 Integration of rational functions

The problem we consider in this section is the integration of rational functions
with rational coefficients, i.e., to compute

/p(x)dx’
gq(x)
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where p(x), g(x) € Q[x], ged(p, ¢) = 1, and g(x) is monic. We exclude the
trivial case ¢ = 1.
From classical calculus we know that this integral can be expressed as

/P_(x_)dx= g_(_’_‘l+cl log(x —a) + ...+ cy-loglx —ayn),  (4.6.1)
q(x) q(x)

where g(x) € Q[x], a1, ..., «, are the different roots of g in C, and c, ..., c,
€ Q(ai, ..., a,). This requires factorization of g over C into its linear factors,
decomposing p/q into its complete partial fraction decomposition, and computa-
tion in the potentially extremely high degree algebraic extension Q(ay, . . ., a,).
Then the solution (4.6.1) is achieved by integration by parts and C. Hermite’s
reduction method.

However, as we will see in the sequel, complete factorization of the de-
nominator can be avoided, resulting in a considerable decrease in computational
complexity. Instead of factoring g we will only use its squarefree factors.

First we compute the squarefree factorization of the denominator g, i.e.,

a=fi-f5-of,
where the f; € Q[x] are squarefree, f, # I, ged(fi, fj) = 1 for i # j.

Based on this squarefree factorization we compute the squarefree partial fraction
decomposition of p/q, i.e.,

p roiog..
;=go+zzg—t§

==t (4.6.2)

811 821 822 &ri &rr
=g+—+—=—+—=+...+—+...F—,

i o f fr Vi

where go, gi; € Qx], deg(gi;) < deg(fi), forall 1 < j <i <r. Integrating go
is no problem, so let us consider the individual terms in (4.6.2).

Now let g/f" be one of the non-trivial terms in (4.6.2) with n > 2, i.e,, f is
squarefree and deg(g) < deg(f). We reduce the computation of

g(x)
fr
to the computation of an integral of the form
h
f(x(;")‘l dx  where deg(h) < deg(f) .

This is achieved by a reduction process due to C. Hermite.
Since f is squarefree, we have ged(f, f') = 1. By the extended Euclidean
algorithm E_.EUCLID and the corollary to Theorem 3.1.2 compute ¢, d € Q[x]
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such that
g=c-f+d-f where deg(c),deg(d) < deg(f) .

By integration by parts we can now reduce

[ G| === 5

_f c__ d +f d'
St =D =D T

h

rmtram— —
. d c+d/(n—1)
= (n—l)-f"“+/ T

where deg(h) < deg(f).
Now we collect all the rational partial results and the remaining integrals

and put everything over a common denominator, so that we get polynomials
g(x), h(x) € Q[x] such that

p g h
Pgot r_+/ , (4.6.3)
/q Lo A
g q

where deg(g) < deg(q) and deg(h) < deg(q™).

We could also determine g and 4 in (4.6.3) by first choosing undetermined
coefficients for these polynomials, differentiating (4.6.3), and then solving the
resulting linear system for the undetermined coefficients. However, the Hermite
reduction process is usually faster. Let us prove that the decomposition in (4.6.3)
is unique.

Lemma 4.6.1. Let p,q,u,v € Q[x], ged(p,q) =1, ged(u, v) = 1, and p/q =
(u/v)" (so u/v is the integral of p/q). Let w € Q[x] be a squarefree factor
of g. Then w divides v, and the multiplicity of w in ¢ is strictly greater than
the multiplicity of w in v.

Proof. Clearly we can restrict ourselves to w being irreducible (otherwise apply
the lemma for all irreducible factors of w). Now, since

(u)’ wv—uv  p
v/ T g

w must divide v. Assume now that v = w"w with ged(w, w) = 1. We show
that w” does not divide u’'v — uv’. Suppose it does. Since w” divides u'v and
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ged(w, u) = 1, w" would have to divide v/ = rw"~'w'® + w"®%'. Hence,
w would have to divide w'w. But this is impossible since w is irreducible.
Therefore w™*! must divide the reduced denominator of (u/v)’. O

Theorem 4.6.2. The solution g, 7 to Eq. (4.6.3) is unique.

Proof. Suppose there were two solutions. By subtraction we would get a solution

for p =0,
h
dex=§+/—dx.
q q*

So (g/q) = —h/q*. By Lemma 4.6.1, every factor in the denominator of 4 /q*
must have multiplicity at least 2. This is impossible, since ¢* is squarefree. [

The integral [ h/g* can be computed in the following well-known way: Let

qg*(x) = (x —ay)...(x — a,), where ay, ..., a, are the distinct roots of g*.
Then

h n

/ *((x)) dx =) dx = Zc, log(x — o)
X = — -
1 }:(“ ) roe = (4.6.4)
with c,-=—,a—'—, <i<n
q* ()

No part of the sum of logarithms in (4.6.4) can be a rational function, as we
can see from the following theorem in Hardy (1916: p. 14).

Theorem 4.6.3. Let «, ..., «, be distinct elements of C and ¢y, ...,c, € C.
If ZLI ¢; log(x — ;) is a rational function, then ¢; =0 forall 1 <i <n.

Example 4.6.1. Let us integrate x /(x> — 2) according to (4.6.4).

e e N el

= Llog(x — v2) + log(x + v2)) = Llog(x® ~ 2) .

So obviously we do not always need the full splitting field of ¢* in order to
express the integral of 4 /q*. In fact, whenever we have two logarithms with the
same constant coefficient, we can combine these logarithms.

The following theorem, which has been independently discovered by M.

Rothstein (1976) and B. Trager (1976), answers the question of what is the
smallest field in which we can express the integral of h/q*.

Theorem 4.6.4. Let p,g € Q[x] be relatively prime, g monic and squarefree,
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and deg(p) < deg(q). Let

/ i i logv; , (4.6.5)

where the ¢; are distinct non-zero constants and the v; are monic squarefree

pairwise relatively prime elements of @[x]. Then the ¢; are the distinct roots of
the polynomial

r(c) =resy(p—c-q',q) € Qlc]
and

vi=ged(p—ci-q',q) for 1 <i<n.

Proof. Let u; = (]_[;'=1 v;)/v;, for 1 <i < n. Then by differentiation of (4.6.5)
we get

p-

£:1=

n
Z vfu,- .

1

So ¢| ]_[;’=1 v; and on the other hand each v;|q vlfu,', which implies that each v;|q.
Hence,

n n
/
g=1[lvi and p=Y civju;.
i=1

i=1
Consequently, for each j, 1 < j < n, we have

n
!/
2 civiti, v,-)

i=l

v; = ged(0, v)) = gcd(p -

= ged(p — cjvjuj, vj) = gcd(p - cjiv;ui, Uj)
i=
= ged(p — ¢4, v)) ,
and for [ # j we have
ged(p — ¢jq’, v) = ged(p — cjvuy, vy) = ged((c; — ¢j)vjug, vp) = 1.
Thus we conclude that

vi=ged(p —ciq'.q) for 1 <i<n. (4.6.6)

Equation (4.6.6) implies that resx(p —cq',q) =0forall <i < n.
Conversely, if ¢ € Q and res,(p — cq’, q) = 0, then ged(p — cq’, q) = s(x) €
Q[x ] with deg(s) > 0. Thus, any irreducible factor 7 (x) of s(x) divides p —cq’
= Y _jciviu; —cy r_ viu;. Since ¢ divides one and only one v;, we get
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ti(c; — c)v}uj, which implies that ¢; — ¢ = 0. Thus, the ¢; are exactly the
distinct roots of r(c). O

Example 4.6.1 (continued). We apply Theorem 4.6.4. r(c) =res,(p —cq’,q) =
resy(x —c(2x), x2 —2) = —2(2¢ — 1)2. There is only one root of r(c), namely
¢ = 1/2. We get the argument of the corresponding logarithm as v; = ged(x —
1@2x),x2=2) =x2-2. So

X
/;L—zdx=%log(x2—2).

Example 4.6.2. Let us consider integrating the rational function

p(x)  4x® —3x7 +25x% — 11x% + 18x* — 9x3 4+ 8x2 — 3x + 1
q(x) 3x9 — 2x8 4+ 7x7 — 4x6 + 5x5 — 2x* + x3 '

The squarefree factorization of g(x) is
g(x) = 3x% = 2x + D(x* + 1)%x°
so the squarefree partial fraction decomposition of p/q is

px) 4x . —X +3x+2+1+—1+1
g(x)  3x2—2x4+1 x2+1 @2+D2 x  x2  x3°

Now let us consider the third term of this decomposition, i.e., we determine

3x+2
(x2 + 1)? '

By the extended Euclidean algorithm we can write

Bx+2=2-(2+ D+ (—x+3) (2x).

Integration by parts yields
3x +2 2 (—x+3)-@2x)
———dx= [ ——dx 2 T dx
e [ et [T
2 (—x+3- (=D 1
= - dx
/x2+1dx+ x2+1 _/x2+1

—x_%+f L
X241 x2+1
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The remaining integral is purely logarithmic, namely

1 . .
/ 211 dx = % -log(1 —ix) — % -log(1 + ix) = arctan(x) .

Exercises

1. Prove the statement (4.6.4).

2. Integrate 8x/(x* — 2) both by the classical formula given in (4.6.4) and
according to Theorem 4.6.4. What is the smallest extension of @ over which
the integral can be expressed?

3. Let ¢; be one of the constants appearing in Theorem 4.6.4. Do the
conjugates of ¢; also appear? If so, what do the corresponding v; look like?

4. Use a computer algebra system to finish the computation of Example 4.6.2.

4.7 Bibliographic notes

Like for many other topics of computer algebra, D. E. Knuth (1981) provides an
excellent exposition of problems and analyses in gcd computation. The modular
method is presented in Brown (1971). See also Moses and Yun (1973) and Char
et al. (1989). For polynomial gcds with algebraic number coefficients we refer
to Langemyr and McCallum (1989), Smedley (1989), and Encarnacién (1994).
In Kaltofen (1988) gcds are computed for polynomials represented by straight-
line programs. Possible implementations resulting from Hermite’s method of
integration of rational functions are discussed in Tobey (1967). Horowitz (1971)
contains a detailed analysis of algorithms for squarefree partial fraction de-
composition. Recently integration of rational functions has been reexamined in
Lazard and Rioboo (1990).



Factorization
of polynomials

5.1 Factorization over finite fields

Similar to what we have done for the computation of gcds of polynomials,
we will reduce the computation of the factors of an integral polynomial to the
computation of the factors of the polynomial modulo a prime number. So we
have to investigate this problem first, i.e., we consider the problem of factoring
a polynomial a(x) € Zp[x], p a prime number. W.l.o.g. we may assume that
Ic(a) = 1.

In the sequel we describe E. R. Berlekamp’s (1968) algorithm for factoring
squarefree univariate polynomials in Z,[x]. Throughout this section let a(x) be
a squarefree polynomial of degree n in Z,[x], p a prime number, having the
following factorization into irreducible factors

a(x) = li[ai(x) .

i=1

By Theorem 3.1.11, for every choice of sy, ..., s, € Z, there exists a uniquely
determined polynomial v(x) € Z,[x] such that

v(x) =s; modg;(x) for 1 <i<r, and

(5.1.1)
deg(v) < deg(a;) + ... +dega,) =n.

In (5.1.1) it is essential that a is squarefree, i.e., the g;’s are relatively prime.
Lemma 5.1.1. For every a;, aj, i # j, there exist s, ..., s, € Z, such that the
corresponding solution v(x) of (5.1.1) generates a factorization b - ¢ of a with

a;|b and gj|c.

Proof. If r = 1 there is nothing to prove. So assume r > 2. Choose s; # s; and
the other s;’s arbitrary. Let v be the corresponding solution of (5.1.1). Then

ai(x) | ged(a(x), v(x) —s;) and a;(x) f ged(a(x), v(x) —s;) . U

So we could solve the factorization problem over Z,, if we could get a
complete overview of the solutions v(x) of (5.1.1) for all the choices of sy, ...,
sy € Zy. Fortunately this can be achieved by linear algebra methods.
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If v(x) satisfies (5.1.1), then

v(x)? = sip

=s;=v(x)modag;(x) for 1l <i<r.
So we have
v(x)” = v(x) mod a(x) and deg(v) <n . (5.1.2)

Every solution of (5.1.1) for some sy, ..., s, solves (5.1.2).

But what about the converse of this implication? Is every solution of (5.1.2)
also a solution of (5.1.1) for some s, ..., s,? From the fact that GF(p) is the
splitting field of x” — x, we get that

v(x)? —v(x) = (W) - 0@l = D...(wx) = (p—-1) .

So if v(x) satisfies (5.1.2), then a(x) divides v(x)” — v(x) and therefore every
irreducible factor a; (x) must divide one of the factors v(x) — s of v(x)? —v(x).
Thus, every solution of (5.1.2) is also a solution of (5.1.1) for some sy, ..., s,.
In particular, there are exactly p” solutions of (5.1.2).

By Fermat’s little theorem and Theorem 2.5.2 the solutions of (5.1.2) consti-
tute a vector space over Z,. So we can get a complete overview of the solutions
of (5.1.2), if we can compute a basis for this vector space.

Let the (n x n)-matrix Q(a) over Zj,

q0.0 T q0.n—1
Qa)=0= : : :
dn-10 " Gn—-1n-1
be defined by

-1

P =g 4 qgax +qromoda(x) for 0<k<n—1.

That is, the entries in the k-th row of Q are the coefficients of rem(x”*, a(x)).
Using the representation of v(x) = Vp_1x"" 1 4+ ... 4 vg as the vector (v, ...,

Vn—1), We have

v-0=v <&

n—ln—
v(x) = Zvjxf > ka k. jxf kax”k =v(x”) =v(x)” mod a(x) .
j j=0 k= k=0

We summarize all these results in the following theorem.

Theorem 5.1.2. With the notation used above, a polynomial v(x) = v,_x"~!
+...4+vix+vo in Zp[x] solves (5.1.2) if and only if the vector (vo, . .., Un—1)
is in the null-space of the matrix Q — I (I the identity matrix of dimension n),

ie,v-(Q-01)=(,...,0).
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Now we are ready to formulate Berlekamp’s algorithm for factoring square-
free univariate polynomials in Zj,[x].

Algorithm FACTOR_B(in: a, p; out: F);
[p is a prime number, a is a squarefree polynomial in Z,[x],
F is the list of prime factors of a.]
1. form the (n x n)-matrix Q over Z,, where the k-th line (g0, -, gk,n—1)
of Q satisfies
rem(xP*, a(x)) = qk,,,_lx"‘1 +...+qgro. forO0<k<n-1,
2. by column operations transform the matrix Q — I into (e.g., lower-right)
triangular form;
from the triangular form read off the rank n — r of the matrix Q — I;
[There are exactly r linearly independent solutions v, ... vl of v - (Q
-1 =0.
Let v!!! be the trivial solution (1,0, ..., 0).
So (after interpretation of vectors as polynomials) there are p” solutions ?; -
vl 41 - vl of (5.1.2), and therefore r irreducible factors of a(x).]
3. if r =1, then a(x) is irreducible and we set F := [a];
otherwise, compute ged(a(x), v!?!(x) — s) for s € Z, and put the factors of
a found in this way into the list F;
as long as F contains fewer than r factors, choose the next vi*!(x), k = 3,
..., r, and compute ged(f (x), vi*!(x) —s) for f in F;
add the factors found in this way to F’;
[ultimately, F will contain all the factors of a(x)]
return.

Example 5.1.1. Let us use FACTOR B for factoring the polynomial

a(x) =X+ +2x2+x+2
in Zs[x]. First we have to check for squarefreeness. a’(x) = 2+ x+1, s0
gcd(a,a’) =1 in Z3[x] and therefore a(x) is squarefree.

The rows of the (5 x 5)-matrix Q are the coefficients of x°, x, x6, %%, x1?
modulo a(x). So

1 0 000
0 0010
O0=]101 2 1 2
011 2 2
20 211

Q — I can be transformed into the triangular form

_—0 O OO
OO OO
O = OO
QO o = O
OO O
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We read off r = 2, i.e., there are 2 irreducible factors of a(x). The null-space
of O — I is spanned by

v =(1,0,0,0,00 and v =(0,0,2,1,0).

Now we get the factors by appropriate gcd computations:

ged(a(x), v (x)+2) =x2+x+2,
ged(a(x), vm(x) +1) = 42241,

The basic operations in FACTOR_B are the setting up and solution of a
system of linear equations and the gcd computations for determining the actual
factors. The complexity of FACTOR_B is proportional to n® + prn?, where n is
the degree of the polynomial (compare Knuth 1981: sect. 4.6.2).

Exercises

1. Why does the polynomial input a(x) to the Berlekamp algorithm have to
be squarefree? What happens with Lemma 5.1.1 if a(x) is not squarefree?
Produce an example of a non-squarefree polynomial which is not factored
by the Berlekamp algorithm.

2. Apply the process of squarefree factorization and Berlekamp’s algorithm for
factoring a(x) = x” + 4x% 4+ 2x° + 4x3 4+ 3x? + 4x 4+ 2 modulo 5.

3. How many factors does u(x) = x* + 1 have in Zplx), p a prime? (Hint:
Consider the cases p =2, p=8k+ 1, p=8k+3, p=8k+5, p=8k+7
separately.) How many factors does u(x) have in Z[x]?

4. Write a Maple procedure for implementing FACTOR_B.

5.2 Factorization over the integers

Before developing algorithms for actually producing a factorization of a re-
ducible polynomial, we might want to decide whether a given polynomial is in
fact irreducible. A powerful criterion for irreducibility is due to Eisenstein, a
proof can be found, for instance, in van der Waerden (1970).

Theorem 5.2.1 (Eisenstein’s irreducibility criterion). Let R be a ufd and f(x)
= apx"+ay_1x" "' +.--+a;x +ag a primitive polynomial of positive degree n
in R[x]. If there is an irreducible element p of R such that

pfan, pla; forall i <n, and p*ay ,
or

pfag, pla; forall i >0, and p*fa, ,

then f(x) is irreducible in R[x].
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Univariate polynomials

According to the corollary to Gauss’s lemma (Theorem 4.1.1) factorizations
of univariate integral polynomials are essentially the same in Z[x] and Q[x].
For reasons of efficiency we concentrate on the case of integral polynomials.
The factorization of integers is a much harder problem than the factorization
of polynomials. For this reason we do not intend to factor the content of inte-
gral polynomials. Throughout this section we assume that the polynomial to be
factored is a primitive non-constant polynomial.

The problem of factoring a primitive univariate integral polynomial a(x)
consists in finding pairwise relatively prime irreducible polynomials a;(x) and
positive integers m; such that

a(x) = [Jai(x)™ .

i=l

As for polynomials over finite fields we will first compute a squarefree factor-
ization of a(x). By application of SQFR_FACTOR our factorization problem is
reduced to the problem of factoring a primitive squarefree polynomial. So from
now on let us assume that a(x) is primitive and squarefree.

As in the case of polynomial gcds we would like to use the fast factorization
algorithm modulo a prime p. However, the approach of choosing several primes
and combining the results by the Chinese remainder algorithm does not work for
factorization. We do not know which of the factors modulo the different primes
correspond to each other. So we choose a different approach. The problem of
factorization over Z is reduced to factorization modulo p and a subsequent
lifting of the result to a factorization modulo p* (compare Sect. 3.2). If k is
high enough, the integer factors can be constructed.

Theorem 5.2.2 (Hensel lemma). Let p be a prime number and a(x), a;(x), ...,
a,(x) € Z|x). Let (a; mod p), ..., (a, mod p) be pairwise relatively prime in
Z,lx] and a(x) = a1(x) - ... - a,(x) mod p. Then for every natural number k

there are polynomials afk) (x),..., afk)(x) € Z[x] such that

alx) = aik)(x) o -a,(k) (x) mod pk
and

ai(k)(x) =gi(x)mod p for 1 <i<r.
Proof. Let R = Z[x], I = (p) and

fi=x;-...-x, —a(x) € Rlxy,....x].

Then
fitay,...,a,) =0mod I .
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The Jacobian matrix of f) evaluated at a,, ..., a, is
U= ...uy), where

3 r
u1j=a—£(a1,...,a,)= q a for 1<j<r.
J =1
J#j

Since the elements of U are relatively prime modulo p, there is a matrix V in
R such that UV = 1 mod p. Thus, all the requirements of the lifting theorem
(Theorem 3.2.2) are satisfied and the statement is proved. O

As we have seen in Sect. 3.2, the result of the lifting process is by no means
unique. So we want to choose a particular path in the lifting process which will
allow us to reconstruct the factors over Z from the factors modulo p.

Lemma 5.2.3. Let a(x) € Z[x] be primitive and squarefree. Let p be a prime
number not dividing Ic(a). Let a;(x), ..., a,(x) € Z,[x] be pairwise relatively
prime such thata = a,-...-a, mod p and lc(a;) = Ic(a) mod p, Ic(ap) = ... =
Ic(a,) = 1. Then for every natural number & there are polynomials a%k)(x), R
al¥(x) € Zylx] with Ie(@) = le(@) mod pt, le@) = ... = le(@) = 1
such that

a(x) = aik)(x) o a,(.k)(x) mod pk
and

a,.(k)(x) =gi(x)mod p for 1 <i<r.

Proof. We proceed by induction on k. For k = 1 we can obviously choose a,.(l)
= a; and all the requirements are satisfied.
So now assume that the a,.(k)

d(x) € Z,[x] we have

satisty the requirements. That is, for some

,
a— ]_[al.(k) = p*d mod p**! .
i=1

We replace the leading coefficient of a'’ by (Ic(a) mod p**'). Then for some
d(x) € Zp[x] we have

,
a-— _ﬂa;k) = p*d mod p**! .

i=1

where deg(d) < deg(a). We will determine b;(x) € Z,[x] with deg(b;) <
deg(a;) such that

(k+1) (k) k
a =aq; + 14 b,‘ .

i
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Using this ansatz, we get

r r r
(k+1) _ (k) k
a—1la; "' =a-lg —p(
= i=1 '

i=1

p"d =:5,'
So the al.(kH)’s will constitute a factorization modulo p**! if and only if

dst,--&,-modp.

i=1

A solution is guaranteed by an appropriate generalization of Theorem 3.1.2 and
the corollary. See Sect. 3.1, Exercise 11 and algorithm LIN.COMB below. [

The following algorithm LIN_.COMB (based on Wang 1979) will be used as
a subalgorithm in the lifting process.

Algorithm LIN_.COMB(in: [ay, ..., a,]; out: [by, ..., b.]);
la; € K[x] (K a field) pairwise relatively prime;
bi € K[x], deg(b;) < deg(a;) and 1 = Y;_, bia;, where a; = ]_[;zly#i a;j]
1. d:=1;i:=0;
for j=2tor doaf =[], au
2. whilei <r—14do
{i=i+1;
compute u, v such that d = ua; + va;*+1,
deg(u) < deg(aj, ), deg(v) < deg(a;)
[corollary to Theorem 3.1.2];
b :=v;d :=ul;
3. b :=d,
return.

We summarize these algorithmic ideas in LIFT_FACTORS.

Algorithm LIFT_FACTORS(in: q, [a;, ..., a.], p, K; out: F);

[a is a primitive squarefree polynomial in Z[x], p is a prime number not dividing

Ic(a) and s.t. (@ mod p) is squarefree in Z,[x],

ai,...,ar € Zp[x] pairwise relatively prime, Ic(a;) = lc(a) mod p, Ic(az) =

...=Ic@)=1,anda=a;-...-a, mod p, K € N;

F =[ay,....a), G € Zyk[x], such that a = & - ... - a mod p¥X, lc(a)) =

lc(a) mod pX, Ic(a) = ... =1c(a,) =1, and @; = a; mod p.]

1. by an application of LIN.COMB to [aj, ..., a,] compute v; € Zy[x] s.t.
deg(v;) < deg(a;) and 1 = Y_/_, v;a; mod p, where a; = n;=1,j¢i aj;
(Sect. 3.1, Exercise 11)

2. fori =1tor doa;:=a;;
k=1,
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3. while k < K do
{replace Ic(ay) by (Ic(a) mod p**1y;
d:=(a —[]i_, @ mod p**1);
d:=d/p~,
fori=1tor do
{b; :==rem(dv;, a;);
ai = a + phbi);
k:=k+1};
4. F:=lay,...,al;
return.

As for the general lifting algorithm LIFT there is also a quadratic lifting
scheme for LIFT_FACTORS. The interested reader is referred to Wang (1979).

Now we put all the subalgorithms together and we get the Berlekamp—Hensel
algorithm FACTOR_BH for factoring primitive univariate squarefree polynomials
over the integers.

Algorithm FACTOR_BH(in: a; out: F);

[a is a primitive squarefree polynomial in Z{x]; F = [a,,...,a,], where ay,

..., a, are primitive irreducible polynomials in Z([x] such thata =a; -...-a,.]

1. choose a prime number p such that p J1c(a) and a is squarefree modulo p
(i.e., p does not divide the discriminant of a);

2. [uy,...,us] :=FACTOR B(a, p);
normalize the u;’s such that lc(u;) = lc(a) mod p and lc(uy) = ... =
Ie(uy) = 1;

3. determine a natural number B which bounds the absolute value of any coeffi-
cient in a factor of a over the integers (for instance, use the Landau-Mignotte
bound, Theorem 4.2.1);

K :=min{k € N | p* > 2|lc(a)|B};

4. [vy,..., vs] := LIFT_.FACTORS(a, [uy, ..., us], p, K);
5. [combine factors]
a:=a;
C:={2,...,s}; [v; will be included in the last factor]
=0
m = 0;
while m < |C| do
{m:=m+1;
for all {iy,..., iy} € C do

{ [integers modulo pX are centered around 0, i.e., the representation of
Zpx is {q | —p%/2 < q < p¥/2)] .
b:= (Ic@)-v;, -...-v;, mod %), interpreted as a polynomial over the
integers; _
b := pp(b);
if bla
then
{i . =i+1,
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a; == b;
a:=a/b;
C:=C\{iy,...,in}
BB
=i+ 1;
a; ‘= a;
6. F:=lay,...,ql;
return.

Step (5) is necessary, because irreducible factors over the integers might
factor further modulo a prime p. In fact, there are irreducible polynomials over
the integers which factor modulo every prime number. An example of this is
x* 4+ 1 (see Sect. 5.1, Exercise 3).

The complexity of FACTOR_BH would be polynomial in the size of the
input except for step (5). Since in step (5), in the worst case, we have to
consider all possible combinations of factors modulo p, this might lead to a
combinatorial explosion, rendering the algorithm FACTOR_BH exponential in
the size of the input. Nevertheless, in practical examples the combinations of
factors does not present an insurmountable problem. Basically all the major
computer algebra systems employ some variant of FACTOR.BH as the standard
factoring algorithm for polynomials over the integers.

Example 5.2.1. We want to factor the primitive squarefree integral polynomial
a(x) =6x" +7x0 +ax® +x* +oxd + T +4x+ 1.

We use FACTOR_BH in the process. A suitable prime is 5, a(x) stays squarefree
modulo 5.

By an application of the Berlekamp algorithm FACTOR_B, a(x) is factored
modulo 5 into

axX)=(x—-2)-(x?=2)- (x*+2)- x> —=x+2) mod 5 .
R i e —
uj Uz us Ug

By an application of LIFT_FACTORS we lift this factorization to a factorization
modulo 25, getting

a(x)=6x+3)- (2 =7) (2 +7) - x4+ 9x —8) mod 25 .
— —— ——— S——

U] V2 v3 V4

The Landau-Mignotte bound for a is rather big. Let us assume that by some
additional insight we know that K = 2 is good enough for constructing the
integral factors. Now we have to try combinations of factors modulo 25 to get
the factors over the integers. So we set a := a and C := {2, 3, 4}. Testing the
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factors vy, v3, v4 we see that only vy4 yields a factor over the integers:
ay(x) ;= pp(c(a) - v4 mod 25) = 3x24+2x +1.

So now a :=a/a; = 2x> + x* + 2x + 1. The combination of v7 and v3 yields
the factor

az(x) := pp(c(a) - v - v3 mod 25) = xt+1.

We set a :=a/ay = 2x + 1. Now C has become empty, and the last factor is
as(x) :=ax)=2x+1.
FACTOR_BH returns F = [ay, a3, az], i.e., the factorization

a@X) =GB+ 22+ -+ 1)-2x+1).

Multivariate polynomials

L. Kronecker (1882) describes a method for reducing the factorization of a mul-
tivariate polynomial over a unique factorization domain / to the factorization
of a univariate polynomial over /. This reduction is achieved by a mapping of
the form

Sa: I[x1, ..., x,] — I[y]

n—1
h(xy,...,xp) —> h(y,yd,...,yd )

s

for d € N. Clearly S; is a homomorphism. S, can be inverted for those poly-
nomials 4, for which the maximal degree in any of the variables is less than d.
So by Sd_1 let us denote the additive mapping from I[y]/<y4n) to I(x1,...,xx]
satisfying

Sd_l(cy"’) =cx;.. X,
where a +ad + ... +a,d" ! is the representation of ¢ in the positional num-
ber system with radix d.

Lemma 5.24. Let f € I[x,...,x,], d > max) <; <, deg, (f), g a factor
of f. Then there are irreducible factors g, ..., gs of S;(f) such that g =
Sa ' ([Tj= 8-

Proof. No factor of f can have a degree higher than the respective degree of
f in any variable. Let f = g - h. Then

Sa(f) = Sa(®) - Salh) =

;) a0

for some irreducible g, ..., g; € I[y]. So



122 Factorization

g =S7"(S4(g) = S;l(ng,) . 0
=1

This lemma immediately leads to Kronecker’s factorization algorithm for
multivariate polynomials.

Algorithm FACTOR_K(in: f; out: F);
[f e llxy, ..., xl;
=[f1,..., fs], where fi,..., f; are the irreducible factors of f.]
1. [compute degree bound]
d = (max<;j<ndeg, (f)) + 1;
2. [reduce to univariate case]
factor S4(f) into irreducibles gy, ..., gs in I[y];
3. [recover multivariate factors by combination]
F=[]C:={1,...,s};i:=0;
while C # 0 do

{i:=i+4+1,
forall g;, ..., gj such that j; € C do
(g =870 &)
if gl f
Ehen {F:=CONS(g, F); C:=C\{j1,....Ji} f:= f/g}
1
return.

The complexity of FACTOR_K depends on how fast polynomials in /[y] can
be factored. In any case, the factor combination in step (3) makes the algorithm
exponential in the degree of the input f.

When we are dealing with multivariate polynomials over the integers, we
need not use the quite time consuming Kronecker algorithm, but we can instead
use evaluation homomorphisms to construct a lifting approach.

By application of Theorem 4.4.2 the problem can be reduced to the factor-
ization of squarefree polynomials. By gcd computations we extract the primitive
part w.r.t. the main variable x,,. So now let

f(xl, cey Xn—1, Xp)
be a primitive squarefree polynomial in Z[x;, ..., x,]. We choose an evaluation
!

point (ai,...,an,—1) € Z"~' which preserves the degree and squarefreeness,
factor the univariate polynomial

f(al’ e ’an_l’xn) ’
and finally lift this factorization modulo the prime ideal

P=(x;j—ai,...,xXn-1 —ap_1)
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to a factorization moludo P’ for high enough ¢. For a complete formulation we
refer to Wang and Rothschild (1975), Wang (1978), and Musser (1976).

Example 5.2.2 (from Kaltofen 1983). Let us factor the squarefree integral poly-
nomial
fGrx,x) = x4+ (0 +2)x2 + 20 + D’ +
+ (1 + 2023 + (62 +2x1 + Dy +2xF + xp)x +
+ (1 4+ DX+ (g + D2 4+ o + xbxo +x +xf
Step 1. First we choose an evaluation point that preserves the degree and
squarefreeness and has as many zero components as possible.
(x1,x2) = (0,0): f(0,0, x) = x>+ x? is not squarefree, but
(x1,x2) = (1,0): f(1,0,x) = x>+ 3x? 4 3x + 2 is squarefree.

By the change of variables x; = w + 1, x; = z we move the evaluation
point to the origin,

fw+1,z,x)=x>+3x2+3x +2+

+w + Qx + Hw? + (262 + 5x + 5w +

+ W+ +((x+Dw+ Gx +2)2% +

+ W4+ hHw? + P+ A+ 5w+ Gl +4x +2)z .
By f;;(x) we denote the coefficient of w/z' in f.

Step 2. Factor fy (i.e., f evaluated at (w, z) = (0, 0)) in Z[x]. We get
343+ 2=+ x4+ 1) .
—— ———

800 hoo

Step 3. Compute degree bounds for w and z in factors of
fw+1,z,x)=gw,z, )h(w,z,x),

ie., deg, (g),deg, (h) < 3, and deg_(g), deg.(h) < 3.
Step 4. Lift ggo and hgp to highest degrees in w and z. We use the ansatz

g(w, z,x) = goo(x) + go1 (V)w + go2 (X)w? + go3 (x)w’ +
+ (g10(X) + gn(w + gn()w’ + gi3()w’)z +
+ (g20() + g0 (W + g (V)w” + g3 (w2 +
+ (g30(x) + g31 (Dw + ga(Vw? + g3 (w2’ |

and analogously for A (w, z, x). First we lift to a factorization of f(w+ 1,0, x):
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a formal multiplication of g and 4 leads to the equations

fo1 = gorhoo + goohor ,
foz2 = goohoz + gorhor + go2hoo
fo3 = goohosz + go1ho2 + go2ho1 + go3hoo -

These equations can be solved by a modification of the extended Euclidean
algorithm, yielding

fw+1,0,x)=((x+2)+1-w) (2 +x+ D+ & +2w+w?) .

Now we lift to a factorization of f(w+1, z, x): again by the extended Euclidean
algorithm we successively solve

fio = gooh1o + g10hoo »
f11 — go1hi1o — g10ho1 = gook11 + g11h00
f20 — g10h10 = gooh20 + g20h00 -

All the other equations have O as their left-hand sides.
We get the factor candidates

fw+1lz,x)=((x+2)+w+ 2 +w)z)-
P+ x4+ D+ E+Qw+wr +xz+ 2D,

which are the actual factors. By resubstituting w = x; — 1,z = x, we get the
factorization

Flei,xo,x) = (x +x1x +x1 +x2+ 1) - (2 4+ (1 +x2)x + x4+ x3) .

Exercises

1. Let a(x) = 5x3 + 9x2 — 146x — 120 € Z[x]. Lift the factorization
a(x) = 2x+ 1)(x + 1)x mod 3

to a factorization modulo 27. Is the result a factorization over the integers?
2. Modify LIFT_FACTORS to produce a quadratic lifting algorithm.
3. Apply FACTOR_BH for factoring the integral polynomial

a(x) = 2x% — 6x° — 101x* + 302x° + 148x2 — 392x — 49.

As the prime use 5. All the coefficients of factors of a are bounded in
absolute value by 12.



5.3 Polynomial-time factorization algorithm 125

5.3 A polynomial-time factorization algorithm over the integers

In previous sections we have dealt with the Berlekamp-Hensel algorithm for
factoring univariate and multivariate polynomials over Z. While this algorithm
yields a factorization in reasonable time in most cases, it suffers from an ex-
ponential worst case complexity. For a long time it was an open problem in
computer algebra whether the factorization of a polynomial f could be achieved
in time polynomial in the size of f. A. K. Lenstra et al. (1982) introduced an
algorithm which is able to factor univariate polynomials over Z in polynomial
time in the size of the input. Simultaneously E. Kaltofen (1982, 1985a) showed
that the problem of factoring multivariate polynomials can be reduced to the
problem of factoring univariate polynomials by an algorithm that takes time
polynomial in the size of the input. These two results taken together provide a
polynomial-time factorization algorithm for multivariate polynomials over Z.

In this section we describe the approach of A. K. Lenstra et al. Their factor-
ization algorithm relates the factors of a polynomial f to a certain lattice in R™
and determines a reduced basis for this lattice. From this basis the factors of f
can be determined.

Lattices
From a vector space basis by, ..., b, for R" an orthogonal basis bJ, ..., b, can
be computed by the Gram—Schmidt orthogonalization process. Let < -, - > de-
note the inner product of two vectors in R” and let || - || denote the Euclidean

length of a vector in R"; so ||la||> = < a,a >. In the Gram-Schmidt orthogo-
nalization process the vectors b} and the real numbers p;;, 1 < j <i <n, are
inductively defined by the formulas

i—1
b¥=b; — /'le* ,
e ng ™ (5.3.1)

pij = < b, b > /IIb}1* .

Definition 5.3.1. Let n be a positive integer and by, ..., b, € R" linearly inde-
pendent vectors over R. The set

n n
L = ZZbi = {Zaib,- 'a1,...,an EZ}
i=1 i=l1

is called the lattice spanned by by, ..., b,. We say that by, ..., b, form a basis
of the lattice L. An arbitrary subset M of R” is a lattice iff there are by, ..., b,
such that M is the lattice spanned by by, ..., b,. n is called the rank of the
lattice. If L is the lattice spanned by by, ..., b, in R", then the determinant
det(L) of L is defined as

det(L) = | det(by, ..., ba)| ,
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where the b;’s are written as column vectors. The determinant is independent
of the particular basis of the lattice (see, for instance, Cassels 1971). A basis
by, ..., b, for a lattice L satisfying

lmijl <1/2 for 1<j<i<n
and
16F + pii—1bj_y 1> = 216717 for 1<i<n,

where b} and p;; are defined as in (5.3.1), is a reduced basis.

Observe (Exercise 2) that if by, ..., b, are a reduced basis for a lattice in
R", then

1612 > Lubr 1> for 1<i<n.

Theorem 5.3.1. Let by, ..., b, be a reduced basis for a lattice L in R" and let

by, ..., by be the orthogonal basis produced by the Gram-Schmidt orthogonal-

ization process. Then we have

a |l <27 b)) for 1< j<i<n,

b. [|by]I> <2771 |Ix||?  for every x € L \ {0},

c. if xy,...,x, € L are linearly independent, then max{||b;|?, ..., ||b/]?} <
2=t max{llx 12, 2

Proof. A proof of this proposition can be found in Lenstra et al. (1982). g

The algorithm BASIS_REDUCTION transforms an arbitrary basis for a lattice
L into a reduced basis, as described in Lenstra et al. (1982).

Algorithm BASIS_REDUCTION(in: ay, ...,a,; out: by, ..., b,);
lai, ..., ay is a basis for a lattice L in R"; by, ..., b, is a reduced basis for L]

Subalgorithm REDUCE(n: k, [);

if {pp| > 1/2

then {r := integer nearest to p;;
bk :=bk—r-b1;
for j=1tol~1do = pij —r - wj;
ki = W — T}

return.

Subalgorithm UPDATE(n: k),

= tr—1; B := By + u?Bi_1; pkk—1 := uBx_1/B;
By := Byx—1Byx/B; By-1 := B,

(bk-1, bi) = (bi, br—1);

for j =110k —2do (uik—1;, ki) = (k> Mk—1,);
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fori =k+1tondo

(Wi k=15 tik) = (i g1 fhk=1 + ik (D= @kk—1), Mik—1 — ARiK)}
return.

1. [Gram-Schmidt orthogonalization]
fori =1 tondo
{bi :=a;; b 1= ay;
for j=1toi—1do
{tij := <b;, b7 >/B;
bf := b} — p;;bi};
B; = b7 I);
2. [reduction]
k=2
while k < n do
{l . =k—1;
REDUCE(k, 1);
if By < (3 —u2, By
2.1. then {UPDATE(k);
if k> 2thenk :=k— 1}
2.2. else {for | = k — 2 downto 1 do REDUCE(k, 1);
k:=k+1}}
return.

Example 5.3.1. We apply the algorithm BASIS_REDUCTION to the basis a; =
(1,2, 1), a = (0,1,1), a3 = (1,0, 1) in R>. In step (1) the basis by, by, b3 is
initialized to ay, ay, a3 and the Gram-Schmidt orthogonalization process yields
the orthogonal basis b} = (1,2,1), b5 = (=3,0,1), b5 = (3. -3, %), the
transformation coefficients p,; = %, U3 = %, w32 = 0, and the (squares of the)
norms Bl = 6, Bz = %, B3 = %

In step (2) we set k = 2 and go to the top of the “while” loop. [ is set
to 1. REDUCE(2, 1) does nothing. B, < (% — p,%l)Bl, so the “then” branch is
executed. UPDATE(2) interchanges b; and b,, and reassigns B; := 2, B, := %,
U = %, U3l = %, U3 = % We return to the top of the “while” loop,
k = 2.1 is set to 1. REDUCE(2, 1) now results in the reassignments b, :=
by — by = (1,1,0), pay == 3. By > (3 — 3By, so the “else” branch is
executed, yielding k = 3. We return to the top of the “while” loop, k = 3. [ is
set to 2. REDUCE(3, 2) does nothing. B3 > (3 — u%,) By, so the “else” branch
is executed. REDUCE(3, 1) does nothing, and k is set to 4. We return to the top
of the “while” loop. Now k > 3, so the algorithm terminates with the reduced
basis by = (0,1, 1), b, = (1,1,0), b3 = (1,0, 1).

Theorem 5.3.2. The algorithm BASIS_REDUCTION is correct.

Proof. a. Partial correctness: Initially the basis by, ..., b, is set to ay, ..., an,
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a basis for the lattice L. In step (1) orthogonal vectors b, ..., b* and correspond-
ing coefficients y;; are computed, so that (5.3.1) holds. During the algorithm
the b;’s are changed several times, but they always form a basis for the lattice
L and the p;;’s, bf’s are changed accordingly so that (5.3.1) remains valid.
Actually, after step (1) it is not necessary to store the values of the b!’s, but it
suffices to keep track of the numbers B; = llbl’.“llz.

We show that whenever the “while” loop in step (2) is entered, the following
invariant holds:

lwijl <3 for 1<j<i<k

and

1B + i iabF_ 17 = 2167 I> for 1 <i<k. (5.3.2)
So when the algorithm terminates, i.e., k = n + 1, we have that b;,..., b, is a
reduced basis for the lattice L generated by the input basis ay, ..., a,.

Invariant (5.3.2) obviously holds when the “while” loop is entered for the
first time, since for k = 2 the condition (5.3.2) is empty. k will always be in
the range 2 < k < n 4 1 during the execution of the algorithm.

Suppose that we come to the top of the “while” loop, k < n, and the invariant
(5.3.2) holds. First the variables are changed by the subalgorithm REDUCE such
that |pgr—1] < 3. Next we check whether [|b} + w1} II> < 316, I%
(Notice that |67 + pxx—165_, 11> = 671> + ui,_,Ib;_,lI% since the vectors
b;_, and b} are orthogonal.) If this is the case, by and by are interchanged
by UPDATE and all the other b;’s are left unchanged. The B;’s and ;;’s are
updated accordingly. Then & is replaced by kK — 1. Now (5.3.2) holds. If the
condition does not hold, we first achieve || < % for 1 < j <k —1. This is
done by the subalgorithm REDUCE. Then we replace k by k + 1. Now (5.3.2)
holds.

The details in the correctness proofs of the subalgorithms are left to the
reader and can partially be found in Lenstra et al. (1982).

b. Termination: Let

di = |(< bj, b >)1<ju<i| for 1<i<n,

dp = 1. By Exercise 3, d; = ]_[j-=1 ||b;.*[|2 € R". Let D = ]_[;:11 d;. In step (2.1)

By—1 = ||b}_, 12 is replaced by By + u,%k_lBk_l, which is less than %Bk_l. So
By is reduced by a factor of %. But the numbers d; are bounded from below
by a positive real bound that depends only on the lattice L (see Lenstra et al.
1982). So there is also a positive real bound for D and hence an upper bound
for the number of times that (2.1) is executed. The number of times that (2.2)
is executed can be at most n — 1 more than the number of times that (2.1) is

executed. So the algorithm BASIS_REDUCTION terminates. O
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In Lenstra etal. (1982) a detailed complexity analysis of BASIS_ REDUC-
TION is given. We just quote the result, their proposition 1.26.

Theorem 5.3.3. Let L C Z" be a lattice with basis ay, ..., a,, and let B € R,
B > 2, be such that ||g;||> < B for 1 < i < n. Then the number of arith-
metic operations needed by BASIS_REDUCTION for the input ai,...,a, is
O(n* log B), and the integers on which these operations are performed each
have length O(n log B).

So if we use classical multiplication, the complexity of BASIS_REDUCTION
is O(n® (log B)?), which can be reduced to O(n>+¢ (log B)**¢), for every € > 0,
by fast multiplication techniques.

Factors and lattices

Throughout this section let p be a prime number, k a positive integer, f a
primitive, squarefree polynomial of degree n, n > 0, in Z[x], and A a monic
polynomial of degree [, 0 </ < n, in Zpk [x], such that

h divides (f mod p*) in Zx[x] (5.3.3)
(h mod p) is irreducible in Z,[x] , (5.3.4)
(f mod p) is squarefree in Z,[x] . (5.3.5)

Theorem 5.3.4. a. There is a uniquely determined irreducible factor Ay of f in
Z[x], up to sign, such that (4 mod p) divides (hg mod p).

b. Further, if g divides f in Z[x], then the following are equivalent:

i (h mod p) divides (g mod p) in Z,[x],

ii. h divides (g mod p¥) in Z[x],

iii. ho divides g in Z[x].

Proof. a. Let f = []i_yh: be the factorization of f in Z[x]. So (h mod p)
divides one of the factors (h; mod p), say (ho mod p). The uniqueness of kg
follows from (5.3.5).

b. Obviously (ii)) = (i) and (iii) = (1).

Now we prove (i) = (iii): assume (i). Because of (5.3.5) (h mod p) does
not divide (f/g mod p) in Z,[x]. So also (ho mod p) does not divide (f/g
mod p) in Z,[x] and furthermore hq ) f/g € Z[x]. Therefore, hy must be a
factor of g in Z[x].

Finally we prove (i) = (ii): (A mod p) and (f/g mod p) are relatively
prime in Z,[x], so for certain r, s € Zp[x] we have

r-h+s-(f/g)=1 (modp) .
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By the lifting theorem (Theorem 3.2.2) we get r', 5" € Z[x] such that

r’-h-}—s’-(f/g)zl (mod pk),
or

r'(gmod p*)-h+s' - f=g (mod p).

But 4 divides the left-hand side of this congruence, so we have that 4 divides
g modulo p*. a

Corollary. / divides (hg mod p*) in Zx[x].

Proof. Follows from (ii) for g = hq. O

In the sequel we denote by A the polynomial in Theorem 5.3.4. Observe
that hq is a primitive polynomial since f is primitive.

The set of polynomials in R[x] of degree not greater than m, for m € N, is a
vector space over R isomorphic to R”*!. The isomorphism is given by viewing
a polynomial as its coefficient vector, i.e., by identifying

m .
daixt with (ag, ..., an) .
i=0

The length || fIl = />/_,a? of a polynomial f = 3/ a;x' equals the Eu-
clidean length | (ao, ..., an)| of the corresponding vector.

In the following we let m be an integer greater or equal to /. We let L,
be the set of polynomials of degree not greater than m in Z[x] that are divisible
by 4 modulo p*, i.e.,

Lnn={g € ZIx] | deg(g) <m and h|(g mod p*) in Z[x]} .
By the above isomorphism L, is a lattice in R”*! and it is spanned by the

basis ‘ ‘
(Prxl10<i<ljUlhx/ |0<j<m—1}.

Theorem 5.3.5. Let b € L, ;, satisfy pX > || f|” - |b||". Then h¢ divides b in
Z]x], and in particular ged(f, b) # 1.

Proof. We may assume b # 0. Let s = deg(b), g = gcd(f, b) in Z[x], and
t = deg(g). Observe that 0 < ¢ < s < m. In order to show that kg divides b, it
suffices to show that A divides g, which by Theorem 5.3.4 (b) is equivalent to

(h mod p) divides (g mod p) in Zplx] . (5.3.6)
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Assume that (5.3.6) does not hold. Then (A mod p) divides (f/g mod p). Con-
sider the set of polynomials

M={Af+ub| i ueZlx], deg(h) <s—t, deg(n) <n-—t}.

Let
n+s—t—1 )

Y axteMyp,
i=0

n+s—t—1

M/={ > aix!
i=t

i.e., M’ is the projection of M onto its last coordinates.
As shown in Lenstra et al. (1982), the projections of

Wfl0<i<s—t)Ub|0<j<n—1}

on M’ are linearly independent. They also span M’ as a lattice in R"*~% so
M’ is a lattice of rank n + s — 2¢. From Hadamard’s inequality we obtain

det(M'y < [ £IF" - 1B < I FI™ - 1B < pX . (5.3.7)

Let b, b11, ..., byys—1—1 be a basis of M’ with deg(b;) = j (Exercise 4).
Observe that t +1/ — 1 <n+s —r—1, since g divides  and (h mod p) divides
(f/g mod p). The leading coefficients of b;, b4, ..., b,1;—1 are divisible by
p* (Exercise 5). So

n+s—t—1
des(M) =[] lebp)| = p
i=t
a contradiction to (5.3.7).
Therefore, (5.3.6) must hold, which completes the proof. O

Lemma 5.3.6. Let g(x) = by +bx +-- -+ bx! € Z[x] be a divisor of p(x) €
Z[x].
a |bil < ()lIpll for0<i <1
1/2
b. ligll < G) “lpl.

Proof. a. Theorem 2 in Mignotte (1974).

b. By (a) we get
[ /1\?
gl < Z(i) el

=

Vandermonde’s equation

SW6)-00)
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applied to s =r = n =1 yields

21 172
”‘1”5<z> Al =

Theorem 5.3.7. Let by, ..., by+1 be a reduced basis for L,, , and let

2m\"/?
pk’>2’""/2-<m) 3 Pk (5.3.8)

a. deg(ho) < m if and only if ||by|| < V/pX/| fII™.

b. Assume that there exists an index j € {1, ..., m + 1} for which

b1l < V' PX/IFIm (5.3.9)

Let ¢ be the largest such j. Then deg(hg) = m+1—1, ho = ged(by, ..., by)
and (5.3.9) holds for all j with 1 < j <1¢.

Proof. a. “<=": If ||by|| is bounded in this way, then by Theorem 5.3.5 ho
divides b;, and since deg(b;) < m we get deg(ho)'s m.

“=—=":If deg(hg) < m then hy € L,, 5. So by Theorem 5.3.1 (b) and Lemma
5.3.6 (b)

2m 172
61|l < 2™/% - ||holl < 2™/ - (m ) A

Using (5.3.8) we get the desired bound for [|b1]|.
b. Let

J={jl1<j<m+1 and j satisfies (5.3.9)} .
By Theorem 5.3.5 for every j € J the polynomial kg divides b;. So hg divides

h; for
hy =ged({b; | j€JD .

Each b, j € J, is divisible by h; and has degree not greater than m, so it
belongs to the lattice

Zo-hi+Z-hy -x+...+Z hy-x""%eh
of rank m 4 1 — deg(h). Moreover, the b;’s are linearly independent, so

[J| <m+1—deg(h) . (5.3.10)
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As in (a) we show that

_ 2\ /2 '
lho - x' | = llholl < (m) “\Ifl forall i >0.

For i € {0,1,...,m — deg(ho)} we have hg - x' € Ly . So from Theorem

5.3.1 (c) we obtain
om 1/2
Al szm/z-(m) £

for 1 < j <m+ 1 —deg(hg). So by (5.3.8)
{L,....m+1—deg(hg)} C J . (5.3.11)
But hg divides 4, so from (5.3.10) and (5.3.11) we obtain that

deg(hg) =degh)) =m+1—1,
J={1,...,t},
hi=a-hy forsome acZ.

Furthermore, we get deg(ho) < m by (a), s0 hg € L 4.

hg is primitive, so for proving that k¢ is equal to &j, up to sign, it suffices
to show that /4 also is primitive. Let j be an arbitrary element of J. hq divides
pp(b)). Since hg € Ly 4, also pp(b;) € L, ;. But b; belongs to a basis for Ly, .
So b; must be primitive, and hence also the factor 4, of b; must be primitive.
So h() = :|:h1. O

The factorization algorithm

Before we describe the Lenstra—Lenstra—Lovdsz factorization algorithm, we start
with two subalgorithms.

Algorithm LLL_SUBALGI(in: f, p, k, h, m; out: hg);

[f € Z[x] a primitive, squarefree polynomial,

p a prime number not dividing lc(f) and such that (f mod p) is squarefree,

k a positive integer,

h a polynomial in Zyk[x] such that Ic(h) = 1, h divides (f mod pk), (h mod p)

is irreducible in Zp[x],

m an integer greater or equal to deg(h), such that p*dee(® > pmn/2. (3;")"/2 :

I+

ho is the irreducible factor of f for which (h mod p) divides (hyo mod p), if

this factor has degree < m, ho = error otherwise.]

1. n:=deg(f); ! = deg(h);

2. (b1, e bm+1) := BASIS_ REDUCTION(p*x?, ..., p*x!=1 hx®, ...,
hx™™);
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3. if by = Y pR | flIm

then hg := error

else {t := largest integer such that ||b,|| < / p*/ | fI™;
ho := ged(by, ..., b))}

return.

Theorem 5.3.8. a. Algorithm LLL_SUBALG! is correct.

b. The number of arithmetic operations needed by algorithm LLL_SUBALG1
is O(m* k log p), and the integers on which these operations are performed each
have length O(m k log p).

Proof. a. by, ..., by41 form a reduced basis for the lattice L, 5. If ||by] >

V/p* /I f1I™, then by Theorem 5.3.7 (a) deg(hg) > m, so “error” is the correct
answer. Otherwise by Theorem 5.3.7 (b) hg = ged(by, ..., b;), where ¢ is the

greatest index such that ||b,|| < {/ pk /|| FII™.

b. Every vector a in the initial basis for L,, , is bounded by lall> < 1+
[-p** = B. From [ < n and the input condition for m we see that m is
dominated by k log p. Since log!/ < | < m we get log B is dominated by
k log p. Application of Theorem 5.3.3 yields the desired bounds for step (2).

In step (3) we need to compute the greatest common divisor of by, ..., b;.

Every coefficient ¢ in b;, 1 < j < t, is bounded by i/ p*/| f|I™, so logc <
k log p. If we use the subresultant gcd algorithm, every coefficient in the compu-
tation of ged(by, by) is bounded by m k log p+m logm ~ m k log p (see Knuth
1981: sect. 4.6.1 (26)). By the Landau-Mignotte bound the coefficients in the
ged are of size O(2"||b;|), so their length is dominated by m + log B ~ log B.
The same bounds hold for all the successive gcd computations. One gcd compu-
tation takes O(m?) arithmetic operations. We need at most m gcd computations,
so the number of arithmetic operations for all of them is dominated by m3. O

Algorithm LLL_SUBALG2(in: f, p, h; out: hg);
[f € Z[x] a primitive, squarefree polynomial,
p a prime number not dividing Ic(f) and such that (f mod p) is squarefree,
h an irreducible polynomial in Z,[x] such that Ic(h) = 1 and h divides (f
mod p);
ho is the irreducible factor of f for which A divides (hy mod p).]
1. n:=deg(f); ! :=deg(h),
it [ = n then {hg := f; return};
[Now [ < n.] n/2
2. k := least positive integer such that p¥ > 20=Dn/2. (2(:_—11)) N FaRis
[A”, h'] :== LIFT_-FACTORS( f, [(f/h mod p), h], p, k);
[A" € Zp[x] is congruent to & modulo p, lc(h) = 1 and A’ divides (f
mod p*).]
3. u := greatest integer such that / < (n — 1)/2%;
while u > 0 do
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{m:=[(n—1)/2"];
ho := LLL_SUBALGI(f, p. k, h', m);
if hg # error then return;
u:=u—1}
4. ho:=f;
return.

Theorem 5.3.9. a. Algorithm LLL_SUBALG?2 is correct.

b. Let mqg be the degree of the result #p. Then the number of arithmetic
operatlons needed by algorithm LLL_SUBALG2 is O(mo(n® + n* log| f| +
n? log p)), and the integers on which these operations are performed each have
length O(n® + n? log || f|| + n log p).

Proof. a. If | = n then f is irreducible in Z,[x], so it is irreducible over the
integers. After executing step (2) we have

f=hr-b" (modpr),

where (k' mod p) = h and Ic(h’) = 1. Now let m be such that/ <m <n — 1.
m satisfies the input condition of LLL_SUBALGI. So if the irreducible factor hg
of f corresponding to &' has degree not greater than m, then LLL_SUBALGI
will compute it. If LLL_SUBALGI returns “error” for all values of m, then there
is no proper factor corresponding to 4', so the result is hg = f.

b. Since k is the least positive integer satisfying the condition in step (2),
we have

. . . 2(n = H\"? .
pklsp(k 1)152(71 1)n/2‘<n_1> 'Hf”an'

Using the fact that

2(n — H\"?
10g< ( 1)> <log (22""")"? = (n — )n log2,
n_

we see that

klogp=(k—1)logp+logp <n®+nlog|fll+logp .

Let m; be the largest value of m considered in LLL_.SUBALG2. Since we start

with small values of m and stop as soon as m is greater than the degree of hy,

it follows that m; < 2mg. All the other values of m are of the form | 5|, [ %],
|_2‘j So if we sum over all these values of m we get
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1

mi mi )

> m<——+...+—+tm=m- -5

m considered 2 2 (7) —1
in LLL_SUBALG2

<2m; < 4dmg .

Therefore, 3 m* < (3_m)* = O(m¢). Applying Theorem 5.3.8 (b) we de-
duce that the number of arithmetic operations needed for executing step (3) is
dominated by

mgk log p < m(n® + n log | fI| +log p)
< mo(n® +n* log || f|| + n’ log p)

and that the integers on which these operations are performed each have length
dominated by

mo(n® +n log|| || +log p) < n® +nlog| fI +n logp .

The same bounds hold for the Hensel lifting in step (2). g

Now we are ready to combine all these subalgorithms and get the factoriza-
tion algorithm FACTOR_LLL.

Algorithm FACTOR_LLL(in: f; out: F),
[f € Z[x] a primitive, squarefree polynomial of positive degree;
F=1[fi,..., fs], the fi’s are the distinct irreducible factors of f in Z[x].]
1. n:=deg(f);
R :=res(f, f'); [R # 0, since f is squarefree]
2. p := smallest prime not dividing R;
[so (f mod p) has degree n and is squarefree in Z,[x]]
pfactors := FACTOR_B(f, p);
3. F:=[];
f=fn _
while deg(f) > 0 do
{h := FIRST(pfactors);
h := h/lc(h); B
ho := LLL.SUBALG2(f, p, h); _
[ho is the irreducible factor of f for which A divides (hp mod p)]
F := CONS(hy, F);
f = f/ho;
for g € pfactors do
if g divides (kg mod p)
then remove g from pfactors;
4. return.

Theorem 5.3.10. a. Algorithm FACTOR_LLL is correct.
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b. The number of arithmetic operations needed by algorithm FACTOR LLL
is O(n%+n log | f1), and the integers on which these operations are performed
each have length O(n® 4 n? log || ).

Proof. a. Since p Jres(f, f'), deg(f mod p) = n and f is squarefree mod-
ulo p. So the Berlekamp factorization algorithm can be applied to f and p, and
it computes the list of irreducible factors of f modulo p. The correctness of
FACTOR_LLL now follows immediately from the correctness of LLL_SUBALG?2.

b. p is the least prime not dividing res(f, f'). So by Hardy and Wright
(1979: sect. 22.2), there is a positive bound A such that p =2 or

A< 1 g <lres(f, ).

g<p.q prime

[4

By Hadamard’s inequality

res(f, fHl <" F17" .

Therefore,
p<(nlogn+ (2n—1)log| fl)/A

or p = 2. Therefore the terms involving log p in Theorem 5.3.9 are absorbed
by the other terms.

The algorithm FACTOR B needs O(n® + prn?) arithmetic operations, where
r is the actual number of factors. Substituting the bound for p and using r < n,
we get that the number of arithmetic operations for the application of FACTOR_B
is dominated by n*logn + n*log || f||.

The number of arithmetic operations needed in the execution of LLL_SUB-
ALG?2 in step (3) is dominated by mo(n> +n*log || f||), where my is the degree
of the factor hg corresponding to 4. Lemma 5.3.6 implies that log || f | <= n+
log || fIl. All the degrees of the irreducible factors of f add up to n, so the
number of arithmetic operations needed in step (3) is < nb + n’ log || 1.

By Theorem 5.3.9 the integers considered in FACTOR_LLL are of length
O’ + n?log| f1). O

Corollary. If classical algorithms for the arithmetic operations are used then
the complexity of FACTOR LLL is O(n'? + n°(log || f)?). If fast algorithms
(see Sect. 2.1) are used then the complexity of FACTOR_LLL is O(n®*€ +
n’+€(log || f1)**).

Example 5.3.2. We want to demonstrate how the algorithm FACTOR_LLL fac-
tors the polynomial

f=x*-3x+1

over the integers. As the prime in step (2) we choose p = 5. Modulo 5 the
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polynomial factors into

f=x+D -3 =x>+x+1) (mod5).

In step (3) we have to find the factors over the integers corresponding to these
factors modulo 5.
So, for instance, we call LLL_SUBALG2 with f, p =5, h = x> — x? +

2
x + 1. The least positive integer k such that 5% > 2°(5)7|| |7 is k = 4.

By an application of LIFT_FACTORS we lift the factorization modulo 5 to a
factorization modulo 5%

f=@x—-139-(x*+139x> —54x —9) (mod5*) .

h'

In step (3) u = 0 and LLL_.SUBALG?2 immediately returns the result hy = f.
So we have detected that f is irreducible over the integers.

Just for demonstration purposes we also apply LLL_.SUBALG2 to the ar-
guments f, p = 5, h = x + 1. In this case k = 12, and we have to lift the
factorization to a factorization modulo 5'?

f = (x + 46966736) -
e ——
h/
- (x® — 46966736x + 2291557 1x — 42196259)  (mod 5'2) .

In step (3) u = 1, and LLL_SUBALGT is called with the arguments f, p = 5,
k =12, h = k', m = 1. BASIS REDUCTION(5'2, x + 46966736) yields the
reduced basis by = (—10212, —6217), by = (6781, —19779). At this point

Ib1]l > /52711 fl, so hg is set to “error.” Next LLL_.SUBALGI is called with
f. p, k as before and m = 3. Again the result is “error.” So LLL_SUBALG2
returns sy = f as the only factor of f over the integers.

Example 5.3.3. Let us also consider an example, where FACTOR_LLL really
detects a factor of the given polynomial. Let

f=x*+x3+22+x+1.
As the prime p we choose 41. Modulo 41 we get the factorization

f=x—-9 -x+9 -?+x+1) (mod4l).
——
h
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In LLL_SUBALG?2 this factorization is lifted to a factorization modulo 41°,

f = (x +46464143) .
D ——
h/
- (x3 — 46464142x2 — 46464142x — 46464143)  (mod 41°) .

Let us only consider the value m = 3 as the bound for the degree of the
irreducible factor. Application of BASIS_.REDUCTION to the basis

415, 1, h'x, h'x?
yields the reduced basis

(1,0,1,0,0),
(—5237, —2476, 5238, 0,0) ,
(1238, —10475, —1238,0,0) ,
(—=1107107, —522435, 1103118, 1,0) ,
(51440777964301, 24274494548205, —51255432497874,0, 1) .

Only the first element in the reduced basis satisfies the condition in step (3) of
LLL_SUBALGTI, so we get

ho=(1,0,1,0,0) =x>+1.

After removing the two factors that divide #y modulo 41, we are left with only
one factor, and the factorization

f=02+ D +x+1)

has been computed.

Exercises

. Show that det(L), L a lattice in R", is independent of the basis.
. Prove: If by, ..., b, are a reduced basis for a lattice in R", then
167117 = 21167, 1I? for 1 <i <n.

3. Let by, ..., b, be a basis for a lattice in R”, b}, ..., b} the orthogonal basis
produced by the Gram—Schmidt process, and d; = (< b;, b; >)i<<i| for
1<i <n. Thend; =[] |Ib}||> for | <i <n.

4. Let by, ..., b, € Z" be a basis for a lattice L in R”. Then L has a basis
Cly...,Cq € Z" such that C = (cy, ..., c,) (the ¢;’s written as columns) is
an upper triangular matrix.

5. By the notation of Theorem 5.3.5 show that every polynomial g € M with

deg(q) < t +1 is divisible by p*.

DO =
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6. Compute a reduced basis for the lattice L ,, & = x + 46966736 in Example
5.3.2.

7. Apply the algorithm FACTOR_LLL for computing the irreducible factors of
the integral polynomial x* — 1.

5.4 Factorization over algebraic extension fields

We describe an algorithm that has been presented in van der Waerden (1970)
and slightly improved by B. Trager (1976). For further reading we refer to Wang
(1976).

Let K be a computable field of characteristic O such that there is an algorithm
for factoring polynomials in K[x]. Let o be algebraic over K with minimal
polynomial p(y) of degree n. Throughout this section we call K the ground
field and K () the extension field. Often we will write a polynomial f(x) €
K(a)[x] as f(x,a) to indicate the occurrence of « in the coefficients. Let
o =, o, ..., a, be the roots of p(y) in a splitting field of p over K. By ¢;,
1 < j < n, we denote the canonical field isomorphism that takes « into «;, i.e.,

¢j: K(a) — K(a;))
o>

a+——a forall ae K .

¢; can be extended to ¢;: K(a)[x] — K («;)[x] by letting it act on the coef-
ficients.

We will reduce the problem of factorization in K («)[x] to factorization in
K [x]. This reduction will be achieved by associating a g € K[x] with the given
f € K(a)[x] such that the factors of f are in a computable 1-1 correspondence
with the factors of g, i.e.,

feK@[x] «— g€ Kl[x]

factors of f L4 factors of g .

A candidate for such a function is the norm, which maps an element in the
extension field to the product of all its conjugates over K. This product is an
element of K.

NOrMyK (a)/K1: K(Ot) — K

Br— 18,
§~p

where B’ ~ B means that 8’ is conjugate to B relative to K (&) over K. That
is, if B = q(w) is the normal representation of B in K () (compare Sect. 2.4),
then

norm a)/k1(8) = l:[lf](ai) :
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If the field extension is clear from the context, we write just norm(-) instead of
normi g ()/k1(-). Since the norm is symmetric in the ;’s, by the fundamental
theorem on symmetric functions it can be expressed in terms of the coefficients
of p and thus lies in K. The norm can be generalized from K (o) to K (a)[x]
by defining the norm of a polynomial A(x, @) to be HLI h(x, a;), which can
be computed as

norm(h(x, @)) = resy(h(x, y), p(y)) .

Clearly the norm can be generalized to multivariate polynomials. One important
property of the norm is multiplicativity, i.e.,

norm( f - g) = norm(f) - norm(g) . 5.4.1)

Theorem 5.4.1. If f(x, ) is irreducible over K (&), then norm(f) = h(x)’ for
some irreducible # € K[x] and some j € N.

Proof. Assume norm(f) = g(x)h(x) and g, h are relatively prime. For 1 < i
<nlet fi(x) = f(x, ;). Clearly f = f; divides norm(f) = [] fi. So, since f
is irreducible, f|g or f|h. W.l.o.g. let us assume that f|k, i.e., h(x) = fi(x, @) -
h(x,c). Then h(x) = ¢;(h) = ¢j(f1)¢j(ﬁ) = fjh(x, a;). Therefore, f;|h for
1 < j <n. Since g and h are relatively prime, this implies that gcd(f;, g) = 1
for 1 < j < n. Thus, gcd(norm(f), g) =1, i.e, g=1. O

The previous theorem yields a method for finding minimal polynomials for
elements B € K (). Let 8 = g(a), b(x) = norm(x — B) = norm(x — g(x)).
x — Blb(x), so b(B) = 0. Therefore the minimal polynomial pg(x) has to be
one of the irreducible factors of b(x). By Theorem 5.4.1, b(x) = pﬂ(x)j for
some j € N. So pg(x) can be determined by squarefree factorization of b(x).

K (a){x] is a Euclidean domain, so by successive application of the Euclidean
algorithm the problem of factoring in K («)[x] can be reduced to the problem
of factoring squarefree polynomials in K (a)[x] (see Sect. 4.4). From now on
let us assume that f(x,«) € K(a)[x] is squarefree.

Theorem 5.4.2. Let f(x,a) € K(a)[x] be such that F(x) = norm(f) is
squarefree. Let F(x) = ]’];=1 G;(x) be the irreducible factorization of F(x).
Then [];_, gi(x, &), where g;(x, @) = ged(f, G;) over K (a), is the irreducible
factorization of f(x, «) over K ().

Proof. The statement follows from

every g; divides f,

every irreducible factor of f divides one of the g;’s,
the g;’s are relatively prime, and

every g; is irreducible.

o o
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Ad (a): This is obvious from g; = ged(f, G;).

Ad (b): Let v(x,a) be an irreducible factor of f over K(«). By Theo-
rem 5.4.1, norm(v) = w(x)* for some irreducible w(x) € K[x]. v|f implies
norm(v)|norm( f). Since norm( f) is squarefree, norm(v) is irreducible and must
be one of the G;’s. So v|g; (x, @).

Ad (c): Suppose the irreducible factor v of f divides both g; and g; for i
# Jj. Then the irreducible polynomial norm(v) divides both norm(G;) = G}
and norm(G;) = G'. This would mean that G; and G ; have a common factor.

Ad (d): Clearly every g; is squarefree. Assume that v; (x, ) and v, (x, ) are
distinct irreducible factors of f and that both of them divide g; = ged(f, G;).
v1|G; implies norm(vy)|norm(G;) = G;(x)". Because of the squarefreeness of
norm( f), we must have norm(v;) = G;. Similarly we get norm(v;) = G;. But
(v1 - v2)|f implies norm(vy - vy) = G,~(x)2|norm(f), in contradiction to the
squarefreeness of norm( f). O

So we can solve our factorization problem over K (), if we can show that
we can restrict our problem to the situation in which norm(f) is squarefree.
The following lemmata and theorem will guarantee exactly that.

Lemma 54.3. If f(x) is a squarefree polynomial in K[x], then there are only
finitely many s € K for which norm(f(x — sa)) is not squarefree.

Proof. Let By, ..., Bn be the distinct roots of f. Then the roots of f(x — sa;)
are B +saj, 1 < i < m. Thus, the roots of G(x) = norm(f(x — sa;)) =
[Tiey fx —sag) are B; +soy for 1 <i <m,1 <k < n.G can have a multiple
root only if

_Bi— B
§=—————,
ap — o
where k # I. There are only finitely many such values. O

Lemma 5.4.4. If f(x,®) is a squarefree polynomial in K («)[x], then there
exists a squarefree polynomial g(x) € K[x] such that f|g.

Proof. Let G(x) = norm(f(x,®)) = [] & (x)' be the squarefree factorization
of the norm of f. Since f is squarefree, f|g := [] gi (x). 0

Theorem 5.4.5. For any squarefree polynomial f(x,a) € K(a)[x] there are
only finitely many s € K for which norm( f(x — sa)) is not squarefree.

Proof. Let g(x) be as in Lemma 5.4.4. By Lemma 5.4.3 there are only finitely
many s € K for which norm(g(x — sa)) is not squarefree. But f|g implies
norm(f (x —sa))|norm(g(x — sa)). If norm(f (x — sa)) is not squarefree, then
neither is norm(g(x — sa)). O
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Algorithm SQFR_NORM(in: f; out: g, s, N);
[f € K(a)[x] squarefree; s € N, g(x) = f(x — sa),
N(x) = norm(g(x, a)) is squarefree.]
1. s:=0; gx,a) = f(x,a);
2. N(x) :=resy(g(x,y), p());
3. while deg(gcd(N (x), N'(x))) # 0 do
{s:=s+1;
gx,a) = glx —a,a);
N (x) :=resy(g(x, y), pOON};
return.

So over a field of characteristic 0 we can always find a transformation of
the form f(x — sa), s € N, such that norm(f(x — sa)) is squarefree. These
considerations give rise to an algorithm for computing a linear change of variable
which transforms f to a polynomial with squarefree norm.

Now we are ready to present an algorithm for factoring polynomials over
the extension field.

Algorithm FACTOR_ALG(in: f; out: F);
[f € K(a)[x] squarefree; F = [f1, ..., f,], where fi, ..., f, are the irreducible
factors of f over K («).]
1. [g,s, N]:= SQFR NORM(f);
2. L :=list of irreducible factors of N(x) over K;
3. if LENGTH(L) = 1 then return([ f]);
4. F:=[1;
for each H(x) in L do
{h(x,a) = ged(H (x), g(x, @));
g(x,a) :=gx,a)/h(x, a);
F := CONS(h(x + sa, @), F)};
return.

Example 5.4.1. We apply the factorization algorithm FACTOR_ALG to the do-

main Q(/2)[x], i.e., K = Q, « a root of p(y) = y3 — 2. Let us factor the
polynomial

f(x,a)=x4+ax3—2x—2cx.

f(x, ) is squarefree. First we have to transform f to a polynomial g with
squarefree norm. The norm of f itself is

norm(f) = res, (f(x,y), p(»)) = —(x* =2°x* +2) ,

i.e., it is not squarefree. The transformation x — x — « does not work, but
x — x — 2a does:

gx, )= f(x —20,a) = x* — Tax? + 180%x* — 42x + 18« ,
N(x) = norm(g) = x'? — 56x° + 216x® — 6048x> + 11664 ,
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and N (x) is squarefree. The factorization of N (x) is
N@x) = (x* = 2)(x® = 54)(x® + 108) .

Computing the ged of all the factors of N(x) with g(x, «) gives us the factor-
ization of g(x, a):

gx,a)=(x —a)(x — 3a)(x? = 3ax + 3a?) ,
which can be transformed by x — x + 2« to the factorization

fx,a0) = x+a)x —oz)(x2 + ax +oz2) .

Computation of primite elements for multiple field extensions

Over a field K of characteristic 0 every algebraic extension field K («) is sep-
arable, i.e., @ is a root of multiplicity 1 of its minimal polynomial. So every
multiple algebraic extension

KCK(p)cC...CK(ag,...,an)
can be expressed as a simple algebraic extension, i.e.,
K(ay,...,a,) = K(¥)
for some y algebraic over K. Such a y is called a primitive element for the field

extension. We will describe how to compute such primitive elements. Clearly it
suffices to find primitive elements for double field extensions

K Cc K(x) C K(e, B) ,

where p(a) = 0 for some irreducible p(x) € K[x] and ¢(8, ) = 0 for some
irreducible g (x, @) € K (x)[x]. Let n = deg(p) and m = deg(q).

Theorem 5.4.6. If N (x) = normgq)/k)(q(x, @)) is squarefree, then K (o, B) =
K(B), and N(x) is the minimal polynomial for 8 over K.

Proof. Let ay, ..., a, be the roots of p(x), and B;i, ..., Bim the roots of q(x,
@;). NOrM(x )/k1(q) = ]_[;'=1 q(x, ®;), so if this norm is squarefree, then all
the B;; must be different. So for every B in {B;; | 1 <i <n,1 < j < m}
there is a uniquely determined « in {«y, ..., a,} such that g(8, ) = 0. Thus,
gcd(g(B, x), p(x)) must be linear,

ged(q(B, x), p(x)) =x —r(B) for some r(y) € K[y],

and therefore o = r(8). So K(«, B) = K(B).
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B is a root of N(x) = normyk ),x1(¢q). By Theorem 5.4.1, and the square-
freeness of N(x), N(x) must be the minimal polynomial for 8 over K. |

Algorithm PRIMITIVE_ELEMENT(in: p, ¢; out: N, A, B);
[p and q are the minimal polynomials for & and B, respectively, as above; N (x)
is the minimal polynomial of ¥ over K such that K (a, 8) = K(y), A and B
are the normal representations of « and B in K (y), respectively.]
1. [g,s, N]:=SQFRNORM(g(x, a));
2. A := solution of the linear equation ged(g(y, x), p(x)) = 0 in K (y), where
N(y)=0;
3. B:=y —sA;
return.

Example 5.4.2. Let us compute a primitive element y for the multiple extension
Q(2,/3), ie., for Q(a, B), where a is a root of p(x) = x> —2and B is a
root of g(x, @) = g(x) = x2 — 3.

The norm of ¢ is not squarefree, in fact norm g /3) /] (g) = (x2 = 3)2. So

we need a linear transformation of the form x — x — sa, and in fact s = 1
works.

glx,a) =qx —a,a) =x?—2ax—1 ,
N(x) = normyg, 73 ,0,(8(x, @)
=2 =2ax — D(x*+2ax — 1) =x* —10x2+ 1.

N(x) is irreducible. Let ¥ be a root of N(x). So y = B + a. We get the
representation of o in K () as the solution of the linear equation

ged(g(y, x), p(x)) = ged(—2yx + (y* — 1), x* = 2)
=x+3(-y"+9) =0,

ie,a=A(y) =3(y>—9). Finally B = B(y) =y — A(y) = =5 (> = 11y).

Exercises

1. Prove: Let p(y) be the minimal polynomial for o over the field K. Then
normyx o)/ k1(h(x, a)) and res, (h(x, y), p(y)) agree up to a non-zero
multiplicative constant.

2. Factor f(x) = x° +a’x* + (@ + x> + (@ + o — 1)x2 + a’x + o2 over
Q(), where @®> —a + 1 =0.
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5.5 Factorization over an algebraically closed field

Whereas we have already considered the problem of factoring univariate poly-
nomials over a given algebraic extension, i.e., f(x) € K(a)[x], and factoring
multivariate polynomials over K («) can be achieved by methods similar to the
ones for integral polynomials (see Sect. 5.2), we now want to give an algorith-
mic approach to finding factors of bivariate polynomials over an algebraically
closed field. Observe that factoring univariate polynomials over an algebraically
closed field really amounts to factorization in finite extensions of the field of
definition.

Let K, the field of definition, be a computable field of characteristic 0 and
let K be the algebraic closure of K. Then the problem is
given: f(x,y) € K[x, ],
find: an irreducible factor g(x, y) of f(x,y) in K[x, y].

Definition 5.5.1. If f € K[x, y] has no non-trivial factor in K|x, y], then f
is called absolutely irreducible. A factorization over K is called an absolute
Sactorization.

Clearly every factorization of f(x, y) € K[x, y] can be expressed in some
algebraic extension K (y) of the field of definition K. Our problem now is to
find the appropriate y and then factor f in K (y)[x, y].

B. Trager (1984) and E. Kaltofen (1985¢) describe two different ways of
finding such factors. Duval (1991) gives a geometrical method for factoring over
an algebraically closed field. In Bajaj et al. (1993) a factorization algorithm for
Clx, y] is described. The first polynomial time algorithm for factoring over C
seems to have been given by Chistov and Grigoryev (1983).

We will limit ourselves to describing Kaltofen’s algorithm. W.l.o.g. we may
assume that the input polynomial f(x, y) is squarefree. We will view f as a
polynomial in the main variable y. The basic idea is the following. We consider
the algebraic curve € in the affine plane K x K = A*(K) defined by the
polynomial equation f(x, y) = 0. The factors of f over K correspond exactly
to the irreducible components of C in A2(K). Now choose a € K such that
f(a, y) is squarefree and of degree n = deg (f). This means that the line

:x =a is not a tangent or asymptote of C and that none of the intersections
of C and £ are singularities of C. Now if 8 is aroot of f(a, y), then P = (a, B) is
a simple point on C. So there is a uniquely determined irreducible component of
C passing through P. Our goal is to compute the polynomial g(x, y) € K[x, y]
defining this component. g will be an irreducible factor of f. See Fig. 8.

Before we start the actual factorization process, we normalize f in the fol-
lowing way:

1. Clearly if conty(f) (as a polynomial in x) is non-constant then this content
is a factor of f. So let us assume that cont,(f) = 1
2. Check whether f(x, y) is squarefree, i.e., gcd(f, a )=1 Otherwise deter-

mine a squarefree factor and proceed with this factor
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f(a,y) squarefree
f(b,y) not squarefree

Fig. 8

3. Make f monic in y by replacing f by the monic polynomial

N _ deg, (f)—1 4
flx,y) =lc, (f)e £ lcy(f)) '

The factor structure is preserved by this transformation. In fact, if g(x, y) is
a factor of f(x, y) then pp,(g(x,Icy(f)y)) is a factor of f.

4. Find an integer a in the range |a| < deg,(f)deg,(f) such that f(a, y) is
squarefree. Replace f by f(x + a, y), i.e., change the coordinate system
such that now f(0, y) is squarefree (no singularities and vertical tangents or
asymptotes at x = 0). Such an integer must exist because of Lemma 5.5.1.

Lemma 5.5.1. Let f(x, y) € K[x, y] be monic of degree n in y and squarefree.
Then there exists a € Z with |a| < deg,(f) - n such that f(a, y) is squarefree.

Proof. Let m = deg, (f). Since f is squarefree, its discriminant
af
D =res,(f, —
is different from 0. deg, (D) < (2n — 1)m. So D(x) cannot vanish on all the
integer values —m -n,...,0,...,m - n. O

Now we are prepared to describe the algorithm for finding a factor of f.

Algorithm FIND_ALG_FACTOR(in: f; out: p, g);

[f(x,y) € K[x, y] monic in y, f(0, y) squarefree;

p € K[z] minimal polynomial for 8 over K, g(x,y) € K(B)[x, y], and g an
irreducible factor of f in K(B8)[x, y].]
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1. [find point P = (0, B) on the curve C defined by f]
p(z) := irreducible factor of f(0, z) of least degree in K[z];
[let B be a root of p(z)]
2. [compute a power series approximation of the branch of C through P in
KByl ]
m :=deg,(f); n:=deg,(f); k= 2n—1) m;
determine (by linear algebra over K(B)) a, ..., ar € K(B) such that
fox,B+aix + ...+ ax*) =0 mod x*+1;
Y =B+ax+... +axk
3. [find the minimal polynomial for Y in K (8)[x, y]]
fori=1ton—1do
{try to solve the equation
Yot ui )Y ™+ 4w ()Y + uo(x) = 0 mod x*+! (5.5.1)
for polynomials u;(x) € K(B)[x] with deg(u;) <m
(this leads to a linear system over K (B8) for the coefficients of the u;’s);
if a solution to (5.5.1) exists
then {g:=y +u; 1y '+ ... +u1y+ug;
return(p, g)}};
4. [no factor has been found]
return(z, f).

We do not present a correctness proof of the algorithm FIND_ALG_FACTOR
but rather refer to theorem 2 in Kaltofen (1985a) and theorem 2 in Kaltofen
(1985c¢). In particular, the correctness of FIND_ALG_FACTOR implies the fol-
lowing theorem.

Theorem 5.5.2. Let f(x,y) € K[x, y] be monic in y such that f(0,y) is
squarefree. Let 8 be algebraic over K such that (0, 8) = 0. Then f is abso-
lutely irreducible if and only if f is irreducible in K(8)[x, y].

In fact, J. R. Sendra (pers. comm.) has observed that if the curve C defined
by the polynomial f(x, y) over the field K has enough points in the affine plane
over K, then irreducibility of f over K already means absolute irreducibility

of f.

Theorem 5.5.3. Let f(x,y) € K[x, y] be irreducible over K. If the curve
defined by f has infinitely many points P; = (p;, ¢;),i € N, in K2, then f is
absolutely irreducible.

Proof. For the same reason as in the proof of Lemma 5.5.1, possibly after
an affine change of coordinates, f(p;,y) will be squarefree for some i € N.
So, after another change of coordinates moving P; to (0,0) we will have
f(0, y) squarefree. Now the irreducible factor p(z) constructed in step (1) of
FIND_ALG_FACTOR is linear, in fact p(z) = z. The statement now follows
from Theorem 5.5.2. O
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Example 5.5.1. Let us find a factor of
h(x,y) = x> +°

in C[x, y]. h is primitive w.r.t. y, squarefree and monic. £(0, y) = y? is not
squarefree, but i(1, y) = y*> 4 1 is. So let us replace h by

fa, ) =h(x+1,y)=y*+x>+2x+1.

Now we are prepared for an application of the algorithm FIND_ALG_FACTOR.

In step (1) p(2) = 21, eg,B=+—-1=1I.
In step (2) we set m = 2, n = 2, k = 6, and we determine aj, ..., as € Qi)
such that we have

fx,i+ax +---—+—a6x6) =0 mod x’ .
This leads to the linear system

i-a+1=0,
2%-ay+al+1=0,
i-ay+aia =0,
2i -a4 +ajaz +a§ =0,
i-as+ajas+axaz =0,
2i - ag + 2aias5 + 2aza4 +a§ =0,

which has the solution (ay, ...,a¢) = (i,0,0,0,0,0).So Y =i +1i-x.

In step (3) we look for the polynomial of smallest degree having Y as a

root. In fact, in our example we only have to try polynomials of degree 1. The
solution of

Y 4+ uo(x) = (i +i-x)+uo(x) =0mod x’

is ug(x) = —i - x — i, and this gives rise to the factor
glx,y)=y+tugx) =y —ix—i
of fin Q(i)[x, y] C C[x, y]. Inverting the linear change we get the factor
gx—1Ly)=y—ix

of hix,y) = (y —ix)(y +ix).

The algorithm FIND_ALG_FACTOR lends itself to recursive application,
leading to an algorithm for absolute factorization. However, if we start with
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a polynomial over Z (or ), we will soon introduce high degree algebraic ex-
tensions, which make the factorization costly.

Exercises

1. Transform f(x,y) = x2y? — 4xy? 4+ 4y? + x? into a polynomial suited as
input to FIND_ALG_FACTOR.

2. Determine the absolute factorization of the integral polynomial f(x, y)
=yt +xty? + 2%y + 1.

5.6 Bibliographic notes

Alternatives to the Berlekamp algorithm for factoring polynomials over finite
fields are described in Cantor and Zassenhaus (1981), Shoup (1991), Nieder-
reiter and Gottfert (1993). Methods for testing irreducibility are discussed in
Kaltofen (1985c, 1987). For factorization over algebraic number fields we refer
also to Landau (1985). Absolute factorization is considered in Dvornicich and
Traverso (1987), Heintz and Sieveking (1981). The lattice reduction algorithm
is reconsidered in Pohst (1987), see also Pohst and Zassenhaus (1989). For a
different approach to polynomial-time factorization, see Yokoyama et al. (1994).
For further results on Hensel factorization, see Zassenhaus (1975, 1978, 1985).
A good overview of problems and algorithms in factorization of polynomials
can be found in Kaltofen (1983, 1986, 1992) and Sharpe (1987).



4~ Decomposition
of polynomials

6.1 A polynomial-time algorithm for decomposition

The first polynomial time algorithms for decomposition of polynomials have
been presented by Gutierrez et al. (1988) and practically at the same time by D.
Kozen and S. Landau (1989). We follow the approach of Kozen and Landau.
The problem to be considered is to decide whether a given polynomial f(x)
can be written as the functional composition of other polynomials, i.e., whether

fx) = g(h(x)) = (g o h)(x)

for some polynomials g, 2. We assume all the polynomials to have coefficients
in a computable field K.

Decompositions of polynomials are interesting, e.g., for the solution of poly-
nomial equations. If f = g o h, we can find the roots of f by solving for the
roots « of g and then for the roots of & — «.

In factoring polynomials we have to identify factorizations that differ only by
a constant. A similar restriction has to be enforced in decomposing polynomials,
since for every a € K* the linear polynomials

1
lél)(x) =ax+b and l£2)(x) =—(x—b)
a

are inverses of each other under composition. Thus, every polynomial admits a
trivial decomposition of the form

f)y=1PolPo f(x).

Definition 6.1.1. Let f(x) € K[x] be monic and of degree > 1. A (functional)
decomposition of f is a sequence g, ..., g of polynomials in K [x] such that

f=gogo...og, ie, f(x)=gi(g(..&x)..)).

The g; are called the components of the decomposition of f. If all decomposi-
tions of f are trivial, i.e., all but one of the components are linear, then f is
called indecomposable. A complete decomposition is one in which all compo-
nents are of degree > 1 and indecomposable.
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Obviously it is sufficient to decompose monic polynomials. If f(x) admits
a decomposition f = goh and ¢ = lc(h), then also f = g’ o h’, where g’(x)
= g(c-x) and h'(x) = h(x)/c. So it suffices to search for decompositions into
monic components. For a similar reason we can assume that #(0) = 0, i.e., the
constant coefficient of £ is 0.

Complete decompositions are not unique, even if we disregard trivial de-
compositions. Further ambiguities in decomposition are

xPox"=x"ox" for mneN

and (6.1.1)
T.oTpy=T,0T, for mneN,

where T,(x) is the n-th Chebyshev polynomial (To(x) = 1, T1(x) = x, T,(x)
=2xT,_1(x) — T,_2(x) for n > 1). However, J. F. Ritt (1922) has shown that
these are the only ambiguities.

Theorem 6.1.1. A monic polynomial f(x) € K[x], deg(f) > 1, has a unique
complete decomposition up to trivial decompositions and the ambiguities (6.1.1),
provided char(K) = 0 or char(K) > deg(f).

Now let f(x) € K[x], deg(f) = n, be the monic polynomial that we want
to decompose. Let n = r - s be a non-trivial factorization of the degree of f.
Then we want to decide whether f can be decomposed into polynomials g and
h of degrees r and s, respectively, and if so compute such a decomposition.

f=x"4as_1x" "+, 4ap,
g=x"+b_ x4+ +bo, (6.1.2)

h=x"+c1x* T+ +cx.

Let Bi, ..., By be the (not necessarily different) roots of g in an algebraic ex-
tension of K. So

.
gx)=[lx-8),
i=1
and therefore

FO0) = g(h(x) = :nl(h(x) —B).

Lemma 6.1.2. Let f1, f», g € K[x] be monic. If f; and f> agree on their first
k coefficients, then so do f1g and f>g.

Proof. Exercise 1. a
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Lemma 6.1.3. Let f, & be as in (6.1.2). A" (x) and f(x) agree on their first s
coefficients.

Proof. h(x) and h(x) — B; agree on their first s coefficients. We write this as
h(x) ~5 h(x) — B1. So by Lemma 6.1.2 also

h* ~s h(h = B1) ~5 (h = o) (h = B1) .

Proceeding in this way, we finally arrive at

W [y =1 O

Now let gx(x) be the initial segment of length k + 1 of 4, ie.,

g(x) =x" 4 X+ coxx* K (6.1.3)

s. Obviously go = x*,¢; = gs—1 = h and g = qx—1 + Cox xSk

Lemma 6.1.4. Let i, g be as in (6.1.2) and (6.1.3). A" (x) and g (x) agree on
their first k + 1 coefficients.

Proof. h ~i+1 qi. The statement follows by r — 1 applications of Lemma 6.1.2.
d

Lemma 6.1.4 provides a recursive method for determining the coefficients
of h. Suppose the first coefficients ¢;_1, ..., cs—x+1 of h are known and we
want to determine ¢4, | < k < s — 1. The (k + 1)-st coefficient of g; is the
coefficient of x5~ %, and by Lemmas 6.1.3 and 6.1.4 it is equal to a,s_, the
(k + 1)-st coefficient of f. Furthermore,

gr(x) = (o1 (x) + cspx* 5"

= ql:—l(x) +r- cs_kx“—k . q/:—_—ll(x) + O(xrs—2k) .

Thus, a,s_; = di + r - ¢s_x, where dj is the coefficient of x"*~* in g/_, and

r-cs_y is the coefficient of x">~* in r - ¢, - x** - g/ ~|. Now we can compute
the next coefficient in & as

ars—x — dk
Co—fk = f’ .

Once the coefficients of h are determined, the coefficients of g have to satisfy
a system of linear equations. If this system is solvable, we get a candidate for
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a decomposition of f. Otherwise, f cannot be decomposed into polynomials
of degree r and s, respectively. We still have to check the candidate, since the
decomposition problem involves rs equations, but there are only r +s unknowns.
We summarize this derivation in the following algorithm.

Algorithm DECOMPOSEC(in: f, s; out: [g, 2] or “no decomposition”);
[f(x) € K[x], s|deg(f); g.h € K[x] such that deg(h) = s and f = goh
if such a decomposition exists, otherwise the message “no decomposition” is
returned.]
l. n:=deg(f); r:=n/s;
2. fori:=0tordogq):=x
3. [determine candidate for h]
fork:=1tos—1do
{di .= coeff(qk =k,
Cs—k 1= —(coeff(f n—k)—dy);
calculate ¢/  for0<j<r;
for j _Otordo .
gl =Yl (el X" -gl7] )
h=qs-1;
4. [determine candidate for g]
A = the (r+1)><(r+1) -matrix, where A;; = coeff(h’, is) = coeff(qs 1+ 18);
a := (ag, ds, . .., ars)T, where a; = coeff(f,i);
if A-b=ais unsolvable
then return(*‘no decomposition”)
else {(bg, ..., b,)T := solution of A - b =a;
g:=bx"+ -+ by};
5. [consistency check]
if f=goh
then return([g, #])
else return(“‘no decomposition”).

Theorem 6.1.5. The number of arithmetic operations in DECOMPOSE is
O(n’r), where n = deg(f) and r = n/s.

Proof. The calculation of % in step (3) takes On?r) operations. The matrix A

in step (4) is triangular with all diagonal elements 1. So we can compute the
candidate for g by O(r?) operations. O

In fact, as shown in Kozen and Landau (1989), using interpolation this
complexity bound can be improved to n?, provided that K contains at least
n + 1 elements.

Example 6.1.1. Let us try to decompose the polynomial

f(x)=x6+6x4+x3+9x2+3x—5
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in Q[x] into components g and h of degrees 2 and 3, respectively. So n = 6
and r =2,s = 3.
In step (2) we determine

@) =1, qx)=x, g5x)=x°.
Now we successively determine longer initial segments of A in step (3).

k=1: d = coeff(q3,5) =0,
2 = 3(coeff(f,5) —d)) =0,
@) =1, g =x, g¢i=2x°
k=2: dy = coeff(q},4) =0,
c1 = 3(coeff(f,4) —dy) =3,
qg(x)=1, qzl(x)=x3+3x, q22=x6+6x4+9x2.

Our candidate for A therefore is h(x) = g2(x) = x3 4 3x.
The linear system for g in step (4) is trivial

1 00 bo -5
01 0)-{bs])=11 ,
0 01 by 1

so the candidate for g is g(x) = byx? + bix + by = x> +x — 5.
Indeed, the consistency check in step (5) works, and we get the decomposi-
tion

fx) =ghx)),
where
g(x) =x*+x—-5 and h(x) =x>+3x.
By inspection of the execution of DECOMPOSE on this example we notice,

that the linear and quadratic coefficients of f have never been used. So we get
the same candidates for 4 and g by starting from, e.g., the polynomial

foy=x0+6x* + x> +x2+3x 5.

In this case, however, the consistency check does not work, and we find that f
cannot be decomposed into components of degrees 2 and 3, respectively.

Exercises

1. Prove Lemma 6.1.2.
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2. Decompose the rational polynomial f(x) = x® — 4x7 + 6x% — 4x> + 3x* —
4x3 + 3x2 — x + 2 into components g, /1 of degrees 4 and 2, respectively.

6.2 Bibliographic notes

One of the first investigations of the decomposition problem can be found in
Ritt (1922). In Barton and Zippel (1985) the decomposition problem is reduced
to factorization of polynomials, but the resulting algorithm is exponential in
the degree of the input f. More or less at the same time as by Kozen and
Landau (1989) another polynomial-time algorithm for decomposition was pro-
posed by Gutierrez et al. (1988). A very thorough analysis of the dependence
on the particular ground field K can be found in von zur Gathen (1990a, b).
Meanwhile, there are also decomposition algorithms for rational functions, e.g.,
Zippel (1991), Gutierrez and Recio (1992). Related topics are investigated in
Weill (1992). See also Alagar and Thanh (1985), Brackx etal. (1989), Lidl
(1985), von zur Gathen et al. (1987).



Linear algebra —
solving linear systems

7.1 Bareiss’s algorithm

Systems of linear equations over a field K can be solved by various methods,
e.g., by Gaussian elimination or Cramer’s rule. But if we start with a system
over the integers, we will immediately introduce rational numbers, whose arith-
metic operations are clearly more costly than the corresponding operations on
integers. So for the same reason as in the computation of gcds of polynomials or
factorization of polynomials, we are interested in a method for solving systems
of linear equations which avoids computation with rational numbers as much
as possible. Such a method for fraction free Gaussian elimination is Bareiss’s
algorithm, as described in Bareiss (1968).

Integer preserving Gaussian elimination

Let us first remind ourselves of the process of Gaussian elimination for solving
systems of linear equations. Let / be an integral domain, K = Q([) its quotient
field. We assume that we are given a system of linear equations with coefficient
matrix A and right-hand side b over I, i.e., for some n € N, A = (a;j)1<i,j<n

el",b=(b,...,by)7" €I, and we have to solve
A-x=b. (7.1.1)
The solutions x = (xi, ..., x,)7 are to be found over K. The system (7.1.1)

will have a unique solution if and only if A is non-singular, ie., det(A) # 0.
Let A = (A, b) denote the extended coefficient matrix of the system. We will
also write a; ,4+) for b;, 1 <i <n.

The integer preserving Gaussian elimination algorithm proceeds in n — 1
steps, determining matrices A = A%, A1 Al"=11 guch that all these ex-
tended matrices have the same solutions. In step (k) we start from a matrix of
the form A%=", such that a,[(',‘("” # 0, and by elementary linear row operations
we transform A*=1] into a matrix A%, where



158 Linear algebra

[k—1] [k—1] [k—1] [k—1]
/‘111 o - 0 Ak R A n \
(k=11 -, . [k—1] [k—1] [k—1]
0 ay : . Ay T oy 2.n+1
_ 0 : 0 : : :
A" [k—1] [k—1] [k—1] [k—1]
0 0 @141 Bk " Geip HG—inpr |
[k—1] [k—1] [k—1]
0 0 0 Ay Gy kan+l
: ' : k-1 T k-1
Vo 0 0 Gl i Gl
[k] [k] [k] [k]
ay 0 - 0 S Ay nt1 \
k] -, . [k] [k] [k]
0 ay o gy 0 Gy A ntl
0 . . 0 : : :
A= 0 a1 oW (k] (k]
e Agr1r 0 G Oyl
[k] [k] [k]
0 -+ 0 0 @i Yprn Bgprnt
: La Ik T TS
\ 0 -~ 0 0 Ay k+1  ~°° Gnn Ay nt1 )

We might have to do pivoting if a/EI:L )+1 = 0. In the transformation from
A%=11'to AIK] the row k remains unchanged. For all the other elements, i.e., for

l<j<n+1,ief{l,....,k—1,k+1,...,n}, the transformation formula
a[k—l] a[k—ll
k1 ._ k=11 [k—1] [k—11  [k—1] _ | “kk kj
Qj =y G TGy Gy = Gy k-1 (7.1.2)
ik a;;

is applied, i.e., we get the i-th row in Al by multiplying the i-th row in AK~1]
by aj; " and subtracting a!t ™" times the k-th row of AK=1.

From the matrix A"~ the solution can be read off immediately, namely

_ [n=11, [n—1]
Xi =0, 0/0;

If the coefficient matrix A is singular we can still proceed as above, but the
diagonalization process will stop after k < n — 1 steps. Then (7.1.1) is solvable
if and only if

(k] k1 _
Aptng) = =y =0

A basis for the solutions of the homogeneous system as well as a particular so-
lution of the inhomogeneous system can now obviously be read off from A,
The problem with Gaussian elimination is that the elements of the interme-
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diate matrices grow considerably. For instance, if / = Z and B is a bound for

the absolute values of the elements in A, then B*™! is a bound for the absolute
values of A¥l. Of course we could always divide the elements in row i by their
gcd. However, this involves a considerable number of gcd computations. The
method of Bareiss provides guaranteed factors without having to do additional
operations.

Bareiss’s modification of Gaussian elimination

By analyzing the minors and subdeterminants of the matrix At is possible to
identify divisors of rows in the elimination process without actually having to
compute geds of the corresponding elements. This observation is the basic new
idea in the method of Bareiss. We will only describe one of the various possible
approaches discussed in Bareiss (1968). .

We start out with a slight change of notation. Let A, b, A, n be as above,
i.e., we are interested in solving the system (7.1.1). Let

a,[;.)]=a,-j for 1 <i <n, 1_<_j§n+1.
Fork=1,....n—1,k<i<n,k <j<n+1, we define

ay app -+ ai aij
a axp -+ Gy Qy

[k .__ | . . . . .

4ij = : DU Cl o
Akl Q2 - Qkk Qkj
a1 ajp - 4k 4

ie., ag.‘] is the k-th minor of A bordered by a row and a column. For these

subdeterminants we have Sylvester’s identity.

Theorem 7.1.1 (Sylvester’s identity). Let A be a matrix in /) such that the k-th
minor of A is non-zero. Then

[k] (k]
vrk+1 7 Ytla
k=11\n—k—1 .
|Al- (a1[<k hyr = : :
(k] [x]
Apk+1 70 Gan

Proof. Let A be the upper left submatrix of A with k rows and columns. By
our assumption |A|;| # 0. For some matrices Aj», Azj, Ay we can write A in
block form as

A—(All AIZ)_(AH 0) (1 A7 An )
Ay Ax Ay I 0 A22—A21A1‘11A12 '
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So
|Al = 1An] - |An — An AT Anl (7.1.3)

and therefore
Al 1AL = AN - (A — An AT AR) |, (7.1.4)

because the determinant on the right-hand side is of order n — k. Now if we let
a, b be the vectors such that

a[k]: ’A” b
t a ajj

1

ijwe obtain

and apply (7.1.3) to each a

kook
k _ .
ai[j] =|Ay|- (a,-j -3 Zai,(Alll),saxj) for k<i,j<n.

r=1s=1

Since |A|| = a,El,i_”, (7.1.4) takes the form

(k] (k]

Yk 7 Ygin
k—1]\n—k— ) )
Al (agy Y =] Lol O
k k
aEz.I]<+1 e

Corollary. Let A, k be as in the theorem. Let / € N such that 0 </ < k and
the /-th minor of A is non-zero. Then for i, j (k < i, j < n) we have

7] /] [Z]

iy T Ytk Yy
ai[j‘(] = —l—k—l | I ;11 ’
(a,{ll"”) Agrr 0 G ag;
aj'ly, a  a
D,
ie., (a,[ll_”)k" is a divisor of the determinant D;.

Proof. a,[j.‘] is a determinant of size k + 1, so we can apply the theorem with
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minor of size /, leading to

(] (1] ]

Girivr 0 Yk Y4y

k—1 : : :

k1 (-1 _ : : :
' (al =l | D

k41 kk kj

[] 1] [1

ijv1 0 Qi a;;

In particular, for / = k — 1 the statement in the corollary reduces to

L
by _ 0 J
4j = k=11 [k—1I] (7.1.3)
1 k=1 |G aij
If we let
a([)al] =1, and al!;)] = ajj for 1 < l,] <n, (716)

then (7.1.5) is basically the same as the transformation formula (7.1.2), only that
now we know a factor of the determinant and we divide it out. In fact, (7.1.5) also
holds for I < j <k, i.e., we can diagonalize the coefficient matrix of the linear
system in this way. As in Gaussian elimination we might have to do pivoting to
keep the elements of the diagonal non-zero. Again we can consider the extended
coefficient matrix A and proceed as in the Gaussian elimination process.

Example 7.1.1. Let us demonstrate these ideas by solving the linear system

3 -5 7 1 x| 1
2 1 4 3 ol |1
15 560 1]
-2 0 3 7 x4 1

The elimination according to the Gauss process (7.1.2) and the Bareiss process
(7.1.5), (7.1.6) create the following transformations:

Gauss Bareiss
ay! =1
3 2571 :1 3 5711
g0, | 2 —143i 2 —143:1 A =3
1 5 56:1 1 5 56:1

-2 0 37:1 2 0 37:1



162 Linear algebra

3 -5 7 1 :1 3.5 7 11
am. 007 =27 0 0 7 27 :1 alll = 7
0 20 8 17:2 0 20 8 17 :2
0 —10 23 23 : 5 0 —10 23 23 : 5
2100 39 42 @12 7013 14: 4
A[Z]: 0 7 =2 7 1 07 -2 7 : 1 a:[;'é]:?)z
00 96 —21: —6 0032 —7: =2
0 0 141 231 : 45 00 47 77 : 15
2006 0 0 4851 : 1386 320 0 77 12
451 0 672 0 630 : 84 0 32 0 30 4 o = 399
0 0 96 —21 : —6 0 0 32 -7 : =2
0 0 0 25137 : 5166 0 0 0 399 : 82
50676192 0 0 0 : 9779616
A 0 16892064 0 0  —1143072
0 0 2413152 0 : —42336
0 0 0 25137 : 5166
399 0 0 0 : 77
0 399 0 0 @ -27
0 0 399 0 : —7
0 0 0 399: 82
So the solution is x = (1/399) - (77, =27, =7, 82). ad
Exercises

1. Let A be a square matrix of size n over Z. Prove that the statement of
Theorem 7.1.1 holds also if the k-th minor of A is zero.
2. Apply Bareiss’s algorithm to solve the system

-1 4 1 Xy
-2 0 1 X2

3 -4 -1 X3
-1 1 2 X4/

N W o— N
A — O

3. Why does (7.1.5) also hold for 1 < j < k?
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7.2 Hankel matrices

In this section we consider special systems of linear equations, so-called Hankel
(or Toeplitz) systems, which have many interesting applications, e.g., to Padé
approximation or to problems in signal processing. However, we will only be
concerned with the application of Hankel systems to problems in computer
algebra. These Hankel or Toeplitz systems (and the corresponding matrices) are
generated by linear recurrence relations, which can be exploited for speeding up
the solution of the corresponding linear systems. In our description of Hankel
matrices we will mainly follow the approach taken by Sendra and Llovet (1989;
1992a, b), Sendra (1990a, b). The classical results on Hankel matrices can be
found in books on linear algebra and theory of matrices such as Gantmacher
(1977) or Heinig and Rost (1984).
Throughout this section let I be a ufd and K = Q([) its quotient field.

Definition 7.2.1. Let D = (d;);en be a sequence of elements of I. The infinite
Hankel matrix generated by D is

Hoo(D) = (hij)i jen ,
where

h,'j =d,'+j_1 for i,j eN.

The finite Hankel matrix of order n (€ N) generated by D, H, (D), is the n x n
principal submatrix of Hy, i.e.,

d d> dy - d,

d d3 dpy
H,(D) = | d5 ;

\dn dn-H d2n—1

A (finite or infinite) Hankel matrix is a (finite or infinite) Hankel matrix H
generated by some sequence D over /.

Since only the first 2n — 1 elements of a sequence D are necessary for
specifying a Hankel matrix of order n, we sometimes speak of the n x n Hankel
matrix generated by a finite sequence (d, ..., d2,_1).

Definition 7.2.2. Let H be an infinite Hankel matrix, and H,, its m x m principal
submatrix. If H,, is non-singular, then the m-th fundamental vector ™" ¢ K™
of H is the solution of the linear system

(xl""vxm)'H =(dm+lv---’d2m)-
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When H is clear from the context, we drop it from the index of ™) and
write simply @™,
H is called proper iff it has finite rank.

In abuse of notation, we allow ourselves to write (x, a) for the vector (xi,
ooy Xm,a) if x = (xq,..., x,). In particular, we will use this notation in con-
nection with fundamental vectors.

Lemma 7.2.1. Let H, be generated by (di, ..., dy,—1), H, (p < n) a regular

principal submatrix of H,, »'P the p-th fundamental vector, and ¢ such that

P < q < n. Then the following statements are equivalent:

a. (0P, =1)-(d,...,disp)] =0for p <i <gq,and (@, —1)-(d,, ...,
dyip)T #0,

b. det(H;) =0 for p <i < g and det(H,) # 0.

Proof. (a) = (b): Let o; = (0P, —1) - (d}, ..., dj4,)T for 0 < j <2q —

p — 1. Since ' is the fundamental vector of H,, we have 0; =0 for 1 < j

< p.Soif p+1 < g then the (p + 1)-st row of H,_; is a linear combination

of the first p rows of H,_,, and therefore det(H;) =0 for p <i <gq.
Suppose Aj,..., A, € K such that

ivevishg) - Hy = (0,...,0) .

Then for every i, 1 <i < g — p, we have

i-th pos.
\ A
(0,...,0, o ,...,w,(,”),—l,O,...,O).Hq. | =o0.
G/ UH—([—I) A'q
Sofromoy = ... =0, 1 =0and o, # O we get A,;; =... =1, =0.
Therefore,
(AseoyAp)-H,=(0,...,0)
and this implies A} = ... = 1, = 0 because H,, is nonsingular. Thus, the rows
of H, are linearly independent, i.e., det(H,) # 0.
(b) = (a): This is left to the reader. O

Theorem 7.2.2. Let H = Hy (D), where D = (d;);cn. Then the following are

equivalent:

a. H is proper of rank r (r > 0),

b. there exist a, ..., a, € K such that d=adj_,+...+adj_ for j >r,
and r is the smallest integer with this property,

c. det(H,) # 0 and det(H;) =0 fori > r.
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Proof. (a) = (b): Letrank(H) = r < oco. Then for some integer p,0 < p <,
the first p columns of H are linearly independent over K but the (p + 1)-st
column depends linearly on the previous ones. That is, for some ay, ...,a, € K
we have
dp+1 di
dpi2 | = f‘_{a‘ | div
. - 1=l ! .

or, in other words, the linear recurrence relation

p
dj =Y aidj_p_1y; for j>p
i=1

holds. From this and the Hankel structure of H one deduces that every column
of H is a linear combination of the first p columns. So every submatrix of order
greater than p is singular and hence p must be equal to the rank of H.

(b) = (c): Every minor of order greater than » must vanish. In particular,
det(H;) = 0 for i > r. On the other hand, let p < r be the greatest integer such
that det(H,) # 0, and let '” be the p-th fundamental vector of H. Then, by
Lemma 7.2.1, we must have (0”, —1) - (d;, ..., d,~+p)T =0 fori > 0. Butr
is the smallest integer with this property, so p = r and therefore det(H,) # 0.

(c) = (a): Let w”) be the r-th fundamental vector. Then, because of
det(H;) = O for i > r and Lemma 7.2.1 we have (0", —1) - (d;, ..., d,-+,)T
=0 for i > 0. Hence, every column of H is a linear combination of the first r
columns. Furthermore, since det(H,) # 0, H is proper of rank r. O

Definition 7.2.3. Let H be an infinite Hankel matrix. If rank(H) = r < oo, then
w1 = ") is called the fundamental vector of H.

If the infinite Hankel matrix H is proper of rank r, the fundamental vector
o' is the vector (ai,...,a,) of Theorem 7.2.2 (b). On the other hand, by
Theorem 7.2.2 (b) we know that all the entries d; of the generating sequence D

= (d});en are determined by the fundamental vector o™ and the first r entries.
So all the information on H is already contained in its » x (r + 1) principal
submatrix and also in H, ;.

Theorem 7.2.3. Let D = (d,, ..., dy,_1) be a finite sequence over I. Let H,

be the finite Hankel matrix of order n generated by D.

a. The sequence of fundamental vectors of H,, its determinant and its rank can
be computed in O(n?) arithmetic operations in /.

b. Let I = Z[xi, ..., x;]), D the maximal degree in any variable of the d;’s
and L the maximum norm of the d;’s. The complexity of computing the
determinant and the rank of H, is O((n" 3D’ +n"t! D ) (log n)(log? L)).
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Proof. See Sendra (1990a) and Sendra and Llovet (1992b). Modular methods
are used in the proof of (b). O

Solutions of Hankel linear systems and determination of signatures can be
achieved with algorithms of similar complexity.

7.3 Application of Hankel matrices to polynomial problems

Proper Hankel matrices may be put in a 1-1 correspondence with proper rational
functions. This relation provides the basis for the application to polynomial
problems. Again we assume that / is a ufd and K its quotient field.

Theorem 7.3.1. Let H be the infinite Hankel matrix generated by D = (d;);en,
d; € K. Then H is proper if and only if there exists a rational function R(x) =

g(x)/f(x)in K (x), f, g relatively prime, deg(g) < deg(f) (i.e., R(x) is proper),
which has the power series expansion

R(x) =Y dix™".
ieN
Furthermore, if H is proper then rank(H) = deg(f).

Proof. If rank(H) = r < 0o, by Theorem 7.2.2 there exist ay, ..., a, € K such
that d; = )i, a;dj_,_14; for j > r. Then the polynomials defining R = g/f
are

f)=x"—agx""'—. .. —a,

gx)=dix’ 't (dy —dia)x" 2+ .. 4 (d —dra, — ... —diaa) .

Conversely, let R = g/f, deg(f) =n, f = fux"+---+ fo. So

g=R-f=(Xdx7) 1.

ieN
By equating coefficients of like powers of x on both sides of this equation we
obtain

dj = _(ﬁdj_,, +...+ %1dj_1) for j >n.

Furthermore, if one assumes that there exist ay, ..., a; € K, s < n, that satisfy
dj =3;_jaidj_s_14; for j > s, then one has

xS —ax ' — . — al)f[((i))

=dix* V4 (dy —ad)X* 2+ .+ (ds —agds_y — ... —ard)) .
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So, since g and f are relatively prime, f(x) must divide x* —a,x* ™' —. .. —aj,
which is impossible because s < n. Thus, by Theorem 7.2.2, rank(H) = deg(f).
d

Corollary. If R(x) = g(x)/f(x), ged(f, g) = 1, deg(g) < deg(f), is a proper
rational function and f(x) = f,x" + ... + fo, then the Hankel matrix H as-
sociated with R is defined by (d;);en, Where R(x) = ) ,.ydix™', and the
fundamental vector ') of H is (= fo/f,, ..., —fr—1/f). Conversely, if the
proper Hankel matrix H is of rank r and generated by (d;);en, then R(x) can
be expressed as

R(x) = dix™ V4 (dy —dia)x" P+ ...+ (d —dr_1ar — ... — diad)
x—axl - —q ’
where (ay, ..., a,) is the fundamental vector of H.

So there exists a bijection
¢: R, — H,

between the set R, of proper rational functions over K and the set H,, of proper
Hankel matrices over K.

Example 7.3.1. Let D = (d;) = (1,1,1,6,21,...) generate a proper Hankel
matrix H of rank 3 over Z with fundamental vector w = (ay, a2, az) = (1, 2, 3),

1.e.,
1 1 1
H; = (1 1 6 ) .
1 6 21

The corresponding rational function is

g(x)
J&x)
_ dix? + (dy — d1a3)x + (ds — dra3 — d\a2) x?—2x—4
- x3 —ax? —ax —ay T3kl —2x—1°

R(x) =

On the other hand, starting from R(x) and expanding it we get
) = (Xdix™) f00)
ieN
ie.,
()c2 —-2x—4) = ()c—1 +x 24 x 4o 2107+ R
-(x3—3x2—2x—1),
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and the fundamental vector

(a1, a2,a3) = (— fo/f3. — 1/ f3. — f2/f3) = (1,2,3) .

In fact,
X2 g() = (x*+ P+ xP 4+ 6x +21) - f(x) + (76x% + 48x +21) ,

so we get the generating sequence of Hj as the coefficients of this quotient.

Definition 7.2.3. If H and R are as in Theorem 7.3.1, then R is called the
rational function associated with H, and conversely H is called the proper
Hankel matrix associated with R.

The bijection ¢: R, —> 'H,, is the basis for various applications of Hankel
matrix computations to solving problems for polynomials.

If f, g € K[x] and no restriction on degrees is imposed on f and g, we can
still associate a proper Hankel matrix H with g/f by letting H be generated by
(di)ien, where

g(x) S i
=) bix' dix™",
fo S & TR

i.e., by the asymptotic part of the expansion, or by the expansion of rem(g, f)/f.

As in Example 7.3.1 we can compute the generating sequence (dy, ..., dy,—1)
for the Hankel matrix associated with the proper rational function g/f as the
coefficients of quot(x?"~! . g, f), where n = deg(f).

Computation of resultants

Theorem 7.3.2. a. Let f, g € K[x], deg(g) = m < deg(f) =n, 0 < n, and let
fan =1c(f). Then

res(f, g) = (= 1) TmintD) grim goy(py

where H, is the n x n principal submatrix of ¢(g(x)/f (x)).
b. Let f, g € I[x] and m, n, f, as above. Then

nn

deg(HrT) _ (_1) 2+3)+m(n+1)fn(n—}—m)(n—l)resx(f’ g) ,

where Hf is the n x n principal submatrix of (f'*"g(x)/f (x)).

Proof. a. Let f(x) = fu[[j—)(x — a), 8(x) = gm [[]=;(x — ;). and C the
companion matrix of f = (1/lc(f)) f(x),i.e. C = (c;;) € K™" with ¢;11; =1
for1 <i <n, ¢y, = —a;_; for1 <i < n, and all other entries are 0, where
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f=x"4+a,_1x"' + ... +ag. Then, by Exercise 1, we have

n(ll+

deg(H,) = (—1) = f"g" H deg(C — B;1)

n(n+ m n

=1 +nm+m ’—n n ]—[ I_I(al

jll

— (_ )”(”+ 20D 4 ym+m ”——n "’res_x(f, g) )

b. This extension is not difficult and is left to the reader. O
So we get the following algorithm for computing resultants.

Algorithm RES_H(in: f, g; out: r);

[f. & € Ilx], deg(g) < deg(f), 0 < deg(f); r =res,(f, g).]
1. n:=deg(f); m:=deg(g);

2. H} :=n x n principal submatrix of o(lc(f)"*"g/f);

3. D :=det(H));
4

. if D=0
then r :=0 \
else r := (_1)”(”;")+m(n+1)lc(f)(l—rz)(;z+1;1)D.
return.

From the complexity bounds in the previous section we immediately get a
complexity bound for RES_H.

Theorem 7.3.3. The number of arithmetic operations in RES_H is dominated
by n?, where n = deg(f).

Computation of greatest common divisors

Definition 7.3.1. Let f,g € I[x], deg(g) < deg(f) = n, f # 0. Let H =
o(g/f), and let 0 = ngp < n; < --- < n,(< n) be the indices of principal
submatrices Hy,, of H such that det(H,,) # O for 1 < i < t. Let the n;-th
fundamental vector be ") = (a;y, ..., a;,,) for | <i <t and let

) =1 and p,(x)=x" —qgj,x"" ' —. . —q for 1<i<rt.
pO pl i

The polynomial Hankel sequence of f and g is the sequence of polynomials
pn()(x)7 ey pn,(x)'

Theorem 7.3.4. Let f, g € K[x], m = deg(g) < deg(f) =n,0 <n. Let H =
@(g/f) and let H be generated by the sequence (d;);en. Let py,(x), ..., pu, (x)
be the polynomial Hankel sequence of f and g, p,,_ (x) = by, ,x"~'+...+bo,

a=1c(f)- bo, s bn ) (duyr .. dyyin, )7+ do = lc(g)/lc(f) if m = n and
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dy = 0 otherwise. Then

f&x) =1c(f) - pn,(x) - ged(f, g)
(where ged( f, g) is assumed to be monic) and the polynomials
1 1 M-
v(x) = =pp_, (x),  ulx)= ——2ﬂ72dx1'
a aj=0 i=0

satisfy the Bezout equality

u(x) f(x) + v(x)gx) = ged(f, ) -

The proof of this theorem can be found in Sendra and Llovet (1992a). So
we get the following algorithm for solving the extended gcd problem.

Algorithm EGCD_H(in: f, g; out: 4, u, v);
[f, 8 € K[x], deg(g) < deg(f), 0 < deg(f);
h =gcd(f,g), u,ve K[x],suchthat h =u- f +v-g.]

1. n:=deg(f); m :=deg(g);
2. H, :=n x n principal submatrix of ¢(g/f) generated by (d;);en;
3. determine the polynomial Hankel sequence p,,, ..., pn, of f and g from H,;
4. a:=1c(f)  (boy ..., bn,_)- (... dnsn,_)7,
where Pry (x) = by, x4 ..+ bo;
5‘ 1 pnr 1 (x)
u___ mlb ZJ—O xj 1,
h:= quot(f lc(f) Dn,);
return.

Theorem 7.3.5. The number of arithmetic operations in EGCD_H is dominated
by n?, where n = deg(f).

Exercises

1. Let f, g € I[x], deg(g) < deg(f) =n,0 < n. Let H, and M, be the n x n
principal submatrices of ¢(g/f ) and ¢(1/f), respectively, and let C be the

companion matrix of f x) = lC(f f(x). Then
Hn =M, - g(C) -
2. Show that the sequence (d, ..., d»,_|) generating the n x n principal

submatrix of ¢(g/f) in the corollary to Theorem 7.3.1 can be computed by
dividing a properly scaled g by f, i.e.,

quot(x™ g, ) =dix™ 2+ ..+ douy -
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3. Compute the finite Hankel matrix and the fundamental vector associated
with
x2+3x 42

R(x)= — 1 2*=2
) 3—x2=-x=-2

7.4 Bibliographic notes

An efficient algorithm for solving sparse linear systems over a finite field was
designed by D. Wiedemann (1986).

In the computation of polynomial gcd by Hankel matrices one can use ideas
similar to subresultants for bounding the coefficients (Gemignani 1994). Several
variants of resultants can also be computed by Hankel methods (Hong and
Sendra 1996). Moreover, Hankel matrices can be employed for computing Padé
approximations (Brent et al. 1980), determining the number of real roots of
polynomials (Gantmacher 1977, Heinig and Rost 1984, Llovet et al. 1992) and
for factorization of polynomials. Issues of parallel computation are considered
in Bini and Pan (1993).



The method
of Grobner bases

8.1 Reduction relations

Many of the properties that are important for Grobner bases can be developed in
the frame of binary relations on arbitrary sets, so-called reduction relations (Huet
1980). The theory of reduction relations forms a common basis for the theory
of Grobner bases, word problems in finitely presented groups, term rewriting
systems, and lambda calculus.

Definition 8.1.1. Let M be a set and — a binary relation on M, i.e.,, —C
M x M. We call —> a reduction relation on M. Instead of (a, b) €e—> we
usually write a — b and say that a reduces to b.

Given reduction relations — and —' on M, we define operations on

M x M for constructing new reduction relations.

- —> o —' (or just —>—"), the composition of —> and —>’', is the
reduction relation defined as a —> —’ b iff there exists a ¢ € M such that
a— c—'b;

- -1 (or just «<—), the inverse relation of —, is the reduction relation
defined as a «<— b iff b — a;

- —>sym (Or just <—), the symmetric closure of —, is the reduction relation
defined as — U «—, i.e., a «<— b iff a —> b or a < b;

—~  —1, the i-th power of —, is the reduction relation defined inductively
for i € Ny as

— 0 :=id (identity relation on M), i.e., @ —° b iff a = b, and
1

—ii=—s il for i > 1.
So a —! b if and only if there exist c¢g,...,¢; such that a = ¢ —
¢y —> ... —> ¢; = b. In this case we say that a reduces to b in i steps;

- —t = U?il —>1 the transitive closure of —>

- —* = ?20 —>i, the reflexive-transitive closure of —;

— <" is the reflexive-transitive-symmetric closure of —.

In the sequel we will always assume that the set M is recursively enumerable
and the reduction relation — is recursive, i.e., for given x,y € M we can
decide whether x — y.

«<—* is an equivalence relation on M and M, is the set of equivalence
classes modulo <—*. One of the main problems in connection with reduction
relations is to decide <—*, i.e., to determine for a, b € M whether a «—* b;
or, in other words, whether @ and b belong to the same equivalence class. We
call this problem the equivalence problem for the reduction relation —.
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Example 8.1.1. a. One well known version of the equivalence problem is the
word problem for groups. A free presentation of a group is a set X of generators
together with a set R of words (strings) in the generators, called relators. Words
are formed by concatenating symbols x or x~! for x € X. Such a presentation is
usually written as (X|R) and it denotes the group F(X) modulo (R), F(X) /(R)»
where F(X) is the free group generated by X and (R) is the smallest normal
subgroup of F(X) which contains R. In more concrete terms, we think of (X|R)
as the group obtained from F(X) by forcing all words in R to be equal to the
identity together with all consequences of these equations.
For example, consider the group

G = ({a,b}| {a* b* aba™"'b7"}) .

The first relator tells us that we can replace a” by 1 if m is even and by a
if m is odd. Similarly for powers of b. The third relator tells us that a and b
commute so that we can collect all powers of a and then all powers of b in a
word. Thus, every element of G is equal to one of

1,a,b,ab

and it can be shown that these are distinct.
The word problem for freely presented groups is:
given: a presentation (X|R) and words u, v € F(X);

decide: u = v in (X|R).

Actually this definition looks as though the problem were about the presen-
tation of the group rather than the group itself. But, in fact, if we insist that
the presentations considered must be effectively given, i.e., both X and R are
recursively enumerable, then the decidability is independent of the presentation.
It is not very hard to show that the problem is undecidable in general. It is much
harder to show that the same is true even if we consider only finite presentations,
i.e.,, both X and R are finite sets.

b. Another example is from polynomial ideal theory and it will lead us to
the introduction of Grobner bases. Consider the polynomial ring K [x1, ..., x,],
K a field, and let I = (py,..., pn) be the ideal generated by pi,..., pp in
Klx1, ..., xy]. The main problem in polynomial ideal theory according to van
der Waerden is:
given: generators pi, ..., p, for an ideal I in K[xy, ..., x,], and polynomials
f.8 € Klxi, ..., x,],
decide: whether f = g (mod I), or equivalently, whether f and g represent
the same element of the factor ring K{xi, ..., x,1/;.

Later we will introduce a reduction relation —> such that «—* ==/, so again
the problem is to decide the equivalence problem of a reduction relation.

Let us introduce some more useful notations for abbreviating our arguments
about reduction relations.



174 Grobner bases

Deﬁnmon 8.1.2.
X —> means x is reducible, i.e., x —> y for some y;

— x__, means x is irreducible or in normal form w.r.t. —>. We omit mention-
1ng the reduction relation if it is clear from the context;

— x | y means that x and y have a common successor, i.e., x — 7 <— y
for some z;

— x 1 y means that x and y have a common predecessor, i.e., x «—z — y
for some z;

— xisa—>-normal form of y iff y —* x.

In the sequel we will always assume that we can decide whether x € M is
reducible and if so compute a y such that x —> y. Based on these assumptions
about the decidability of the reduction relation we will establish that the equiv-
alence problem for — can be decided if —> has two basic properties, namely
the Church—Rosser property and the termination property.

Definition 8.1.3. a. —> is Noetherian or has the termination property iff every
reduction sequence terminates, i.e., there is no infinite sequence x, x2, ... in M
such that x; — x, — ... .

b. — is Church—Rosser or has the Church-Rosser property iff a «—* b
implies a |, b

Whenever a set M is equipped with a Noetherian relation —> we can apply
the principle of Noetherian induction for proving that a predicate P holds for
all x e M:

if forall x e M

[forall y € M: (x — y) = P(y)] = P(x)
then

forall x e M: P(x) .

A correctness proof of this principle can be found in (Cohn 1974).

Theorem 8.1.1. Let —> be Noetherian and Church-Rosser. Then the equiva-
lence problem for — is decidable.

Proof. Letx,y € M. Let X, y be normal forms of x, y, respectively (by Noethe-
rianity every sequence of reductions leads to a normal form after finitely many
steps). Obviously x «<—* y if and only if x «—* y. By the Church-Rosser
property X <—* y if and only if ¥ |, y. Since ¥ and y are irreducible, X |, ¥
if and only if X = y.

Summarizing we have x «—>* y if and only if X = y. O

Theorem 8.1.1 cannot be reversed, i.e., the equivalence problem for —
could be decidable although — is not Noetherian or — is not Church—Rosser.
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Example 8.1.2. a. Let M = N and — = {(n,n + 1) | n € N}. Obviously the
equivalence problem for — is decidable, but — is not Noetherian.
b. Let M = {a, b, ¢} and —= {(a, b), (a, ¢)}. So

a
®

v N\

be oC

Obviously the equivalence problem for —> is decidable, but — is not Church-
Rosser.

So if —» is Noetherian and Church-Rosser then we have a canonical sim-
plifier for M,_,«, i.e., a function which for every equivalence class computes
a unique representative in that equivalence class. For x € M any normal form
of x can be taken as the simplified form of x, since all these normal forms are
equal.

Example 8.1.3. a. Let H be the commutative semigroup generated by a, b, c,
f, s modulo the relations

as=c’s, bs=cs, s=f. (E)

Consider the reduction relation — given by
s —> f, cf —>bf, b f—>af

and if u —> v then ut — vt for all words u, v, ¢.

— is Church-Rosser and Noetherian and <—* ==g). So, for example,
we can discover that a’bcf? =gy a’b* fs* by computing the normal forms of
both words, which turn out to be equal.

b. Let I be the ideal in Q[x, y] generated by

x> —x% X’y —x

2 .

Let —> be defined on Q[x, y] in such a way that every occurrence of x3 or
x2y can be replaced by x?. Then — is Church-Rosser and Noetherian. Thus,
we can decide whether f = g (mod I) for arbitrary f, g € Q[x, y], i.e., we
can compute in Q[x, yl,;.

Checking whether the Church-Rosser property and the Noetherian property
are satisfied for a given reduction relation is not an easy task. Fortunately, in
the situation of polynomial ideals Noetherianity is always satisfied as we will
see later. Our goal now is to reduce the problem of checking the Church-Rosser
property to checking simpler properties.
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Definition 8.1.4. a. —> is confluent iff x 1* y implies x |, y, or graphically
every diamond of the following form can be completed:

U
X y
N4

v

b. — is locally confluent iff x 1 y implies x |, y, or graphically every
diamond of the following form can be completed:

u

YN
N

Theorem 8.1.2. a. — is Church-Rosser if and only if —> is confluent.
b. (Newman lemma) Let — be Noetherian. Then — is confluent if and
only if — is locally confluent.

Proof. a. If — is Church-Rosser then it is obviously confluent. So let us
assume that — is confluent. Suppose that x «<—* y in n steps, i.e., x <—" y.
We use induction on n. The case n = 0 is immediate. For n > 0 there are two
possible situations:

X z<«—""ly
AW and /

7 <"1y X

for some z. In the first case by the induction hypothesis there is a u such that

X

N

z n—1

y
A

“1

u

and in the second case by the induction hypothesis and by confluence there are
u, v such that
z <____>r1—1 y
V4 2\ ind.
X confl. u
N L

v

In either case x |, y.
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b. Confluence obviously implies local confluence. So assume that —> is
locally confluent. We use Noetherian induction on the Noetherian ordering — .
The induction hypothesis is

“for all z with zo — z and for all x', y’ with x’ «—* 7 —>* y’
we have x’ |, y'.”

Now assume that x «<—* zg —>* y. The cases x = zg, y = z¢ are obvious. So
consider

X<« x)«—z0— y1 —"y.

By local confluence and the induction hypothesis there are «, v, w such that

20
e N
X loc.confl.  y)
X ind.hyp. u y
N\ v,  ind.hyp.
v /
AN

w

Sox |y y. O

If we drop the requirement of Noetherianity in Theorem 8.1.2 (b) then the
statement does not hold any more, as can be seen from the counterexample

Definition 8.1.5. Let —> be a reduction relation on the set M and > a par-
tial ordering on M. Let x, y,z € M. x and y are connected (w.r.t. —> ) below
(w.r.t. >) z iff there are wy,...,w, € M such that x = w| «<— ... «— w,

= yand w; <z forall 1 <i < n. We use the notation x <—>f<z) y.

Theorem 8.1.3 (Refined Newman lemma). Let —> be a reduction relation on
M and > a partial Noetherian ordering on M such that — € >. Then —> is
confluent if and only if for all x, y, z in M:

X «<—z—>y implies x «—{_,y.
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Proof. Confluence obviously implies connectedness. So now let us assume that
the connectedness property holds. We use Noetherian induction on > with the
induction hypothesis

forall X,y,z: ifz<z and X «—*Z —>"y then X .y . H1)

Now consider the situation x «—* z —* y. If x = z or y = z then we are
done. Otherwise we have

X «——*xj«—z7—y—"y.

By the assumption of connectedness there are uy, ..., u, < z such that
X|]=U] <> ... <> Uy =Y.
We use induction on n to show that for all n and all uy,...,u, € M:

if uy«— ...« u, and u; <z forall 1 <i<n,

then uy |« u, . @.1.1)

The case n =1 is clear. So we formulate induction hypothesis 2:
(8.1.1) holds for some fixed n . (H?2)
For the induction step let uy, ..., u,1; € M suchthat u; < zforl1 <i <n+1

and u; «<— ... <—> u,4. We distinguish two cases in which the existence of
a common successor v to #; and u,) can be shown by the following diagrams:

Un+1

v
Uy <—> ... <> u, Ul <—> ... <> Uy,
N
N (H2) /] N (H2) Uptl
(IH 1)
v V1 /*
N

v

This proves (8.1.1). The proof of the theorem can now be completed by the
diagram
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Z
v N
X|=Uy <> ...... > Uy =y
. N (8.1.1) /e .
o N b4 ba
y« (HD w (IH1) |«
U "
X /* y
N /%
v A
N /
N P
w O

Exercises

1. If the reduction relation —> on the set M is Noetherian, does that mean
that R(x) = {y | x — y} is finite for every x?

2. Give another example of a locally confluent reduction relation which is not
confluent.

8.2 Polynomial reduction and Grobner bases

The theory of Grobner bases was developed by B. Buchberger (1965, 1970,
1985b). Grobner bases are very special and useful bases for polynomial ide-
als. The Buchberger algorithm for constructing Grobner bases is at the same
time a generalization of Euclid’s gcd algorithm and of Gauss’s triangularization
algorithm for linear systems.

Let R be a commutative ring with 1 and R[X] = R[xy, ..., x,] the polyno-
mial ring in n indeterminates over R. If F is any subset of R[X] we write (F)
or ideal(F) for the ideal generated by F in R[X]. By [X] we denote the monoid
(under multiplication) of power products x' ... x;" inxi, ..., x,. 1 = x) ... x0is
the unit element in the monoid [X]. lcm(s, t) denotes the least common multiple
of the power products s, ¢.

Commutative rings with 1 in which the basis condition holds, i.e., in which
every ideal has a finite basis, are usually called Noetherian rings. This notation
is motivated by the following lemma.
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Lemma 8.2.1. In a Noetherian ring there are no infinitely ascending chains of
ideals.

Theorem 8.2.2 (Hilbert’s basis theorem). If R is a Noetherian ring then also
the univariate polynomial ring R[x] is Noetherian.

Proof. See van der Waerden (1970: chap. 15). g

Hilbert’s basis theorem implies that the multivariate polynomial ring K[X]
is Noetherian, if K is a field. So every ideal I in K[X] has a finite basis, and
if we are able to effectively compute with finite bases then we are dealing with
all the ideals in K[X].

Before we can define the reduction relation on the polynomial ring, we
have to introduce an ordering of the power products with respect to which the
reduction relation should be decreasing.

Definition 8.2.1. Let < be an ordering on [X] that is compatible with the monoid
structure, i.e.,

a. 1=xV...x0 <t forall r € [X]\{l}, and

b. s<t=—=su <tuforalls,t,uecl[X]

We call such an ordering < on [X] an admissible ordering.

Example 8.2.1. We give some examples of frequently used admissible orderings
on [X].

a. The lexicographic ordering with xz(1) > Xz(2) > ... > Xz(n), T a permu-
tation of {1,...,n}: x}' ... X" <jexr Xi'...x;" iff there exists ak € {1,...,n}
such that for all I < k izg) = jrqy and iz < Jr)-

If 7 =id, we get the usual lexicographic ordering <je.

b. The graduated lexicographic ordering w.r.t. the permutation w and the
weight function w: {1,...,n} — RT: fors = x}'...x"t = x{'...x3" we
define s <gjex 7w ¢ iff

(X wihir < iw(k)jk) or
k=1 k=1

(2

n
wkix = Y wk)jr and 5 <iexn r) .
k=1 k=1

We get the usual graduated lexicographic ordering <gex by setting 7 = id and
w = leonst. _
c. The graduated reverse lexicographic ordering: we define s <glex t iff

deg(s) < deg(¢) or
(deg(s) =deg(r) and ¢ <iex s; where n(j)=n—j+1).
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d. The product ordering w.r.t.i € {1, ..., n—1} and the admissible orderings
<pon Xy =[x,...,x;]and <y on X3 = [x;41, ..., x,]): fors = 5150, 1 = 1115,
where 51,1t € X, 52, h € X5, we define s <prod.i.<;.<; ! iff

s1<1tp or (s;=1 and s <72 ) .

A complete classification of admissible orderings is given in Robbiano (1985,
1986).

Lemma 8.2.3. Let < be an admissible ordering on [X].

a. Ifs,t € [X] and s divides ¢ then s < t.

b. < (or actually >) is Noetherian, and consequently every subset of [X] has
a smallest element.

Proof. a. For some u we have su = t. By the admissibility of <, s = 1s <
us =1t.

b. Let sy > 5o > ... be a sequence of decreasing elements in [X]. Let K be
any field. So the sequence of ideals (s,) C {s|,s2) C ... in K[X] is increasing.
But K[X] is Noetherian, thus the sequence has to be finite. O

Throughout this chapter let R be a commutative ring with 1, K a field, X a
set of variables, and < an admissible ordering on [X].

Definition 8.2.2. Let s be a power product in [X], f a non-zero polynomial in
R[X], F a subset of R[X].
By coeff( f, s) we denote the coefficient of s in f.
Ipp(f) := max_{t € [X] | coeff(f, 1) # O} (leading power product of f),
le(f) := coeft(f, lpp(f)) (leading coefficient of f),
in(f) :=lc(HHlpp(f) (nitial of f),
red(f) := f —in(f) (reductum of f),
Ipp(F) := {Ipp(f) | f € F\ {0},
le(F) :={le(f) | f € F\{0}},
in(F) :=={in(f) | f € F\ {0},
red(F) :={red(f) | f € F\ {0}}.

If I is an ideal in R[X], then lc(/) U {0} is an ideal in R. However, in(F)
U {0} in general is not an ideal in R[X].

Definition 8.2.3. Any admissible ordering < on [X] induces a partial ordering
< on R[X], the induced ordering, in the following way:
f<g iff f=0and g #0or

f#0, g7 0and Ipp(f) < Ipp(g) or

f# 0,870, Ipp(f) = Ipp(g) and red(f) < red(g).

Lemma 8.2.4. « (or actually >>) is a Noetherian partial ordering on R[X].
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One of the central notions of the theory of Grobner bases is the concept of
polynomial reduction.

Definition 8.2.4. Let f,g,h € K[X], F € K[X]. We say that g reduces to h

w.r.t. f (g —> h) iff there are power products s,z € [X] such that s has a
non-vanishing coefficient ¢ in g (coeff(g, s) = ¢ # 0), s = Ipp(f) - ¢, and

If we want to indicate which power product and coefficient are used in the
reduction, we write

g —fbsh, where b=

Cc
le(f)

We say that g reduces to h w.rt. F (g —> r h) iff there is f € F such that
8§ —f h.

Example 8.2.2. Let F ={..., f = x1x3 +x1x3 — 2x3, ...} in Q[x1, x2, x3], and
g = xé” + 2x1x2x3 + 2xp — 1. Let < be the graduated lexicographic ordering
with x| < xp < x3.

Then g — ¢ xg' - 2x1x22 +4x2x3+2xp — 1 =: h, and in fact g —> > 1, h.

As an immediate consequence of this definition we get that the reduction
relation —> is (nearly) compatible with the operations in the polynomial ring.
Moreover, the reflexive-transitive-symmetric closure of the reduction relation
— r is equal to the congruence modulo the ideal generated by F. The proofs
are not difficult and are left to the reader.

Lemma 8.2.5. Leta € K*, 5 € [X], F C K[X], g1, g2, h € K[X].
a —rC>,

b. — F is Noetherian,

c. ifgir—rgrthena-s-g —ra-s-g,

d. if gy —>r gathen gy +h |} g+ h.

Theorem 8.2.6. Let F C K[X]. The ideal congruence modulo (F) equals the
reflexive-transitive-symmetric closure of — f, i.e., =(p) = >}

So the congruence =(ry can be decided if —> r has the Church-Rosser
property. Of course, this is not the case for an arbitrary set F. Such distinguished
sets (bases for polynomial ideals) are called Grobner bases. In the literature
sometimes the terms “standard basis” or “canonical basis” are used.

Definition 8.2.5. A subset F of K[X] is a Grébner basis (for (F)) iff — F is
Church—Rosser.
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A Grobner basis of an ideal 7 in K[X] is by no means uniquely defined. In
fact, whenever F is a Grobner basis for I and f € I, then also F U {f} is a
Grobner basis for 1.

Exercises

1. Prove Lemma 8.2.4.
2. Prove Lemma 8.2.5.
3. Prove Theorem 8.2.6.

8.3 Computation of Grobner bases

For testing whether a given basis F of an ideal / is a Grobner basis it suf-
fices to test for local confluence of the reduction relation — g. This, however,
does not yield a decision procedure, since there are infinitely many situations
f 1 r g. However, Buchberger (1965) has been able to reduce this test for local
confluence to just testing a finite number of situations f 1 r g. For that purpose
he has introduced the notion of subtraction polynomials, or S-polynomials for
short.

Definition 8.3.1. Let f, g € K[X]*, t = lem(lpp(f), Ipp(g)). Then

1 t Lot
op(f.9) = (1 ) e T e e %)

is the critical pair of f and g. The difference of the elements of cp(f, g) is the
S-polynomial spol(f, g) of f and g.

If cp(f, g) = (h1, hy) then we can depict the situation graphically in the
following way:

lem(Ipp(f), Ipp(g))

f g
[ ] [}
hy h>

The critical pairs of elements of F describe exactly the essential branchings of
the reduction relation — .

Theorem 8.3.1 (Buchberger’s theorem). Let F' be a subset of K[X].

a. F is a Grobner basis if and only if g |} g for all critical pairs (g1, g2) of
elements of F.

b. F is a Grobner basis if and only if spol(f, g) — 3 O forall f, g € F.
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Proof. a. Obviously, if F is a Grobner basis then g| | 7. g» for all critical pairs
(g1, 82) of F.

On the other hand, assume that g |7} g» for all critical pairs (gi, g2). By
the refined Newman lemma (Theorem 8.1.3) it suffices to show hy «—7% ;12
for all h, hy, h, such that h) «—r h — ¢ hs.

Let 51, 57 be the power products that are eliminated in the reductions of 4 to
hyi and h», respectively. That is, there are polynomials fi, f> € F, coefficients
c1 = coeff(h, 51) # 0, ¢2 = coeff(h, s2) # 0, and power products ?;, > such that

C
s1 = nlpp(f1), h1=h—mrm and

2

le(f2)

s = nlpp(fr), ha=h— bf2.

We distinguish two cases, depending on whether or not s; = s3.
Case s1 # s2: w.l.o.g. assume s| > s7. Let a = coeft(—(c)/lc(fi))t1 f1, 52).
Then coeff(k, s2) = ¢» + a and therefore

2 +a i ) +a
h h—2""thfh=h— nfi— nf .
L T ey P e e
On the other hand,
C| (4] a
h hy — t hy — ——1 fi — hjf2=
R T ARy AU Ny

Ci ¢ +a
h— _
o T ()

bfa.

Thus, &, <—>*F(<<h) hy, in fact hy [} ho.
Case sy = s5: let s = §1 = 57, ¢ = coeff(h, s) and h’ = h — cs. So for some
power product ¢ we have s = t - lem(lpp(f1), Ipp(/f2)), and hy = h' +c -1 - gy,

hy =h"+c-t- g, where (g1, g2) = cp(f1, f2). By assumption g; |7} g2, i.e.,
there are pi, ..., pr and ¢qy, ..., q; such that

81=DP1 =2F ... T2 FPk=q < F ... < F{q1 =8 .
So, by Lemma 8.2.5 (c),
ctgy =ctpy —>F ... —>fpclpy =cltq <—F ... <—fp ctq) =cCtgy .
Applying Lemma 8.2.5 (d) we get

h) =h/+Ctp1 l,’;:...l,;h"FCtpk
=h"+ctq 5 ... 15 h +ciqr=h, .
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All the intermediate polynomials in these reductions are less than & w.r.t. <.
Thus, h1<—>’;(<<)h2.

b. Every S-polynomial is congruent to 0 modulo (F). So by Theorem 8.2.6
spol(f, g) «—% 0. If F is a Grobner basis, this implies spol(f, g) — % 0.

On the other hand, assume that spol(f, g) —>% 0 for all f, g € F. We use
the same notation as in (a). In fact, the whole proof is analogous to the one
for (a), except for the case s| = sy = 5. So for hy = h' +ctg) <—fr h —>F
h' + ctgy = hy we have to show h; <—>’;(<<h) hs.

g1 — g2 is the S-polynomial of fi, f, € F, so by the assumption g; — g»
—>% 0. By Lemma 8.2.5 also hy — hy = ct(g) — g2) —% 0, i.e., for some
P1, ..., Dk W€ have

h] —h2=p1 ——)F...——>1:pk=0.
Again by Lemma 8.2.5 we get

h=pi+hlp.. . lFrpe+h=hy,

and therefore A <—>’;(<<h) hs. O

Buchberger’s theorem suggests an algorithm for checking whether a given
finite basis is a Grobner basis: reduce all the S-polynomials to normal forms and
check whether they are all 0. In fact, by a simple extension we get an algorithm
for constructing Grobner bases.

Algorithm GROBNER_B(in: F; out: G);
[Buchberger algorithm for computing a Grobner basis. F is a finite subset of
K[X]*; G is a finite subset of K[X]*, such that (G) = (F) and G is a Grobner
basis.]
1. G:=F;
C:=1{{g1, 8} 181,8 €G. g # gl

2. while not all pairs {g;, g2} € C are marked do

{choose an unmarked pair {g1, g-};

mark {g1, g2};

h := normal form of spol(g;, g2) w.r.t. —>¢;

ifh#£0

then {C :=C U {{g, h} | g € G};

G :=GU{h}});
B

return.

Every polynomial # constructed in GROBNER B is in (F), so (G) = (F)
throughout GROBNER _B. Thus, by Theorem 8.3.1 GROBNER_B yields a correct
result if it stops. The termination of GROBNER B is a consequence of Dickson’s
lemma (Dickson 1913) which implies that in [X] there is no infinite chain of
elements s, s2, ... such thats; } s; for all 1 <i < j. The leading power products
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of the polynomials added to the basis form such a sequence in [X], so this
sequence must be finite.

Theorem 8.3.2 (Dickson’s lemma). Every A C [X] contains a finite subset B,
such that every ¢ € A is a multiple of some s € B.

Proof. We proceed by induction on the number of variables n, where X =
{x1,..., x4}. For n = 1 the statement obviously holds. So let us assume that
n > 1. We choose any element 7y € A, say

€n

€]
t0=x1 S Xy,

Now for any i € {1,...,n},j € {0,...,¢;} we consider the set of power
products
Aij={t|r €A and deg, (1) = j} .

Let .
Ay ={t/x] 1€ A},

The variable x; does not occur in the elements of A; j any more. By the induction
hypothesis, there exist finite subsets B] ; € A; ; such that every power product
in A; ; is a multiple of some power product in B; ;- We define

Bij={r-x/|teB;}.
Now every element of A is a multiple of some element of the finite set

BI{IO}UUB,ng O
iJj

The termination of GROBNER B also follows from Hilbert’s basis theo-
rem applied to the initial ideals of the sets G constructed in the course of the
algorithm, i.e., (in(G)). See Exercise 4.

The algorithm GROBNER_B provides a constructive proof of the following
theorem.

Theorem 8.3.3. Every ideal I in K[X] has a Grobner basis.

Example 8.3.1. Let F = {f, fo}, with fi = x>y +y — 1, fr = x’y + x. We
compute a Grobner basis of (F) in Q[x, y] w.r.t. the graduated lexicographic
ordering with x < y. The following describes one way in which the algorithm
GROBNER_B could execute (recall that there is a free choice of pairs in the
loop):

1. spol(fi, f2) = fi —yfr = —xy+y — 1 =: f3 is irreducible, so G := {f],

12, f3)-

2. spol(fa, f3) = o+ xfa=xy —p y— 1= fs, 50 G :={fi, fr, f3, fa}.
3. spol(f3, fa) = fatxfa=y—x—1-—y —x=!f5,50G:={f1,...., fs}.
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All the other S-polynomials now reduce to 0, so GROBNER_B terminates with
G={x2y2+y—1,x2y+x,—xy+y—1,y—1,—x} .

In addition to the original definition and the ones given in Theorem 8.3.1,
there are many other characterizations of Grobner bases. We list only a few of
them.

Theorem 8.3.4. Let I be an ideal in K[X], F € K|[x], and (F) = I. Then the
following are equivalent.

F is a Grobner basis for 1.

f—FOforevery fel.

f —F forevery f € I\{0}.

Forall g € I,h € K[X]: if g —>} h then h = 0.

For all g, hy, hy € K[X]: if g —> % hy and g —>7 hy then by = hy.
(in(F)) = (in(1)).

oo a0 o

Proof. The equivalence of (a), (b), (¢), (d), (e) is left to the reader.

Suppose F satisfies (c). Then every non-zero g in / can be reduced, so
in(g) € (in(F)). Thus (c) implies (f). On the other hand, suppose that F satis-
fies (f). Let g € 1\ {0}. Then in(g) € (in(F)), so g —> . Thus, (f) implies (c).

O

The Grobner basis G computed in Example 8.3.1 is much too complicated.
In fact, {y — 1, x} is a Grobner basis for the ideal. There is a general procedure
for simplifying Grobner bases.

Theorem 8.3.5. Let G be a Griobner basis for an ideal 7 in K[X]. Let g,h € G
and g # h.

a. If Ipp(g)|lpp(h) then G’ = G \ {h} is also a Grobner basis for /.

b. If h —>¢ h' then G’ = (G \ {h}) U {h'} is also a Grobner basis for 1.

Proof. a. Certainly (G') C I. For f € I we have f —>7 0, but in fact we
have f —>7,, 0, because whenever we could reduce by & we can instead reduce
by g.

b. (G") = (G). If Ipp(h) is reduced then the result follows from (a). Other-
wise (in(G")) = (in(G)) = (in(])). O

Observe that the elimination of basis polynomials described in Theorem
8.3.5(a) is only possible if G is a Grobner basis. In particular, we are not
allowed to do this during a Grobner basis computation. Based on Theorem
8.3.5 we can show that every ideal has a unique Grobner basis after suitable
pruning and normalization.

Definition 8.3.2. Let G be a Grébner basis in K[X].
— G is minimal iff 1pp(g) ¥ lpp(h) for all g, h € G with g # h.
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— G is reduced iff for all g, h € G with g # h we cannot reduce h by g.
— G is normed iff Ic(g) = 1 for all g € G.

From Theorem 8.3.5 we obviously get an algorithm for transforming any
Grobner basis for an ideal / into a normed reduced Grobner basis for 1. No
matter from which Grobner basis of I/ we start and which path we take in
this transformation process, we always reach the same uniquely defined normed
reduced Grobner basis of 1.

Theorem 8.3.6. Every ideal in K[X] has a unique finite normed reduced Grob-
ner basis.

Proof. The existence of such a basis follows from Theorem 8.3.5. Now suppose
that G and G’ are two such normed reduced Grébner bases for the ideal /. Let

G=1{g1,.--.8n}» G =1{g,...,&u} -

So g1 — 0, in particular Ipp(g;) can be reduced by some polynomial in
G', w.l.o.g. let g{ be this polynomial, i.e., Ipp(g}))Ilpp(g1). Also g} ——>’& 0 and
therefore 1pp(gx)|lpp(g}) for some k. Since G is reduced, this is possible only
for k = 1, i.e., Ipp(g1) = Ipp(g}). Proceeding in this way we obtain m = m’
and Ipp(g;) = Ipp(g;) for all 1 <i < m (possibly after reordering the elements
of G').

Now consider any g;. We have g; —> ¥, 0. Suppose g; # g;. The only way
to eliminate lpp(g;) is to use g/. But g; — g; # 0 and none of the power products
in g; — g; can be reduced modulo G’. So g; cannot be reduced to 0 by G’, which
is a contradiction. Hence, g; = g; forall 1 <i <m. O

Observe that the normed reduced Grébner basis of an ideal / depends, of
course, on the admissible ordering <. Different orderings can give rise to dif-
ferent Grobner bases. However, if we decompose the set of all admissible or-
derings into sets which induce the same normed reduced Grobner basis of a
fixed ideal I, then this decomposition is finite. This leads to the consideration
of universal Grobner bases. A universal Grobner basis for [ is a basis for /
which is a Grobner basis w.r.t. any admissible ordering of the power products.
See Mora and Robbiano (1988) and Weispfenning (1989).

If we have a Grobner basis G for an ideal /, then we can compute in the
vector space K[X],; over K. The irreducible power products (with coefficient 1)
modulo G form a basis of K[X],;. We get that dim(K[X],;) is the number of
irreducible power products modulo G. Thus, this number is independent of the
paticular admissible ordering.

Example 8.3.2. Let I = (x3y —2y? — 1,x2y> + x 4+ y) in Q[x, y]. Let < be
the graduated lexicographic ordering with x > y. Then the normed reduced
Grébner basis of 1 has leading power products x*, x3y, x?y2, y3. So there are
9 irreducible power products.

If < is the lexicographic ordering with x > y, then the normed reduced
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Grobner basis of 7 has leading power products x and y°. So again there are 9
irreducible power products.
In fact, dim(Q[x, y1;;) = 9.

Exercises

1. Complete the proof of Theorem 8.3.4.

2. Compute the normed reduced Grobner basis w.r.t. the lexicographic ordering
with x < y for the ideal generated by f; = xy? + x>+ x, f» = x?y + x in
Zslx, y].

3. Compute the normed reduced Grobner basis G for the ideal

I=(xz—3x2+x+6x3+1,y2+x2—2,x5—6x3+x2—1)

in Q[x, y, z] w.r.t. the lexicographic ordering with x < y < z. What is
dimQ[x, y, z]/1?
4. Prove the termination of GROBNER_B by Hilbert’s basis theorem applied
to the initial ideals of the bases G, i.e., {in(G)), generated in the course
of the algorithm. Observe that these initial ideals are homogeneous, i.e.,
they are generated by a homogeneous basis and with every polynomial
f = fa+ fi-1 + ...+ fo they also contain every form f; of f, where every
power product occurring in f; has degree i.

8.4 Applications of Grobner bases

Computation in the vector space of polynomials modulo an ideal

The ring K[X];; of polynomials modulo the ideal I is a vector space over K.
A Grobner basis G provides a basis for this vector space.

Theorem 8.4.1. The irreducible power products modulo G, viewed as polyno-
mials with coefficient 1, form a basis for the vector space K[X],; over K.

Proof. Let B be the set of irreducible power products modulo G, viewed as
polynomials with coefficient 1. Clearly B generates K[X],;, since every poly-
nomial can be reduced to a linear combination of elements of B with coefficients
in K. Moreover, B is linearly independent, because any nontrivial linear combi-
nation of elements of B is irreducible modulo G and therefore different from 0
in K [X ] /1 O

Ideal membership

By definition Grobner bases solve the ideal membership problem for polynomial
ideals, i.e.,

given: f, fi,..., fm € K[X],

decide: f € (fi1,..., fm)-
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Let G be a Grobner basis for I = (f}, ..., fm). Then f € I if and only if the
normal form of f modulo G is 0.

Example 8.4.1 Suppose that we know the polynomial relations (axioms)

47 —4xy? —16x2 - 1=0,
2y +4x+1=0,
2% 742y +x=0

between the quantities x, y, z, and we want to decide whether the additional
relation (hypothesis)

g(x,y) =4xy* +16x2y* + y2 + 8x +2 =0

follows from them, i.e., whether we can write g as a linear combination of the
axioms or, in other words, whether g is in the ideal I generated by the axioms.

Trying to reduce the hypothesis g w.r.t. the given axioms does not result in a
reduction to 0. But we can compute a Grobner basis for / w.r.t. the lexicographic
ordering with x < y < z, e.g., G = {g1, g2, g3} where

g1 =32x7 —216x8 +34x* — 12x3 — x? +30x + 8 ,
g2 = 2745y% — 112x% — 812x° + 10592x* — 61x — 812x% + 988x + 2 ,
g3 =4z —4xy? —16x> —1.

Now g —¢ 0, ie., g(x, y) = 0 follows from the axioms.

Radical membership

Sometimes, especially in applications in geometry, we are not so much interested
in the ideal membership problem but in the radical membership problem, i.e.,
given: f, fi,..., fu € K[X],

decide: f € radical({fi, ..., fm)).

The radical of an ideal / is the ideal containing all those polynomials f,
some power of which is contained in /. So f € radical(/) <= f" € I for some
n € N. Geometrically f € radical({f],..., fin)) means that the hypersurface
defined by f contains all the points in the variety (algebraic set) defined by fi,
cees fime

The following extremely important theorem relates the radical of an ideal I
to the set of common roots V(1) of the polynomials contained in I.

Theorem 8.4.2 (Hilbert’s Nullstellensatz). Let / be an ideal in K[X], where
K is an algebraically closed field. Then radical(/) consists of exactly those
polynomials in K[X] which vanish on all the common roots of /.
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Proof. A proof of Hilbert’s Nullstellensatz can be found in any introductory
book on commutative algebra and algebraic geometry, e.g., in Cox et al. (1992).

O

By an application of Hilbert’s Nullstellensatz we get that f € radical({fi,
..., fm)) if and only if f vanishes at every common root of fi,..., f, if and
only if the system f; = ... f,, = z- f — 1 = 0 has no solution, where z is a

new variable. That is,

feradical((fi,...., fa) = le{(fi,..., fmz-f—1).

So the radical membership problem is reduced to the ideal membership problem.

Equality of ideals

We want to decide whether two given ideals are equal, i.e., we want to solve
the ideal equality problem:

giV?H: flv--~vfm!g1a""gk G K[X],
deCIde: <fl""’fm) = (glv'«'vgk)'

1 J

Choose any admissible ordering. Let G;, G, be the normed reduced Grob-
ner bases of / and J, respectively. Then by Theorem 8.3.6 [ = J if and only
ifG;=Gy.

Solution of algebraic equations

We consider a system of equations

fl(xlv"'!xll) =07
: (8.4.1)
fm(xl,--wx)z):O»

where fi, ..., fiw € K[X]. The system (8.4.1) is called a system of polynomial
or algebraic equations. First let us decide whether (8.4.1) has any solutions in
K", K being the algebraic closure of K. Let I = {f}, ..., fm). The following
theorem has first been proved in Buchberger (1970).

Theorem 8.4.3. Let G be a normed Grobner basis of /. (8.4.1) is unsolvable
in K" if and only if 1 € G.

Proof. If 1 € G then | € (G) = I, so every solution of (8.4.1) is also a solution
of 1 = 0. So there can be no solution.

On the other hand, assume that (8.4.1) is unsolvable. Then the polynomial 1
vanishes on every common root of (8.4.1). So by Hilbert’s Nullstellensatz 1 €
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radical(/) and therefore also 1 € I. Since G is a normed Grobner basis of I,
we must have 1 —> ¢ 0. This is only possible if 1 € G. g

Now suppose that (8.4.1) is solvable. We want to determine whether there
are finitely or infinitely many solutions of (8.4.1) or, in other words, whether or
not the ideal / is 0-dimensional.

Theorem 8.4.4. Let G be a Grobner basis of 1. Then (8.4.1) has finitely many
solutions (i.e., I is 0-dimensional) if and only if for every i, 1 <i < n, there
is a polynomial g; € G such that Ipp(g;) is a pure power of x;. Moreover, if
I is 0-dimensional then the number of zeros of I (counted with multiplicity) is
equal to dim(K[X]/;).

Proof. I is 0-dimensional if and only if K[X],; has finite vector space dimen-
sion over K and in this case the number of solutions and the vector space
dimension agree (see, e.g., Grobner 1949). By Theorem 8.4.1 that is the case if
and only if the number of irreducible power products modulo G is finite, i.e.,
for every variable x; there is a pure power of it in Ipp(G). O

The role of the Grobner basis algorithm GROBNER B in solving systems
of algebraic equations is the same as that of Gaussian elimination in solving
systems of linear equations, namely to triangularize the system, or carry out the
elimination process. The crucial observation, first stated in Trinks (1978), is the
elimination property of Grobner bases. It states that if G is a Grobner basis of 1
w.r.t. the lexicographic ordering with x; < ... < x,, then the i-th elimination
ideal of 7, i.e., I N K[xy, ..., x;], is generated by those polynomials in G that
depend only on the variables xi, ..., x;.

Theorem 8.4.5 (Elimination property of Grobner bases). Let G be a Grobner
basis of / w.r.t. the lexicographic ordering x| < ... < x,. Then

INK[xy,...,x;]=(GNK[xy,...,xi]),
where the ideal on the right-hand side is generated over the ring K [xi, ..., x;].

Proof. Obviously the right-hand side is contained in the left-hand side.
On the other hand, let f € I N K[xj,...,x;]. Then f — 0. All the

polynomials in this reduction depend only on the variables xi, ..., x;. So we
get a representation of f as a linear combination ) _ h;g;, where g; € GNK|[x1,
...,xi)and hj € K[xy, ..., x]. O

Theorem 8.4.5 can clearly be generalized to product orderings, without
changing anything in the proof.
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Example 8.4.2. Consider the system of equations f; = f» = f3 = 0, where

4xz —4xy? —16x>—1=0,
2y +4x+1=0,
2x2z+2y2+x=0,

are polynomials in Q[x, y, z]. We are looking for solutions of this system of
algebraic equations in Q3, where Q is the field of algebraic numbers.

Let < be the lexicographic ordering with x < y < z. The algorithm GROB-
NER_B applied to F = { f1, f2, f3} yields (after reducing the result) the reduced
Grobner basis G = {g), g2, g3}, where

g1 = 65z + 64x* — 432x3 + 168x% — 354x + 104 ,
2 = 26y* — 16x* + 108x> — 16x2 + 17x ,
g3 = 32x% — 216x* + 64x> —42x? +32x + 5 .

By Theorem 8.4.3 the system is solvable. Furthermore, by Theorem 8.4.4, the
system has finitely many solutions. The Grobner basis G yields an equivalent
triangular system in which the variables are completely separated. So we can
get solutions by solving the univariate polynomial g3 and propagating the partial
solutions upwards to solutions of the full system. The univariate polynomial g3
is irreducible over (@, and the solutions are

1
o, +——Jav 16a3 — 108a2 + 16a — 17 ,
(o #zver

1 4 3 2
— o5 (640 — 43207 + 168« —354a+104)),

where a is a root of g3. We can also determine a numerical approximation of a
solution from G, e.g.,

(—0.1284722871, 0.3211444930, —2.356700326) .

Example 8.4.3. The same method can be applied to algebraic equations with
symbolic coefficients. For example consider the system f; = fo = f3= f4 =0,

where
fi=xa+b—-d,

Hh=xa+x3+x2+x1—a—c—d,
f3 = x3x4 + x1x4 + x2x3 —ad —ac — cd
Ja = x1x3x4 — acd

are polynomials in the variables xj, x3, x3, x4 containing the parameters a, b,
c,d,ie., fi,..., fa € Qa,b,c,d)[xi,...,x4]. Let < be the lexicographic
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ordering with x; < x2 < x3 < x4. The normed reduced Grobner basis of (fi,
.oy fayis G ={g1, ..., g4}, where

gr=x4+b—-d,
b? — 2bd + d> )
-3 - — X —
82 3 acd !
abc + abd — acd — ad? + bed — cd?
_ xX1—a—c—d,
acd
b> —2bd +d* , abc+abd —ad* + bed — cd?
g =x2+ X7+ x1—b+d,
acd acd
;3 ac+ad+cd , a*cd+ac’d + acd? . a’cd?
=x X X .
84 =11 b—d | b —d)? 'l —a)y

Thus, the system has finitely many solutions. A particular root of g4 is —ad/
(b — d), which can be continued to the solution

(o, RN pra).

Every minimal Grobner basis G of a 0-dimensional ideal I w.r.t. the lexi-
cographic ordering with x| < ... < x, has the form

gri(x1) € K[x],
g.a(x1,x2), ..., 84 (x1, x2) € K[x1,x2],
na (X1, oo X))y s 8k, (X1s o xn) € KXy, oo x,]

B. Roider (1986), M. Kalkbrener (1987) and P. Gianni (1987) have proved that
if b= (by,...,b_;) € K"V is a solution of g1l =...=8-14_, =0, then
for some index j, 1 < j <k, we have

Icy, (g1,;)(b) # 0  (leading coefficient w.r.t. the variable x;) and
g1.j(b, x)) = ged(gra (b, xp), ..., g1k, (b, x1)) .

This implies that every partial solution b can be continued to a solution of the
full system.

In fact, for a O-dimensional ideal I in regular position a very strong struc-
ture theorem has been derived by Gianni and Mora (1987). I is in regular
position w.r.t. the variable x,, if a; # b for any two different zeros (ay, ...,
ap), (b1, ..., by) of I. Clearly it is very likely that an arbitrary O-dimensional
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ideal is in regular position w.r.t. x;. Otherwise, nearly every linear change of
coordinates will make the ideal regular.

Theorem 8.4.6 (Shape lemma). Let I be a radical O-dimensional ideal in K[X],
regular in x;. Then there are g|(x;), ..., g.(x;) € K[x;] such that g, is square-
free, deg(g;) < deg(g)) for i > 1 and the normed reduced Grdbner basis F for
I w.r.t. the lexicographic ordering < with x; < --- < x, is of the form

{g1(x1), x2 — ga(x1), .., Xy — gn(x )} .

On the other hand, if the normed reduced Grobner basis for I w.r.t. < is of this
form, then I is a radical O-dimensional ideal.

Proof. Since I is in regular position, the first coordinates of zeros of I are all
different, say ayy, ..., aj,. Then the squarefree polynomial g; (x|) = ]_[;":l (x1—
ay;) isin 1 N K[x;] and so it has to be in F. Since by Theorem 8.4.4 m is the
dimension of K[X],;, the normed reduced Grobner basis for I has to have the
specified form.

To prove the converse, let ayy,...,ay, be the zeros of g (x;). Then the
zeros of I are {(ay;, g2(a1;), ..., gnlay) |i=1,...,m}. O

For a further discussion of the Shape lemma we refer to Becker et al. (1994).

Linear equations over K[X]

For given polynomials fi, ..., f;, f in K[X] we consider the linear equation

finn+...+ fizz= 1, (8.4.2)

or the corresponding homogeneous equation

lel+.-.+fos=O- (843)

Let F be the vector (fi, ..., f;). The general solution of (8.4.2) and (8.4.3) is
to be sought in K[X]°. The solutions of (8.4.3) form a module over the ring
K[X], a submodule of K[X]* over K[X].

Definition 8.4.1. Any solution of (8.4.3) is called a syzygy of the sequence of
polynomials fi, ..., f;. The module of all solutions of (8.4.3) is the module of
syzygies Syz(F) of F = (fi,..., fy).

It turns out that if the coefficients of this equation are a Grobner basis, then
we can immediately write down a generating set (basis) for the module Syz(F).
The general case will be reduced to this one.

Theorem 8.4.7. If the elements of F = (fi, ..., f;) are a Grobner basis, then
S is a basis for Syz(F), where S is defined as follows.
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Forl<i<slete =(0,...,0,1,0,...,0) be the i-th unit vector and for
l<i<j<slet

t = lem(Ipp(f7), Ipp(fj)) .
1 t 1 t

Tie(h) sy T '

Pi 775y p(f)

and k}j, ..., kj; be the polynomials extracted from a reduction of spol(f;, f;)
to 0, such that

spol(fi, f7) = pij fi — qij fj = I;kz{jf’ :

Then
S={Pij'€i—qz'j'ej—(kilj,---,kfj)|1Si<jSS}-

Proof. Obviously every element of S is a syzygy of F, since every S-polynomial
reduces to 0.

On the other hand, let z = (z;,...,25) # (0,...,0) be an arbitrary non-
trivial syzygy of F. Let p be the highest power product occurring in

fizi+ ...+ fizz =0, (%)
ie.,

p = max{t € [X] | coeff(f; - z;, ) # 0 for some i}
<

and let ij < ... < i, be those indices such that Ipp(f;; - z;;) = p. We have
m > 2. Suppose that m > 2. By subtracting a suitable multiple of §;, , ;, from z,
we can reduce the number of positions in z that contribute to the highest power
product p in (). Iterating this process k — 2 times, we finally reach a situation,
where only two positions i1, i; in the syzygy contribute to the power product p.
Now the highest power product in (x) can be decreased by subtracting a suitable
multiple of S;, ;,. Since < is Noetherian, this process terminates, leading to an
expression of z as a linear combination of elements of S. O

Now that we are able to solve homogeneous linear equations in which the
coefficients are a Grobner basis, let us see how we can transform the general
case to this one.

Theorem 8.4.8. Let F = (fi,..., f;)T be a vector of polynomials in K[X]
and let the elements of G = (g1, ..., gm)! be a Grobner basis for (fi, ..., fs).
We view F and G as column vectors. Let the r rows of the matrix R be a basis
for Syz(G) and let the matrices A, B be such that G =A-F and F = B - G.
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Then the rows of Q are a basis for Syz(F'), where

Proof. Let by, ..., bsy, be polynomials, b = (by, ..., by1,).

(b-0)-F
=((b],...,b5)‘(ls—B'A)+(bs+],...,bs+r)'R'A)'F
={by,....b) - (F—B-A-Fy+(bsy1,....b54+) - R-A-F=0.

So every linear combination of the rows of Q is a syzygy of F.

On the other hand, let H = (hy, ..., hy) be a syzygy of F. Then H - B is
a syzygy of G. So for some H' we can write H - B = H' - R, and therefore
H-B-A=H-R-A. Thus,

H=H - (I,-B-A+H R-A=HH) Q,
i.e., H is a linear combination of the rows of Q. O

What we still need is a particular solution of the inhomogeneous equation
(8.4.2). Let G = (g1, ..., gm) be a Grobner basis for (F) and let A be the trans-
formation matrix such that G = A - F (G and F viewed as column vectors).
Then a particular solution of (8.4.2) exists if and only if f € (F) = (G). If
the reduction of f to normal form modulo G yields f' # 0, then (8.4.2) is un-
solvable. Otherwise we can extract from this reduction polynomials k., ..., A},
such that

glh’l +...—+—g,,,h;" =f.

So H = (h},...,h,,)- A is a particular solution of (8.4.2).

Of course, once we are able to solve single linear equations over K[X],
we can also solve systems of linear equations by dealing with the equations
recursively. An algorithm along these lines is presented in Winkler (1986).
However, it is also possible to extend the concept of Grobner bases from ideals
to modules (see Furukawa etal. 1986, Mora and Moller 1986) and solve a
whole system of linear equations by a single computation of a Grobner basis
for a submodule of K[X]*.

Example 8.4.4. Consider the linear equation

1 | 1 <1
(xz—xy2—4x2—z y2z+2x+§ x2z+y2+5x) <Zz)=0,
<3

F
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where the coefficients are in Q[x, v, z]. A basis for the syzygies can be computed
as the rows of a matrix Q according to Theorem 8.4.8. Q7 may contain for
instance the syzygy

(2)
2 )=
23
2xy? 4+ 4x2y* +2x3y? 4yt — 20t — 8x3 — 2x% — 8X°
—8x3y? —4x3y? — 4xy? — 3x% — 19x* — 16x°
¥4+ 17x%y% + 16x*y? + 4x3y* + dxy* + 8x* + 2x3 + 8x2 4 2x

In fact, using the concept of Grobner bases for modules, we get the following
basis for Syz(F):

yiz+2x+ 3 X2z 4y + 3x
—xz+xy2+4x2+% ) 0 ,
0 —xz+xy? +4x? + 4
P by -2 - 0
—x3y? —xy? —4xt — %xz | Pyt %x
\xy4+4x2y2+%y2+2x2+%x —yzz—2x—%

Effective ideal theoretic operations

In commutative algebra and algebraic geometry there is a strong correspondence
between radical polynomial ideals and algebraic sets, the sets of zeros of such
ideals over the algebraic closure of the field of coefficients. For any ideal [/
in K[xy,...,x,] we denote by V(I) the set of all points in A"(K), the n-
dimensional affine space over the algebraic closure of K, which are common
zeros of all the polynomials in /. Such sets V(1) are called algebraic sets. On
the other hand, for any subset V of A"(K) we denote by I(V) the ideal of all
polynomials vanishing on V. Then for radical ideals / and algebraic sets V the
functions V (-) and I () are inverses of each other, i.e.,

VAdWV) =V and I(VU))=1.

This correspondence extends to operations on ideals and algebraic sets in the
following way:

ideal algebraic set
I+J vihnvy)
I-J,InJ Vhyuvy)
I:J V) - V({J)=V{)—-V(J) (Zariski closure

of the difference)
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See, for instance, Cox et al. (1992: chap. 4). So we can effectively compute inter-
section, union, and difference of varieties if we can carry out the corresponding
operations on ideals.

Definition 8.4.2. Let I, J be ideals in K[X].

— Thesum I +J of I and J isdefinedas I +J ={f+g| fel gel}

— The product 1 -J of I and J isdefinedas I-J={{f-g| fel gelJ}.

— The quotient I : J of I and J is definedas I : J ={f | f-gelforallg
e J}.

Theorem 8.4.9. Let I = (f},..., f,) and J = (g}, ..., g) be ideals in K[X].
I+J={fi,.... f[r 81, » &)

I-J=(figil1<i<r1=<j<s).

INJ={t)- 1+ {1 —1t)-J)nK[X], where ¢ is a new variable.

I:J :ﬂjzl(l : (g;)) and

I:(g)="{(hi/g,...,hn/g), where I N {g) = (hy,.... hn).

oo

Proof. (a) and (b) are easily seen.

c.Let felInJ. Thentf € (t)-1 and (1 —¢t)f € (t — 1) - J. Therefore
f=tf+U—=-0fe(ty- IT+{1—-1)-J.

On the other hand, let f € ({t)- I+ {1 —1)-J)NK[X]. So f =g(X, 1)+
h(X,t), where g € (¢)I and h € (1 — t)J. In particular, A(X,t) is a linear
combination of the basis elements (1 —2)gy, ..., (1—1)gs of (1 —1#)J. Evaluating
t at 0 we get

f=¢gX,0)+h(X,00=h(X,0)eJ .

Similarly, by evaluating ¢ at 1 we get f = g(X, 1) € I.

d. hel:Jif and only if hg € I for all g € J if and only if hg; € I for
al 1 <j<sifandonlyif hel:(g)foralll <j<s.

If fe{h/g,....hm/g)anda € (g) thenaf € (hy,....hy)=1N0(g) C 1,
ie, f el :{g). Conversely, suppose f € I : (g). Then fg € I N{g). So fg
= Y byhy for some by € K[X]. Thus,

f=zbk( hk/g )€<hl/gv-~-vhm/g>' O
—_——

polynomial

So all these operations can be carried out effectively by operations on the
bases of the ideals. In particular the intersection can be computed by Theorem
8.4.5.

We always have I - J C I N J. However, I N J could be strictly larger
than I - J. For example, if [ = J = (x,y), then [ - J = (x%, xy, y?) and
INJ=1=J={x,y). Both I-J and I N J correspond to the same variety.
Since a basis for I - J is more easily computed, why should we bother with
I N J? The reason is that the intersection behaves much better with respect to
the operation of taking radicals (recall that it is really the radical ideals that
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uniquely correspond to algebraic sets). Whereas the product of radical ideals in
general fails to be radical (consider I - I), the intersection of radical ideals is
always radical.

Theorem 8.4.10. Let I, J be ideals in K[X]. Then VTN J = VI NVJT (VI
means the radical of I).

Proof. If f € /INJ, then f™ € I N J for some integer m > 0. So f € /1
and f € V/J.

On the other hand, if f € /I N+/J then for some integers m, p > 0 we
have f" € I and f? € J. Thus, f™*? cInJ,ie, feINJ. a

Example 8.4.5. Consider the ideals

20t = 3x%y + y2 =2y + Yy,

= (
(xy—4>
= (x,y" = 2y),
= (x,y" +2y) .

The coefficients are all integers, but we consider them as defining algebraic sets
in the affine plane over C. In fact, V (I;) is the tacnode curve (compare Sect. 1.1),
VL) ={(0,2), (0, =2)}, V(I3) = {(0,2), (0,0}, VIs) = {(0,0), (0, =2)}.

First, let us compute the ideal /5 defining the union of the tacnode and the
2 points in V (I). I5 is the intersection of I and I, i.e.,

Is=LNhL={z)l +{1 -2)L)NQ[~, ~]
= (—4y2 + 8y3 - 3y4 + 12x2y —8x* — 2y5 + y6 — 3)c2y3 + 2y2x4,
xy2 —2xy® +xy4 —3x3y 4+ 2x%) .

Now let us compute the ideal I defining V (Is) — V(I3), i.e., the Zariski
closure of V(I5)\ V (I3), i.e., the smallest algebraic set containing V (I5)\ V (I3).

Ie=1Is:13=(Is: {x)) N (s : (y* = 2y))
= 2x* =327+ —2y" +yH) N
(v° = 3y3 +2y2 = 3x2y? 4+ 2yx* — 6x7y + 4x*,
2x° — 3x3y +xy? = 2xy? +xyt)
= (y> = 3y3 +2y? = 3x2y? 4+ 2yx* — 6x7y + 4x*,
x> —3x%y + x)? —2xy? +xy*) .

V (Ie) is the tacnode plus the point (0, —2).
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Finally, let us compute the ideal I7 defining V (Is) — V (14), i.e., the Zariski
closure of V (Ig) \ V(I4).

L=l Ia= s (x) N (s : {y* +2y))
= (2x4 — 3x2y + y2 — 2y3 + y4) N (2x4 — 3x2y + y2 — 2y3 + y4)
=1 .

So we get back the ideal I, defining the tacnode curve.

Exercises

1. Determine the singularities of the curve defined by f(x,y) =
x0 4 3x*y? — 4x?y? 4 3x2y* 4+ y® = 0 in the projective plane P*(C).

2. Let I be a O-dimensional prime ideal in K[X]. What is the shape of a
Grobner basis for / w.r.t. a lexicographic ordering?

3. Let Py,..., P, € A"(K), the affine space of dimension n over the field K.

Construct polynomials (separator polynomials) fi, ..., fy € K[x, ..., x4]
such that
0 fori #j,
i(P) =
fithy) 1 fori=j.

4. Let I be the ideal in Q[x, y, z] generated by G = {g|, g2, g3}, where

g=z4+x*—2x+1,
g =y +x -2,

g=x —6x+x 1.

a. Is G a Grobner basis w.r.t. the lexicographic term ordering with
x<y<z?

b. How many solutions does the system of equations g = g» = g3 =0
have?

c. Give a basis for the vector space Q[x, y, z],; over Q.

8.5 Speed-ups and complexity considerations

Speeding up Buchberger’s algorithm

In Example 8.3.1 there were 10 S-polynomials to be checked for reducibility
to 0. But in order to arrive at the Grobner basis we actually considered only 3 of
them! This naturally leads to the question whether there are criteria for detecting
such unnecessary S-polynomials which do not lead to new basis polynomials.
Two of the best known criteria are the product criterion and the chain criterion.

Theorem 8.5.1. Let G be a set of polynomials in K[X], and g;, 8 € G. If
Ipp(g1) - Ipp(g2) = lem(Ipp(g1), Ipp(g2)) then spol(gy, g2) —>¢ 0.
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The proof of this fact is easy and is left to the reader. From Theorem
8.5.1 one immediately gets the product criterion, which says that in step (2) of
GROBNER B the S-polynomial of g, g» can be discarded without reducing it

to normal form if Ipp(g1) - Ipp(g2) = lem(lpp(g1), Ipp(g2)).
The following theorem has been derived in Buchberger (1979).

Theorem 8.5.2. Let G be a set of polynomials in K[X]. G is a Grobner
basis if and only if for all gy, g, € G there are hy,...,hy € G such that

g1 = hi, hx = g, lem(Ipp(hy), ..., Ipp(h;)) divides lem(Ipp(g1), Ipp(g2)), and
spol(h;, hiy1) —>¢ Oforall 1 <i <k.

From Theorem 8.5.2 one immediately gets the chain criterion, which says
that in step (2) of GROBNER B the S-polynomial of g, g» can be discarded
without reducing it to normal form if there are Ay, ..., h; as in Theorem 8.5.2.
Since testing for long chains might be costly, one often applies the chain criterion
only for short chains, i.e., k = 3.

Example 8.5.1 (Example 8.3.1 continued). After having added the polynomials
f3, fa, fs to the basis, all the other S-polynomials can be discarded by applica-
tions of the product criterion and the chain criterion.

Complexity of Grobner basis computations

Already G. Hermann (1926) gives a double exponential upper bound for the
degrees of polynomials in the basis of the module of syzygies for fi,..., fn.
For the special case of 2 variables the degrees of polynomials in a Grébner basis
can be bounded linearly in the degree of polynomials in the starting basis (Buch-
berger 1983a), and by a single exponential bound for the case of 3 variables
(Winkler 1984b).

Let D(n,d) be minimal with the property that for any finite set of polyno-
mials fi,..., fi,. in K[x1,..., x,], where each f; has degree at most d, there
is a Grobner basis for (f, ..., f,) such that each polynomial in the basis has
degree bounded by D(n,d). Yap (1991) proves a lower bound for D(n,d),
namely D(n,d) > d*, where k ~ n/2 and n, d sufficiently large.

Collecting various results on upper bounds for D(n, d), Lazard (1992) shows
that D(n, d) < d?, where | = (log3/log4)n + O(logn).

For 0-dimensional ideals Lakshman (1990) has been able to show that an

upper bound for the complexity of constructing a Grobner basis is polynomial
in d".

8.6 Bibliographic notes

An excellent introduction to problems in polynomial ideal theory is contained in
Hilbert (1890). G. Hermann’s (1926) complexity analysis is based on this paper.

Hironaka (1964) introduced standard bases for ideals of power series, which
have basically the same properties as Grobner bases. Hironaka’s notion of stan-
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dard bases, however, is non-constructive. Becker (1990, 1993) is able to provide
algorithms for some problems in the theory of standard bases.

There are various generalizations of the concept of Grobner basis to different
domains, e.g., to reduction rings (Buchberger 1983b, Stifter 1987, 1991, 1993),
to polynomials over the integers (Pauer and Pfeifhofer 1988), to polynomials
over Euclidean domains (Kandri-Rody and Kapur 1984), or to Grobner bases
for modules over K[X] (Galligo 1979, Mora and Méller 1986, Furukawa et al.
1986).

p-Adic approximations of Grébner bases over the rational numbers have
been investigated by Winkler (1988a), Pauer (1992), Gribe (1993).

The idea of computing syzygies by Grobner bases was developed by Za-
charias (1978). On the other hand, syzygies can be employed for computing
Grobner bases (Mdoller 1988).

Linear algebra methods for transforming a Grobner basis for a 0-dimensional
ideal to a Grobner basis for the same ideal but a different ordering were devel-
oped by Faugere et al. (1993).

Ideas very similar to those in the theory of Grobner bases appear also in
the constructive approach to equational reasoning over first order terms, i.e.,
the Knuth-Bendix (1967) procedure for completing term-rewriting systems. The
relation between these algorithms and procedures is investigated in Le Chenadec
(1986), Winkler (1984a), Biindgen (1991). Improvements such as criteria for
unnecessary S-polynomials can be adapted to the term-rewriting case (Winkler
and Buchberger 1983).

Grobner bases can be used for solving many more ideal theoretic problems,
e.g., primary decomposition of polynomial ideals (Lazard 1985, Gianni et al.
1988), implicitization of parametric curves or surfaces (Arnon and Sederberg
1984, Kalkbrener 1991), computation of the dimension of algebraic sets (Kredel
and Weispfenning 1988, Kalkbrener and Sturmfels 1992), computing in multiple
algebraic extensions (Wall 1993), computation of the Hilbert function (Bayer and
Stillman 1992). Another application of Grobner bases is for geometry theorem
proving (Kapur 1986; Kutzler and Stifter 1986a, b; Winkler 1988c, 1990, 1992).
Further examples of solutions of systems of algebraic equations by Grobner
bases are given in Boge et al. (1986). Other applications are described in Winkler
et al. (1985).

Results on the complexity of constructing Grobner bases are reported in
Mayr and Meyer (1982), Giusti (1984), Mdller and Mora (1984), Bayer and
Stillman (1988), Lakshman and Lazard (1990), Heintz and Morgenstern (1993).

Introductions to the theory of Grobner bases are available in Buchberger
(1985b), Cox etal. (1992), Becker and Weispfenning (1993), Mishra (1993),
Adams and Loustaunau (1994).



Quantifier elimination
in real closed fields

9.1 The problem of quantifier elimination

Many interesting problems of the geometry over the real numbers can be stated
as systems of polynomial equations, inequations, and inequalities, usually with
some structure of quantification. For instance, in Sect. 1.1 the piano movers
problem in robotics has been mentioned. There are many other application areas,
e.g., stability conditions for difference schemes. Quantifier elimination provides
an approach to solving such polynomial problems over the real numbers.

In the sequel we collect a few definitions and facts about real fields as a basis
for talking about Collins’s quantifier elimination algorithm. These definitions and
theorems can be found in van der Waerden (1970).

Definition 9.1.1. A field K is ordered with ordering >, iff

a. for every a € K exactly one of the relations a =0, a > 0, —a > 0 is valid,
and

b. ifa>0andb>0thena+b>0anda-b>0.

If we let a > b :<= a — b > 0, then the relation >€ K? satisfies the usual
order axioms of transitivity and anti-symmetry. In an ordered field a sum of
squares is always nonnegative,

52
2% 20,
i=l

and it can be zero only if all the summands are zero. In particular, 1 = 1?2 is
always positive, and for all n € N,

n=14+..+1=12+...41>2>0.

n times n times

So the characteristic of an ordered field is O.

Example 9.1.1. Examples of ordered fields are @, R, and the field of real alge-
braic numbers with the usual ordering.

Another example of a real field is R(x), the field of rational functions over
R. To see this we let R be ordered as usual and we let x be positive but smaller
than any positive real number. Now if p(x) = a,x" + an_1x" ' + ... + agxk
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is a polynomial with a; # 0, then we let p(x) > 0 if and only if ¢z > 0. A
rational function p(x)/q(x) is positive if and only if p(x)g(x) > 0. This is
indeed an ordering on R(x) satisfying the conditions (a) and (b). In fact, this
ordering is a non-archimedean ordering, since x is positive but strictly less than
any 1/n,n e N,

C cannot be ordered, since 1 = 12, —1 = i2, and not both of them can be
positive.

Definition 9.1.2. A field K is (formally) real iff —1 is not a sum of squares.

A real field always has characteristic 0, because in a field of characteristic
p>0wehave -1 =(p—1)-12

Definition 9.1.3. A real closed field K is a real field which does not admit any
real algebraic extension, i.e., if K’ is an algebraic extension of K for a real field
K’', then K = K'.

Example 9.1.2. R and the field of real algebraic numbers are real closed fields.
On the other hand, Q is not real closed, since Q(+/2) is a proper algebraic
extension of (Q to a real field.

Every real closed field can be ordered in one and only one way. Every
positive element of a real closed field K has a square root. Furthermore, over
K every polynomial of odd degree has at least one root. Conversely, if in an
ordered field K every positive element has a square root and every polynomial
of odd degree has a root, then K is a real closed field.

In the following we are interested in deciding formulas containing polyno-
mial equations, inequations, and inequalities over real closed fields. For this
purpose we introduce the formal setting of the elementary theory of real closed
fields.

Definition 9.1.4. The elementary theory of real closed fields (ETRCF) is the first-
order theory with the constants 0 and 1, function symbols +, —, -, predicate
symbols =, >, >, <, <, # (elementary algebra), and an axiom system consisting
of the field axioms, the order axioms

(Va)(Vb)la > 0Ab>0=a+b > 0]
(Va)(Vb)la > 0Ab>0=a-b>0]

and axioms that guarantee roots of certain polynomials

(Ya)@3b)[a = b V —a = b?]
forevery n > 1:  (Vag)(Vay) ... (Vay,)(3b)[ag +aib + ... +
+ a2nb2n +b2n+1 — O] .
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Models of the elementary theory of real closed fields are exactly the real
closed fields, as can be seen from the remark after Example 9.1.2. In this theory
we can have polynomials as constituents of atomic formulas, and the coefficients
of these polynomials have to be integers.

The principle of Tarski (see Seidenberg 1954) states:

Every formula ¢ of elementary algebra that is valid in one model of the
elementary theory of real closed fields is valid in every model of this theory.

So in order to decide such a formula ¢ for an arbitrary model, it suffices to
decide it for R.

Definition 9.1.5. A standard atomic formula is an expression of the form p ~ 0,
where p is a (multivariate) integral polynomial and ~ is a predicate symbol in
ETRCF. A standard formula is a formula in ETRCF in which the atomic formu-
las are all standard atomic formulas. A standard prenex formula is a standard
formula in prenex form, i.e., a sequence of quantifiers followed by a quantifier
free standard formula.

The problem of quantifier elimination for ETRCF

The problem of quantifier elimination for ETRCF can be stated in the following
way:

For a given standard prenex formula ¢ find a standard quantifier-free formula
¥ such that ¢ is equivalent to .

A. Tarski (1951) gave a quantifier elimination algorithm for transforming
any formula ¢ of the theory of real closed fields into an equivalent formula that
contains no quantifiers, i.e., for solving the problem of quantifier elimination
for ETRCF. He also showed how to decide whether a formula ¢’, which does
not contain quantifiers and variables, is true. Also other approaches have been
suggested, e.g., in Seidenberg (1954) and Cohen (1969). Most of them, however,
suffer from a prohibitively high complexity. In particular, even if one fixes the
number of variables r in the formula ¢, they have a computing time that is
exponential in both m, the number of polynomials occurring in ¢, and n, the
maximum degree of these polynomials. A real breakthrough was achieved in
1973 by G. E. Collins with his cad algorithm, published in Collins (1975).

9.2 Cylindrical algebraic decomposition

In describing Collins’s cad algorithm we will not prove any results, rather we re-
fer the reader to Collins (1975), Amon et al. (1984a), and Arnon and Buchberger
(1988) for background information.

The basic idea is to divide up the r-dimensional Euclidean space R”, where
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r is the number of variables occurring in the given formula ¢, into patches for
which the validity of ¢ can be checked by simply inspecting particular points.

Definition 9.2.1. A nonempty connected subset of R" is called a region. A
decomposition D of a subset X of R” is a finite collection D = (Dy, ..., D)
of disjoint regions whose union is X. An element of a decomposition is called
a cell of the decomposition. A sample point for a cell of a decomposition is a
point belonging to that cell. A sample of a decomposition D = (D, ..., D,)
is a tuple s = (s1,...,s,) such thats; € D; for I <i < u.

Let A be a set of integral polynomials in r variables. A decomposition D
of R" is A-invariant iff every polynomial p € A is sign-invariant on every cell
of D, i.e., is either positive, negative, or zero on the whole cell.

If A is a set of integral polynomials, the decomposition D is A-invariant,
and s is a sample for D, then the sign of a particular polynomial p € A on a
particular cell C in D can be determined by evaluating p at the sample point
corresponding to C. Exact computation is essential.

Definition 9.2.2. A standard quantifier-free formula ¢(x,...,x,) containing
just the free variables xj,...,x, is a defining formula for the subset X of
R" iff X is the set of points in R” satisfying ¢. A standard definition of the
decomposition D = (Dy,..., D,) is a sequence (¢,...,¢,) such that, for
1 <i <, ¢; is a standard quantifier-free defining formula for D;.

The validity of a standard formula ¢ can be effectively decided once we
have a {¢}-invariant decomposition of the appropriate space, which is algebraic,
i.e., the cells of the decomposition are defined by polynomial equations or in-
equalities, and also the corresponding sample points are algebraic. Furthermore,
it is also convenient to construct such a decomposition recursively, starting from
a decomposition of the real line. For this purpose Collins introduced the notion
of a cylindrical algebraic equation.

Definition 9.2.3. The cylinder over a region R, written Z(R), is R xR. A section
of Z(R) is a set S of points (ay,...,a,, f(ay,...,a,)), where (a1, ...,a,)
ranges over R, and f is a continuous real-valued function on R. So S is the graph
of f and it is also called the f-section of Z(R). A sector of Z(R) is a set T of
points (ay,...,a,, b), where (a, ..., a,) ranges over R and fi(a;,...,a,) <
b < falay,...,a,) for continuous, real-valued functions f; < f> on R. The
constant functions fj = —oo and f>, = +oc are allowed. T is also called the
(f1, f2)-sector of Z(R).

Continuous, real-valued functions f; < ... < fi, k > 0, defined on a
region R, together with fy = —oo and fi4+) = 400, naturally determine a de-
composition of Z(R) consisting of the (f;, fi+1)-sectors of Z(R) for 0 <i <k,
and the f;-sections of Z(R) for 1 < i < k. Such a decomposition is called the
stack over R determined by the functions f, ..., f.

A decomposition D of R" is cylindrical if either

a.r=1,and D= (Dy,..., Dy 1), where v=0and D =R, orv > 0
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and there exist real numbers o) < ap < ... < «, such that D; = (—o0, «}),
Dy ={a;} for 1 <i < v, Dyt = (a;, ai41) for 1 <i < v, Dyyyy = (a0, 00);
or

b. r > 1, and there is a cylindrical decomposition D’ = (Dy, ..., D,) of
R™! such that D = (D), ..., Dy 2y +1,---» D1, .., Dy2y,+1) and for each
1 < i < p the decomposition (D; 1, ..., Di2y+1) is a stack over D;. D’ is
unique and is called the induced cylindrical decomposition of R'~'. If D is
determined by algebraic functions fj, ..., f, then it is a cylindrical algebraic
decomposition (cad).

A sample s = (sy,...,s,) of acad D = (D, ..., D,) is algebraic in case
each s; is an algebraic point. The sample s is cylindrical if either (1) r = 1
or (2) r > 1 and there is a cylindrical sample s' = (s,...,s,) of a cad
D' of R"~! such that s = (S1.1s -+ s S120 41> -2 Sp.1s - +» Sp2v,+1) and the
first » — 1 coordinates of s; ; are, respectively, the coordinates of s;, for all
1 <i<p,1<j<2v+ 1. A sample that is both cylindrical and algebraic is
called a cylindrical algebraic sample (cas).

Example 9.2.1. Let a) < ay < a3 be the three different real roots of the poly-
nomial f(x) = 10x3 —20x% + 10x — 1. o) ~ 0.13, @y &~ 0.59, a3 ~ 1.28, see
Fig. 9. So if we let D = (—o00, @1), D, = {1}, D3 = (a1, a2), Dy = {a2},
Ds = (a2, a3), D¢ = {3}, D7 = (a3, 00), then D = (D, ..., D7) is a cylindri-
cal algebraic decomposition of R!. Let f;(x) and f>(x) denote the greater and
the smaller solutions, respectively, of the algebraic equation x> + y* = (3/2)?
in the cylinder over Dj. Let f3(x) and f4(x) denote the greater and the smaller
solutions, respectively, of the algebraic equation x2+y? = (3/2)? in the cylinder
over Ds. Then f}, f> determine a stack (D3 1, D32, D33, D34, D35) over D3,
and similarly f3, f4 determine a stack (Ds j, Ds.2, Ds 3, Ds 4, D5 5) over Ds.

y y
2 2+ D,xR
/~  DXR DR
Dysly™ .l
DyiDss
14 14 Dsi
| /\a2 | . D xR Ds;| Ds; D7><El§
- 0]/ i as i -1 0] 1 2
1
14 -1+ Ds,
Dy,
D3,1. Ds |
-l 24

Fig. 9 Fig. 10
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So a possible cylindrical algebraic decomposition of R? is

D=(D xR,
DzXR,
D3y, ..., D35,
Dy xR,
Dsy,...,Dss
DﬁxR,
D7XR).

As a cylindrical algebraic sample of D we can take for instance

s=((-=1,0),
(ay,0)
(1/2,-3/2), (1/2, =v/2), (1/2,0), (1/2,~/2), (1/2,3/2) ,
(a2,0),
(1,-3/2), (1, =v/5/2), (1,0), (1, v/5/2), (1,3/2) ,
(a3,0),
(2,0)) .

See Fig. 10. For instance, ¢s3 = f(x) <0Ax > 1/2Ax>+y> < (3/2)%isa
defining formula for the cell Ds 3.

The top-level algorithm for solving the quantifier elimination problem by
cylindrical algebraic decomposition is given in QE.

Algorithm QE(in: ¢*; out: ¥*);

[0* = (Qk+1Xxk+1) - - - (Qrx,)P(x1, ..., xr) is a standard prenex formula, where

O0<k<r, Q;iseither Vor3 forall k+1<i <r, and ¢ is quantifier-free.

Y¥* is a standard quantifier-free formula equivalent to ¢*.]

1. from ¢* extract k and the set A of distinct nonzero polynomials occurring
in ¢;

2. apply the algorithm CAD for cylindrical algebraic decomposition to A and &,
obtaining s, a cas for an A-invariant cad D of R", and v/, a standard definition
of the cad D’ of R¥ induced by D if k > 0 or () if k = 0;

3. construct ¢* from ¢ and s by evaluating the polynomials in A at the sample
points in s;
return.

Step (2) of QE needs some further description. The algorithm for computing
a cylindrical algebraic decomposition, given the input A = (ay, ..., ay) and &,
proceeds in three phases: the projection phase, the base phase, and the extension
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phase. In the projection phase, if » > 2, a set A"~ = proj(A) (projection of A)
of polynomials in » — 1 variables is computed, such that

(E) for every proj(A)-invariant cad D’ of R”~! there is an A-invariant cad D of
R” that induces D', i.e., D’ can be extended to a cad of R”.

This projection process is applied to proj(A) recursively until univariate poly-
nomials are reached, i.e., we successively determine sets A”) = A, AUV .
AWM of polynomialsinr, r—1, ..., 1 variables, respectively. In the base phase we
determine an A"-invariant cad of R'. Finally, in the extension phase, an A‘)-
invariant cad D is extended to an AY*D-invariant cad DYtV for 1 <i <r.

Let us take a closer look at the projection process. We treat only the case
r =2, i.e.,, we start out with polynomials in 2 variables, say in Z[x, y]. Using
the algorithms developed in previous chapters, we can assume that the elements
of A = A® are all squarefree and relatively prime. Observe that an {..., f; -
fr-+ fm,...}-invariant cad is also {..., f] - fzz--- o, ...}-invariant, and an
{..., fi, f2, &, ...}-invariant cad is also {..., f1 - &, f> - &, ...}-invariant.

Theorem 9.2.1. Let A = {ay,...,a,} be a set of squarefree and relatively
prime polynomials in Z[x, y]. Then the set

proj(A) = {lcy(a;) | 1 <i <m}U
{discry(a;) |1 <i <m}U

{resy(aj,ap) |1 =i < j <m}

of univariate polynomials in Z[x] satisfies the condition (E), i.e., is a suitable
projection.

Proof. Let B := proj(A). Let D be a B-invariant cad of R'. (E) will be satisfied

if we can show that for each 1-dimensional cell C of D

a. each polynomial @; has a constant number of real roots over C, and

b. in the cylinder over C the curves given by the real roots of the polynomials
in A do not intersect.

Let C = (aj,aj+1) be such a 1-dimensional cell of D (o could be —o0
and a4 could be 4+-00). There are only two possibilities for the number of real
roots of a; changing over C, namely a real root could go to infinity, i.e., a; has
a pole at some xg in (&, o;y1), or a pair of real roots could become complex.
For a;(x, y) to have a pole at xg, the leading coefficient of ¢; must vanish at xo,
ie., lcy(a;)(xp) = 0. But Ic,(a;) € proj(A), so there can be no root of Icy(a;)
inside C. If a pair of real roots of ;(x, y) vanishes over C, there must be a
point xg in C over which a;(xg, y) has a multiple root. But any such xp is a
root of discry(a;), so there can be no such point inside C. Thus, (a) is satisfied.

If two curves given by real roots of polynomials a;,a; € A would inter-
sect over C, then these curves could be given by different roots of the same
polynomial, i.e., i = j, or by roots of different polynomials. In the first case
there would be a root of discry(g;) inside C, which has been already excluded
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by the reasoning above. In the second case, a;(xo. y) and a;(xo, y) would have
a nontrivial ged. So there would be a root of res,(a;, a;) inside C, which is
impossible because all the resultants of polynomials in A are in B. Thus, also
(b) is satisfied. O

The size of the set of polynomials as well as the coefficients of these poly-
nomials grow considerably in the projection step. In the general case (n > 2)
the computation of projections is even more complicated, involving certain sub-
resultant coefficients of the polynomials in A. For the details we refer to Collins
(1975) and Arnon et al. (1984a). Improvements of the projection operation are
described in McCallum (1988, 1993) and Hong (1990).

Now we can give an outline of the algorithm for computing cads.

Algorithm CAD(in: A, k; out: s, ¥);
[A C Z[x;, ..., x ] (finite), 0 < k < r;
s is a cas for some A-invariant cad D of R”, and  is a standard definition of
the cad D* of R* induced by D if k > 0, and ¢ = () if k =0.]
1. [r=1]Ifr > 1 then go to (2);
isolate the real roots «, ..., a, of the irreducible factors of the nonzero
elements of A;
construct a cas s for an A-invariant cad D;
if k = 0 then set ¢ := ();
otherwise, if n = 0, set ¢ := “0 =07,
otherwise use the signs of the polynomials in A in the cells of D to construct
a standard definition y of D (this might require an “augmented projection”)
and
return;
2. [r > 1]if k =r then set k¥’ := k — 1, otherwise set k' :=k;
call CAD recursively with the input proj(A) and k', obtaining outputs s’
and ¥';
let s" = (51, .. - 8p), sj/. = (sjf‘], ...,sj’-.,._l);
construct a cas s for an A-invariant cad D of R” by isolating the real roots
ofa(s]’..l, .. .,sj/.yr_],x,) foreveryae Aand 1 < j < p;
if k < r then set ¥ := v, otherwise use the real roots of the derivations of
the polynomials a(sj’.’l, cee, sj/.’,,_l,x,) to extend ¥’ to a standard definition
Y of D;
return.

Example 9.2.2. We apply the algorithm QE to the formula
=@ (P43 —4<0 Ay —2x+2<0),

i.e., we determine a quantifier-free formula ¢* in x which is equivalent to ¢*.
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In step (1) we set k = 1 and A = {y? + x> — 4, y> — 2x + 2}. In step (2)
the algorithm CAD is called with the inputs

A= +x2—4, Y2 —2x+2}, k=1.

aj az

The number of variables in A is 2, so step (2) of CAD is executed. Computing
proj(A) according to Theorem 9.2.1 we get

proj(A) = {1, 4x> — 16, —8x + 8, (—x%> —2x 4+ 6)*} .

W.l.o.g. we can make the polynomials in the projection squarefree and relatively
prime. We can also scale them and eliminate constants. This results in the
simplified projection set

B =proj(A) = {(x2+2x —6, x> -4, x— 1} .
—— ——
b by b3

So CAD is called recursively with the inputs B and 1. Now r =1, i.e., we are
in the base phase, and the real roots of the polynomials in B are

—1-\/7< -2 <1 < —1+\/7<2.
A cas for a B-invariant cad of R! is
t=(—4,—1—-+7,-3,-2,0,1,3/2, -1 ++7,9/5,2,3)

and a standard definition of this cad is

v=( by >0Aby>0nb3 <0, bj=0Ab; >0A1b3 <0,
by <O0OAby>0Ab; <0, b1<0/\b2=0/\b3<0,
by <O0Aby <O0Ab; <0, by <0Aby<0OAb3; =0,
by <O0Aby <O0Aby >0, bi=0Aby <0Ab3 >0,
b1 >0Aby <0Aby >0, by >0Ab;=0Ab3 >0,
b1 >0Ab;>0Ab3>0).

That finishes the recursive call of CAD.
The extension of f to a cas for an A-invariant cad of R? yields
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s =((-4,0),
(—1-+7,0),
(=3,0),
(_2’ —1)’ (_2’ 0)7 (—2; 1) s
(07 _3)’ (07 _2)’ (Ov O)’ (0; 2); (0; 3) s
(1, -2), (1, =v/3), (1, =1), (1,0), (1, 1), (1,v/3), (1,2) ,
(3/2.-2), 3/2, —~1/2), (3/2.-6/5), (3/2, —1), (3/2,0) ,
(3/2. 1), (3/2.6/5), (3/2.~7/2). 3/2.2)
(=1 4+ 7, -2), (=1 + 7, =), (=1 + ¥7,0), (-1 + V7, a) ,
(—14++7,2),
(9/5.-2).(9/5. —P). (9/5, —1), (9/5. —/19/5).(9/5.0) ,
(9/5,4/19/5), (9/5. 1), (9/5. B), (9/5.2) ,
(2’ _2)’ (2', _ﬁ)’ (2’ _1)’ (2s 0)7 (2’ 1)’ (27 \/5)7 (2s 2) )
(3’ _3)7 (3’ _2)’ (37 O)’ (3’ 2); (3; 3) ) )
where & = v/2v/V/7 — 2, 8 = 2+/2/+/5 (see Fig. 11). Further, k < r, so ¥ does
not have to be extended. That finishes the call of CAD.

In step (3) of QE the polynomials in A are evaluated at the sample points
in 5.'Only the cylinders over the cells defined by /7, 1, and 9 contain sample
points that satisfy a; < 0 and a, < 0. Thus, a standard quantifier-free formula
equivalent to ¢* is

U= VsV .

In Fig. 11 the set of zeros of the polynomials in A is shown, the sample

y
4T

21— /

| o
N
|
[\
(o)
[\
_h_-

41 Fig. 11
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points for R! are indicated as lines parallel to the y-axis and the sample points
for R? as dots.

As is obvious from the above example, efficiency can be gained by combin-
ing neighboring cells, in which the polynomials involved have the same signs,
into clusters of adjacent cells. Only one sample point is necessary for the whole
cluster.

In Collins (1975) a complexity analysis of the quantifier elimination algo-
rithm based on cylindrical algebraic decomposition is given. The complexity
turns out to be s e

e " m? da

where m is the number of polynomials occurring in the input formula ¢*, n is
the maximum degree of these polynomials, d is the maximum length of any
integer coefficient of these polynomials, and a is the number of occurrences of
atomic formulas in ¢*.

9.3 Bibliographic notes

For a thorough introduction to the theory of real algebraic geometry and semial-
gebraic sets we refer to Bochnak et al. (1987). An introduction to Collins’s CAD
algorithm can be found in Collins (1976), Arnon et al. (1984a), Hong (1993) and
Mishra (1993). Collins (1996) includes an account of the historical development
of cylindrical algebraic decomposition for quantifier elimination.

For adjacency and clustering of cells in decompositions we refer to Arnon
et al. (1984b) and Arnon (1988). A further practical speed-up of the CAD algo-
rithm is reported in Collins and Hong (1991). The complexity of deciding the
theory of real closed fields is investigated in Davenport and Heintz (1988) and
Renegar (1992a—c).

Some recent developments are contained in Caviness and Johnson (1996)
and Jacob et al. (1994).



Indefinite summation

10.1 Gosper’s algorithm

The problem of indefinite summation is very similar to the problem of indefi-
nite integration, in fact, we can somehow think of it as a discrete analogon to
the integration problem. Whereas in integration we start out with a continuous
function f(x) and want to determine another function g(x) such that

b
/f(x) dx = g(x) and therefore / f(x)dx = g(b) — g(a) ,

in indefinite summation we are given a sequence (a, ),en and we want to deter-
mine another sequence (s,),en, (in which the function symbol }_ is eliminated)
such that any partial sum of the corresponding series can be expressed as

ms

Z ap = Smy — Smy—1 -
n=ni,

Of course we expect that the existence of algorithmic solutions for this indefinite
summation problem will depend crucially on the class of functions that we take
as input and possible output.

A hypergeometric function f(z) is a function from C to C that can be written

as o
P Sl
Z) = —_—_— - —
S0 b n
———
Jn

for some a;, b; € C. a" denotes the rising factorial of length n, i.e.,

a"=aa+1)---(a+n-1).

The class of hypergeometric functions includes most of the commonly used
special functions, e.g., exponentials, logarithms, trigonometric functions, Bessel
functions, etc. Hypergeometric functions have the nice property that the quotient
of successive terms f,/f,—| is a rational function in the index n. Conversely,
up to normalization, any rational function in n can be written in this form. This
fact gives rise to the notion of hypergeometric sequences.
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Definition 10.1.1. Let K be a field of characteristic 0. A sequence (a,)n, of
elements of K is hypergeometric iff the quotient of successive elements of the
sequence can be expressed as a rational function of the index n, i.e., there are
polynomials u(x), v(x) € K[x] such that

an =M forall n e N.
ap—| v(n)

R. W. Gosper (1978) presented an algorithmic solution of the summation prob-
lem for the class of hypergeometric sequences, i.e., both (a,)nen and (sp)nen,
are hypergeometric in n. We will describe Gosper’s algorithm.

So let us assume that we are given a hypergeometric sequence (d,),en OVer
the computable field K of characteristic 0. We want to determine a hypergeo-
metric sequence (s,)nen, over K such that

M=

ap = sy, —so foral meNg.

n=I

Clearly such an (sp)nen, is determined only up to an additive constant. If
(sn)nen, exists, then it must have a very particular structure.

Lemma 10.1.1. Every rational function u(n)/v(n) over K can be written in the
form
un)  pn)-q@)

v(in)  pn—1-r@n)’

where p, g, r are polynomials in n satisfying the condition

ged(g(n),r(n+ j))=1 forall jeNy. (10.1.1)

Proof. We determine p, g, r by a recursive process of finitely many steps. Ini-
tially set

pn)y:=1, g :=ux), rHn):=vHn).

Let R(j) = res,(q(n), r(n + j)). The condition (10.1.1) is violated for j*
€ Np if and only if R(j*) = 0. If R(j) has no roots in Ny then the process
terminates and we have p, g, r of the desired form. Otherwise let j* be a root
of R(j) in No. We redefine p, q, r according to the formula

g(n) :=ged(g(n), r(n + j*)) ,
. rn
T ogn— 0

q

g
pn) = p(n)jkgog(n B, g = ;((‘:’) r(n)

It is easy to see that the new p, g, r are again a representation of the given
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rational function, i.e.,
u(n) __pn)-q(n)
v(n)  pn—1)-r@n)’

The process terminates because in every step the degree of g is decreased. [

Example 10.1.1. Let us represent the rational function

as in the theorem. Initially we let
piny=1, qn) = n*—1, r(n) = n*+2n .
res,,(q(n) r(n+ j)) =res,(n* — 1,n? + Qj+n+j2+2j)=j +4] +

2j2 —4j —3. The only non-negative integral root of the resultant is j* = 1. So
in the first iteration we get

gn) =ged(gn),rn+1))y=n+1,
pmy=1-(n+1)=n+1,

gy =@ —1)/(n+1)=n-1,
r(n)y=m*+2n)/n=n+2.

Now res, (q(n), r(n + j)) = j + 3. This resultant has no non-negative integral
root, so the process terminates.

Definition 10.1.2. If a(n)/b(n) is a rational function over K and p(n), g(n), r(n)
are as in Lemma 10.1.1, then we call (p, q, r) a regular representation of a/b.

Theorem 10.1.2. Let (a,),en be a hypergeometric sequence over K and (p, g, r)
a regular representation of a,/a,_. If

n
(Sn)neNy,  Where s, = Y ap ,

is hypergeometric, then

Sp = M.an.f(n)
p(n)

for a polynomial f(n) satisfying the condition

pin)y=qn+1)- f(n)—r(n)- f(n—1). (10.1.2)
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Proof. Assume (s,)qen, to be hypergeometric. Obviously we have

a, =S, —Sp,—; forall neN. (10.1.3)
Let
p(n)
=, — 10.1.4
f(n) Sn q(n—}—l)-an ( )

Substituting (10.1.3) in (10.1.4) we get

_ ) s pim) 1
f(n)—q(n+1) e T amiD T

Sn

So we see that f(n) is certainly a rational function in #. Substituting an appro-
priate version of (10.1.4) in (10.1.3) we derive

o 2 AOED o a)

4 -D.
p(n) pn—p /=D

Multiplying this by p(n)/a, and using the fact that (p, g, r) is a regular repre-
sentation of a,/a,_;, we get

p)y=qn+1) f(n)—r(n)- f(n-1),
i.e., the rational function f(n) satisfies the condition (10.1.2). What remains to

be shown is that f(x) is really a polynomial. This is proved in Lemma 10.1.3.
O

Lemma 10.1.3. With the notation of Theorem 10.1.2, the rational function f(n)
is a polynomial.

Proof. Suppose

fn) = % with deg(d) > 0 and ged(c(n),d(n)) =1.

Then (10.1.2) can be written as

dn)-din—1)-p(n) =c(n)-din—1)-g(n+1)

(10.1.5)
—dn)-c(n—1) -r(n) .

Let j be the greatest integer such that

ged(d(n), d(n+ j)) =gn) # 1 . (10.1.6)
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Clearly j exists and is non-negative. So
gedd(n —1),d(n+ j)) =1 (10.1.7)
and because of g(n)|d(n + j)
gedd(n —1),g(n)) =1. (10.1.8)
Substitution of n — j — 1 for n in (10.1.6) yields
geddin—j—1D,dn—1)=gn—j—-1)#1. (10.1.9)

Substitution of n — j for n in (10.1.7) yields ged(d(n — j — 1),d(n)) = 1,
and since g(n — j — D)|d(n — j — 1) we get

ged(gn — j — 1), d(m)) = 1 . (10.1.10)

Now let us divide (10.1.5) by both g(n) and g(n— j —1). Because of (10.1.6)
g(n) divides d(n), and because of (10.1.8) and the fact that ¢ and d are relatively
prime we have that g(n) does not divide d(n — 1) and c(n). Therefore, g(n)|
q(n + 1) and consequently

gn—1Dign) . (10.1.11)

Similarly, using (10.1.9) and (10.1.10) we derive g(n — j — 1)|r(n) and conse-
quently

g —Dlr(n+j) . (10.1.12)

So j is a non-negative integer such that g(n — 1)| gcd(g(n), r(n + j)), and
therefore

ged(g(n), r(n+ j)) #1,

in contradiction to (p, g, r) being a regular representation of a,/a,—_1. Thus, the
denominator d(n) must be constant. |

The only remaining problem in the determination of s, is to find a polynomial
solution f(n) of Eq. (10.1.2). Obviously we could decide the existence of f
and also, provided f exists, compute such an f by a system of linear equations
on its coefficients, if we had a degree bound for the solutions of (10.1.2).

Theorem 10.1.4. Let (p, q, r) be a regular representation of a, /a,_;. Let [T :=
deg(q(n+1)+r(n)), [~ := deg(q(n+1)—r(n)). Then the degree of any solution
of (10.1.2) is not greater than k, where
a. forlt <I:

k = deg(p(n)) — deg(g(n + 1) — r(n)),
b. forlt >1[":

k = max{kg, deg(p(n) — deg(q(n)) + 1}, if
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ko = (—I*coeff(q, IT) — coeff(q, It — 1) + coeff(r, IT — 1)) /coeff(q, IT)
_ €7, and
k = deg(p(n)) — deg(q(n)) + 1, otherwise.
Proof. Let us replace (10.1.2) by the equivalent condition

f@)+ fn-1)

p(n) =(qn+1)—r(n))-

2
(10.1.2")
- f(n—1
L@+ +rmy - L g( )
We have (assuming the notation deg(0) = —1) the relation

deg(f(n) + f(n — 1)) =1+deg(f(n) — f(n — 1)) .

a. Assume deg(q(n + 1) + r(n)) < deg(q(n + 1) — r(n)) =: I. Suppose k
is the degree of a solution f of (10.1.2"), ie., f(n) = cn® + O@F), and
f(n—1) = cgn* + O@*=1), where ¢ # 0. From (10.1.2') we get

p() = (q@m+1) —r(m) - (cxn* + OGN + (@ + 1) +r(m) - O@* "),
and therefore
p(n) =c- Cknk-H + O(nk+l—~1) ,

where ¢ = Ic(q(n 4 1) — r(n)). By comparison of the degrees of both sides of
this equation we get k = deg(p(n)) — L.

b. Assume [ := [t = deg(q(n + 1) + r(n)) > deg(g(n + 1) —r(n)) =1".
In this case deg(q(n)) = deg(r(n)) =1, so g(n) = gin' + O@®'~") and r(n) =
rint + O@m 1), where q =r; # 0. We set

f(n) = cxn® + ci_nf N+ OW* ) for o #0,
and therefore

fn—1) = cen* + (cxey — k- c)n* 1+ O@* 2y .
Substituting this into (10.1.2") we get

pm) = (q(n+ 1) —r(m) - (can* + O™
+ (gt + D) +rm) - (Sant™" + 0@k
=@+ + g+ D" —rnl —rn + O ) -
< (cen® + O@FY)
+ (g’ +nn' +0@™h) - (han* ™! + 0@ D)
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= (qn' +qln'™ + qin'™ —nnl =i+ O 7Y) -
(et + 0t )
+ (qn' +nn' + 0@ ™) - (fen* ! + Ot D))
= (@l + qi-1 — -1 + K + 1) - e+ O )

J

L(k)

Let ko be the root of the linear equation L(k) =0, i.e.,

_ g —q-1+n
il

ko
So we get the bound

= | max{ko, deg(p(n)) — [ + 1} if kg € Z,
deg(p(n)) —1+1 otherwise. a

Combining all these facts we have an algorithm for computing (s, ),en, such
that

n

Ya =s,—s9 forall neN.

i=1
We get the sequence of partial sums after normalizing to (s, — So)neN,. NOW
we are ready for stating Gosper’s algorithm for summation of hypergeometric
sequences.

Algorithm SUM_G(in: (a,)xeN; out: (s;)nen,» FLAG);
[(@n)nen is a hypergeometric sequence over K
if the sequence of partial sums is hypergeometric then FLAG = “hypergeometric”
and s, = ;’=1a,~ for n € Ny, and if the sequence of partial sums is not
hypergeometric then FLAG = “not hypergeometric”.]
1. FLAG := “hypergeometric”;
2. if a, = 0 then {s, := 0; return};
3. [regular representation]
p(n) :=1; g(n) := numerator of a,/a,_1; r(n) := denominator of a,/an_1;
while res, (g (n), r(n + j)) has a non-negative integral root do
{j* := a non-negative integral root of res,(g(n), r(n + j));
g(n) :=ged(g(n), r(n + j*));
pn) = po) T2 8t — ks g(n) = g(m)/g(m); r(n) == r(n)/g(n
=75
4. [degree bound for f]
1T :=deg(gin + 1) + r(n)); I~ :=deg(gn + 1) — r(n));
if it <I~
then k := deg(p(n)) — 1~
else {ko := (=ITq+ — qre_1 +riv_1)/qi+;
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ifkoeZ
then k := max{ko, deg(p(n)) — [T + 1}
else k :=deg(p(n)) =1 +1};
if k < 0 then {FLAG := “not hypergeometric”; return};
5. [determination of f]
determine a polynomial f(n) satisfying p(n) = q(n+1)f(n)—r(n)f(n—1)
and of degree < k by solving a system of linear equations over K for the
indeterminate coefficients of f(n) = ¢;n* + ...+ co;
6. [combination of partial results]
spi=qn+1)-a,- f(n)/pn),
Sp =8, — 50
return.

Example 10.1.1 (continued). We want to solve the summation problem for the
series

* 1
,,gl n2 + 2n
(R g—

Qn

over Q. (n+1, n—1, n+2) is a regular representation of a, /a,—. T = 1,17 =0,
ko = 2. So as a bound for f(n) = cxn* + ... +co we get k = 2. Now we have
to determine c», ¢1, ¢y such that

ntl=n-(can’+an+c)—n+2) (an—1>+cn—1)+c) .
The corresponding linear system in c¢3, ¢y, co has the solutions

5+ 6x 3424
co=Ai, = T 2=

for any A # 0. So we get (for A = 0)

Therefore the sequence of partial sums is hypergeometric and in fact

n 1 3n% + 5n

S"=,-§1n2+2n T A +3n+2)

Example 10.1.2. We want to solve the summation problem for the series

n-x" (e, ap,=n-x")

32

n=1

over Q(x). a,/ay,—1 =n-x/(n — 1) is a rational function in n, so the sequence
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(@n)nen is hypergeometric. In step (3) of SUM_G we start with the representation
pn)=1,q(n) =n-x,r(n) =n—1. j* = lisaroot of res,(q(n), r(n+j)). The
updating process yields the regular representation p(n) = n, qg(n) = x,r(n) = 1.
The degrees I* and [~ in step (4) are equal, so we get the degree bound k = 1.
Comparing coefficients of like powers in

n=x-(cth+cy) —1-(ci(n—1) +cp)
we get

1 1 e oy ! 1
, o= ——— ie, = n— :
“Ta-p ! i L Y

cl =

x—1

Setting s/ :=x-(n-x")- f(n)/n=(1/(x — D) -(n-x"2 = (m+1)-x"t])
and normalizing to s, := s, — s(’), we finally arrive at the formula

n.xn+2_(n+1).xn+1+x
(x—1)?

n
spn=yn-x"=
i=l1
for the partial sum.
Exercises

1. Apply Gosper’s algorithm for solving the summation problem for the series

n—1 4 .2 .
2 [[j=ibj*+cj+d
Y

nt [l bi* +cj+c

an

2. Are there hypergeometric solutions for the following summation problems?
a. Yy i%2
b. Z;=1 i i.!
c. Yy i (1/ih)
d' Z:‘:l i!

3. What is a good way of determining whether the resultant in step (3) of
SUM_G has an integral root, and in fact finding one if it exists?

10.2 Bibliographic notes

Approaches to the summation problem are discussed in Lafon (1983) and in
Graham et al. (1994). An extension of Gosper’s approach is described in Karr
(1985). Recently Zeilberger (1990, 1991; Wilf and Zeilberger 1992) has greatly
advanced the field with his method of creative telescoping based on holonomic
systems. Results in this direction are also reported in Paule (1993, 1994). For
an overview of these recent developments we refer to Paule and Strehl (1994).



Parametrization
of algebraic curves

11.1 Plane algebraic curves

Algebraic geometry is the study of geometric objects defined as the zeros of
polynomial equations. So it is not surprising that many of the techniques in
algebraic geometry become computationally feasible once we have algorithmic
solutions for the relevant problems in commutative algebra, i.e., the algebra
of polynomial rings. We take a look at one particular problem in algebraic
geometry, the rational parametrization of algebraic curves. For an introduction
to algebraic curves we refer to Walker (1950) or Fulton (1969).

Throughout this chapter let K be an algebraically closed field of character-
istic 0.

Definition 11.1.1. For any field F, the n-dimensional affine space over F is
defined as

A"(F):=F"={(a1,...,an) | a; € F} .

A2(F) is the affine plane over F.
An affine plane algebraic curve C in A2(F) is the set of zeros of a polynomial

f(x,y) e Flx, y], ie.,
C={(a1,a) | fla, @) =0, (a1,a) € A*(F)} .

f is called a defining polynomial of the curve C. The curve C has degree d, iff
d is the degree of a defining polynomial of C with smallest degree. The curve
C is irreducible iff it has an absolutely irreducible polynomial f defining it.

Obviously a particular curve C can be defined by many different polynomials,
e.g., the circle is defined by x2 4 y? — 1, but also by (x2 + y? — 1)2. Two
polynomials define the same curve if and only if they have the same squarefree
factors. So the circle is, of course, a curve of degree 2. In fact, w.l.o.g. we can
always assume that a defining polynomial is squarefree.

The problem with affine space is that, for instance, although curves of de-
grees m and n, respectively, generally intersect in m - n points (unless they
have a common component), this might not be true for particular examples. For
example, two parallel lines do not intersect, a hyperbola does not intersect its
asymptotic lines. This problem is resolved by considering the curves in pro-
jective space. We consider the homogenization f*(x,y, z) of the polynomial
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f(x,y) of degree 4, i.e., if

f(x’ }’) = fd(x’ }’) + fd—l(xv )’) +... +f0(x’ }’) ,

where the f;’s are forms of degree i, respectively (i.e., all the terms occurring
in f; are of the same degree and deg(f;) = i), then

FrEy ) = fa@y) + fa1Ge,y) 24+ folx,y) - 2%

f* is a homogeneous polynomial. For all @ € K* we have f*(a, b,c) =0
f*(aa,ab,ac) = 0, and f(a,b) = 0 & [f*(@a,b,1) = 0. f(a,b,0) =
fa(a, b) = 0 means that there is a zero of f “at infinity” in the direction (a, b).
By adding these “points at infinity” to affine space we get the corresponding
projective space.

Definition 11.1.2. For any field F, the n-dimensional projective space over F
is defined as

PY(F) :={(ay :...: ant1) | (@1, ..., an41) € F"TN{(O, ..., 0)}},

where (a; : ... : any1) = {(aay,...,aa,41) | @ € F*}. So a point in P"(F)
has many representations as an (n + 1)-tuple, since (a; : ... : apy1) and (aay :
. ! ®auy), for any ¢ € F*, denote the same point P. (aj : ... : apy1) are
homogeneous coordinates for P. P>(F) is the projective plane over F.
A projective plane algebraic curve C in P?(F) is the set of zeros of a
homogeneous polynomial f(x,y,z) € F[x, y, z], i.e.,

C={@:a:a) | flaraas) =0, (ar:a2:a) € P(F)} .
f is called a defining polynomial of the curve C.

We write simply A? or P? for A?(K) or P?(K), respectively. Whenever
we have a curve C in A? defined by a polynomial f(x,y), we can associate
with it the curve C* in P? defined by f*(x,y,z). Any affine point (a, b) of
C corresponds to a point (@ : b : 1) of C*, and in addition to these points
C* contains only finitely many points “at infinity,” namely with coordinates
(a : b:0). These are the zeros of fy, the form of highest degree in f.

In P? Bezout’s theorem holds, which states that if f,g € K[x,y,z] are
relatively prime homogeneous polynomials, i.e., the projective curves C and
D defined by f and g, respectively, do not have a common component, then
C and D have exactly deg(f) - deg(g) projective points in common, counting
multiplicities.

Definition 11.1.3. a. Let C be a curve in A? defined by the polynomial f(x, y).
Let P = (a, b) be a point on C. P is a simple point on C iff %(P) # 0 or
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%(P) # 0. In this case the tangent to C at P is uniquely determined as

af 0

Lpy —ay+ Lpy 6 -m=0.

ox ady

If P is not simple, i.e., both partial derivatives vanish at P, then P is called
a multiple point or singularity on C. Let m be such that for all i + j < m the

. o i+ . . .
partial derivative :x—,;yﬁj vanishes at P, but at least one of the partial derivatives

of order m does not vanish at P. Then m is called the multiplicity of P on C,
or, in other words, P is an m-fold point on C. In this case the polynomial

1 a"
2 oo

O e GRSt (11.1.1)

factors completely into linear factors, the tangents of C at P. An m-fold point
P on C is ordinary iff all the m linear factors of (11.1.1) are different, i.e., all
the tangents are different.

b. Let C be a curve in P? defined by the homogeneous polynomial f(x, y, z).
Let P = (a:b:c)beapoint on C. W.lo.g. let c = 1 (for the other coordinates
proceed analogously). P is a simple or multiple point on C depending on whether
Q = (a, b) is a simple or multiple point on the affine curve defined by f(x, y, 1).

An irreducible curve has only finitely many singularities. The multiplicity
of the origin (0,0) on an affine curve C defined by the polynomial f(x, y)
is particularly easy to deduce: the multiplicity is the least degree of any term
occurring in f. The tangents of C at (0, 0) are the factors of the form of least
degree in f.

Example 11.1.1. Some plane algebraic curves can be rationally parametrized,
e.g., the tacnode curve (see Fig. 3) defined by the polynomial

fay) =22 =322y 4+ 3 =2y + 34 =0
in A?(C) can be parametrized as
p

3 —6r24+9r—2 0 = 12— 4r+4
25 1603 + 402 —321 49" 2 T 2 163 1402 — 32149

x(t) =

That is, the points on the tacnode curve are exactly the values of (x(z), y(¢))
for t € C, except for finitely many exceptions. We will see in Sect. 11.2 how
such a parametrization can be computed.

Definition 11.1.4. The irreducible affine curve C in A%(K) defined by the irre-
ducible polynomial f(x, y) is called rational (or parametrizable) iff there are
rational functions ¢ (), x (r) € K(¢) such that
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a. for almost all (i.e., for all but a finite number of exceptions) fy € K, (¢ (%),

X (tp)) is a point on C, and
b. for almost every point (xp, yo) on C there is a fp € K such that (xg, yo) =

(¢ (t0), x (t0))-

In this case (¢, x) are called a (rational) parametrization of C.

The irreducible projective curve C in P2(K) defined by the irreducible poly-
nomial f(x,y,z) is called rational (or parametrizable) iff there are rational
functions ¢ (¢), x(¢), ¥ (t) € K(¢) such that
a’. for almost all #g € K, (¢(to) : x(to) : ¥ (1)) is a point on C, and
b’. for almost every point (xo : yo : z9) on C there is a fp € K such that

(x0 : yo 1 20) = (9 (t0) = x(t0) : ¥ (10)).

In this case (¢, x, ¥) are called a (rational) parametrization of C.

Example 11.1.2. An example of a curve which is not rational over C is the
curve Ci, defined by x4+ y3 = 1. Suppose ¢ = p(t)/r(t), x =q(t)/r(t) isa
parametrization of C;, where ged(p, g, r) = 1. Then
p3 + q3 _ r3 =0.
Differentiating this equation by ¢ we get
3-(P'PP+q'qP —r'r)=0.

So p?,¢?%,r? are a solution of the system of linear equations with coefficient

matrix
p q —r
p/ q/ _r/ M

Gaussian elimination reduces this coefficient matrix to
qr’ —q'p 0 q'r —qr’
0 ap'—q'p r'p—rp')
So
prig?irt=qr'—rq :rp —pr':pqd —qp’ .

Since p, g, r are relatively prime, this proportionality implies

p*lqr' —rg),  ¢*lep’ —pr),  r*(pq —aqp) .

Suppose deg(p) > deg(q), deg(r). Then the first divisibility implies 2 deg(p)
< deg(q) +deg(r) — 1, a contradiction. Similarly we see that deg(g) > deg(p),
deg(r) and deg(r) > deg(p), deg(q) are impossible. Thus, there can be no
parametrization of C;.

The rationality problem for an affine curve is equivalent to the rationality
problem for the associated projective curve.
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Lemma 11.1.1. Let C be an irreducible affine curve and C* its corresponding
projective curve. Then C is rational if and only if C* is rational. A parametrization
of C can be computed from a parametrization of C* and vice versa.

Proof. Let

¢(f)=n— X(I)-:E(t—)’ W(f)=m

ui(t) « vi (1) wi (1)
2(t)’
be a parametrization of C*, i.e., f*(¢*(t), x* (), ¥*(t)) = 0, where f(x,y)isa
defining polynomial of C. Observe that w;(¢) # 0, since the curve C* can have
only finitely many points at infinity. Hence,

up (tywo(t) (1) = v (Hws(t)
uz(Hwi (1)’ v (Hw(t)

o) =

is a parametrization of the affine curve C.
Conversely, a rational parametrization of C can always be extended to a
parametrization of C* by setting the z-coordinate to 1. 0

A good measure for the complexity of an algebraic curve is the genus of the
curve. It turns out that exactly the curves of genus O are rational. In defining the
genus and also later in computing a parametrization, we treat only the case in
which all the singular points of the curve are ordinary. For an algebraic treatment
of the non-ordinary case we refer to Sendra and Winkler (1991).

Definition 11.1.5. Let C be an irreducible curve of degree d in P2(K) with
singular points Py, ..., P,, having the multiplicities ry, .. ., r,, respectively. Let
all these singular points be ordinary points. Then the genus of C is defined as

genus(C) = %[(d - 1d-2) - ir,-(r,- - 1)] .

i=1

The genus of an irreducible affine curve is the genus of the associated projective
curve (if all the singularities are ordinary).

The genus of C, genus(C), is a nonnegative integer for any irreducible curve
C. In fact, (d — 1)(d — 2) is a bound for Z,’;l ri(r; — 1) for any irreducible
curve. The curves of genus O are those curves, which achieve the theoretically
highest possible count of singularities. These, moreover, are exactly the curves
which can be parametrized. A proof of this fact can be found in Walker (1950:
theorem 5.1). So, irreducible conics (curves of degree 2) are rational, and an
irreducible cubic (curve of degree 3) is rational if and only if it has a double
point. This, again, shows that the curve in Example 11.1.2 is not rational.
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Theorem 11.1.2. An algebraic curve C (having only ordinary singularities) is
rationally parametrizable if and only if genus(C) = 0.

A projective curve C of degree d is defined by a polynomial of the form

f,y,0= Y apx'y. (11.1.2)

i,jkeNg
i+)+k=d

C is uniquely determined by the coefficients a;jx, and on the other hand the
coefficients, up to a common factor, determine uniquely the curve C, if we
distinguish curves having different multiplicities of their respective components,
i.e., if we assume that, e.g., xy? and x2y define different curves. We can identify
a curve with its defining polynomial (up to a constant factor), i.e., we can view
the (d+1)(d+2)/2 coefficients in (11.1.2) as projective coordinates of the curve
f(x,y,z). Collecting all curves of degree d satisfying an equation of the form

(11.1.2) we get a projective space PN¢, where Ny = (—d+l+d+22 -1= d(dz—+3).

Definition 11.1.6. Let P4 be the projective space of curves of degree d as
introduced above. A linear subspace P of PV is called a linear system (of
curves) of degree d. Such a linear system is determined by m + 1 linearly
independent curves fy, fi,..., fm in the system, i.e., every other curve in the
system is of the form

_Zokifi(x,y,z) :

Let P € IP? be such that all partial derivations of order < r vanish at P, for any
curve in the linear system P”. Then we call P a base point of multiplicity r of
the linear system P™.

Linear systems of curves are often created by specifying base points for
them. So we might consider the linear subsystem L of P¥¢ having the points
Py, ..., Py as base points of multiplicities r, ..., r, respectively. A base point

of multiplicity r implies 5('2L1) linear conditions on the coefficients in the system.

Example 11.1.3. Let us determine the linear system L of curves of degree 2,
having O = (0:0: 1) as a base point of multiplicity 2, and P = (0:1: 1) as
a base point of multiplicity 1.

The full space of curves of degree 2 is

PV = {(a;:...: ag) |ai,...,as € C},
i.e., an arbitrary such curve has the equation

fx,y,2) =a1x* + ay® + azxy + asxz + asyz + agz* .
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The base point requirements lead to the following linear equations

ag =0 (from £(0) =0},
as =0 (from %(0) =0},
as=0 (from §£.(0) =0) ,
ay+as+as=0 (from f(P)=0).

So L consists of all quadratic curves of the form
f(x,y,2) = aix® + asxy = x(@ix + asy) .

i.e., every curve in L decomposes into the line x = 0 and an arbitrary line
through the origin.

Exercises

1. Can the result of Example 11.1.2 be generalized to x” + y" = 1 and an
arbitrary algebraically closed field K? Or, if not, for which n and K is the
corresponding curve irrational?

2. Can a projective curve have infinitely many points at infinity? What does
this mean for a defining polynomial?

3. What is the genus of the affine curve defined by

Oy =@+ 4y +y1)7 = 16(7 + y7) ?

4. Give a linearly independent basis for the system L of Example 11.1.3.

11.2 A parametrization algorithm

For this section we assume that K is a computable field of characteristic 0, we
call it the field of definition. K denotes the algebraic closure of K. The defining
polynomial of the curve C that we want to parametrize will have coefficients
in K. The curve C itself, however, is considered to be a curve over K. In
the parametrization process we might have to extend K algebraically. We will
ultimately construct a parametrization (if one exists) over some field K(y) C K,
where y is algebraic over K. Of course, we will be interested in keeping the
degree of y as low as possible.

Points on algebraic curves occur only in full conjugacy classes. If we choose
all the points in such a conjugacy class as base points of a linear system, then
we need no algebraic extension of K for expressing the equation of the linear
system.
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Lemma 11.2.1. Let f(x,y,z) be a homogeneous polynomial in K[x, y,z]
defining an algebraic curve C in P?(K). Let (a;(a) : ax(a) : asz(@)) be a
point of multiplicity » on C, « algebraic over K with minimal polynomial
p(t), and ay, az, a3 € K|[t]. Then for every conjugate B of «, also the point
(a1(B) : a2(B) : a3(B)) is a point of multiplicity r of C.

Proof. Let g(x, y, z) be a derivative of f(x, y,z) of order i, 0 <i < r. Then
glai(@), ax(@), a3()) = 0 if and only if g(ai(B), a(B). a3(B)) = 0. So also
(a1(B) : a2(B) : az(B)) is a point of multiplicity r on C. O

Definition 11.2.1. If p(t) € K[t] is irreducible and a,az,a3 € K[t] with
p Y ged(ay, az, a3), then we call

{(a1(@) : a2(@) = a3()) | p(a) =0}

a family of conjugate algebraic points.

Lemma 11.2.2. Let L be a linear system of curves of degree d, defined over K.
Let Py = {(a1(a) : az(@) : az(ar) | p(r) = 0} be a family of conjugate algebraic
points. Then also the subsystem L of L, having all the points in P, as base
points of multiplicity r, is defined over K.

Proof. The linear system L is defined by a polynomial ~ with some indetermined
coefficients f;,
hx,y,z) = Zcit,-xm“ym"zzd_mi"_'"i'z ,

!

where the ¢;’s are in K. We restrict L to the subsystem L having all the points
in Py as base points of multiplicity 1 by requiring

h(a;) =0 forall B conjugate to «

where A(r) = h(a; (1), ay(t), a3(t)). This, however, means that 7 must be divis-
ible by the minimal polynomial p(¢), i.e.,

rem(h(1), p(t)) =0,

leading to linear conditions on the indeterminate coefficients #; of L. So the

resulting subsystem L will be defined over K.
The same idea applies to base points of higher multiplicity. We only have
to use derivatives of & instead of 4. g

A parametrization of a curve C is a generic point of C, i.e., of the ideal
I = (f), where f is a defining polynomial of least degree for C (see van der
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Waerden 1970). Only prime ideals have a generic point, so only irreducible
curves can be parametrizable.

The simplest case of a parametrizable curve C is an irreducible curve of
degree d having a point P of multiplicity d — 1. Of course, this must be a
rational point and there can be no other singularity of C. W.l.o.g. we can assume
that P is the origin O = (0, 0). Otherwise P can be moved to the origin by a
linear change of coordinates. Now we consider lines through the origin, i.e., the
linear system L' of curves of degree 1 having O as a point of multiplicity 1.
The equation for L! is

y=tx,

for an undetermined coefficient . Intersecting C with an element of L' we
get, of course, the origin as an intersection point of multiplicity d — 1. By Be-
zout’s theorem, we must (in general) get exactly one more intersection point P
depending rationally on the value of ¢. On the other hand, every point on the
curve C can be constructed in this way. So the coordinates of P are rational
functions in ¢,

- (ul_m v1_<f>)
ua () va(1)/

These rational functions are a parametrization of the curve C. We give a more
precise statement in the following lemma.

Lemma 11.2.3. Let C be an irreducible affine curve of degree d defined by the
polynomial f(x,y) = fs(x,y)+ ...+ fo(x, y), having a (d — 1)-fold point at
the origin. Then C is rational and a rational parametrization is

_Jaa (L)) y(t):_t'fd—l(lvt) .

O=-Tr 7))

Proof. Since the origin is a (d — 1)-fold point of C, the defining polynomial f
is of the form f(x,y) = fa(x,y) + fa—1(x,y), where f; and f;_; are non-
vanishing forms of degree d and d — 1, respectively. Thus, for every 1y € K,
with the exception of the roots of f;(1, #p), the polynomial f vanishes on the
point

fa-1(1, to) fa—1(1, 1)
P,=- , —Ip - .
o= falig) ~ 1 fd(l,to)>

On the other hand, for every point (xg, yo) on C such that xo # 0 and yg # 0
one has

xg ! (x0 - fa(l, ch—g) + faar(l, ﬁ—ﬁ)) =0,

W o S D) + fai (X2 1) =0.
Yo Y0
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Thus, since xg # 0, yo # 0, we get

%
o = _fd—l(l.yx())
0 Y
fd(lv E)
fam1 G 1) yo Jfa—i(l, )
W=""2"5 1y a2y

fd(;—‘;,l) xo  fa(1,22)

y X0
Therefore the point (xg, yg) is generated by the value yop/xo of the parameter ¢.
The number of intersections of C and the axes is finite. That concludes the proof.
O

Example 11.2.1. Let C, be the affine curve defined by fi(x, y). See Fig. 12.
[y =x +x7 -y

C) has a double point at the origin O = (0, 0). Intersecting C; by the line y = tx,
we get the additional intersection point (t> — 1,13 —t). So

x)=1—1, y@)=¢t—1t

is a parametrization of C,.

Rational cubics can always be parametrized in this way. In general, a pa-
rametrizable curve will not have this nice property of being parametrizable by
lines. What we can do in the general situation is to determine a linear system
of curves L¢2 of degree d — 2 (or some other suitable degree), having every
r-fold singularity of C as a base point of multiplicity » — 1. This linear system
is called the system of adjoint curves or adjoints of C. Then we know that the
number of intersections of C and a general element of L¢~2 will be

dd—-2)= ) mpimp—1) +(d-2),
PeC
—_———
=(d—-1)(d-2)

-15

Fig. 12
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where m p denotes the multiplicity of P on the curve C. If we fix d — 3 simple
points on C and make them base points of multiplicity 1 on L¢~2, then there will
be exactly 1 other intersection point of C and a general element of L?~2 depend-
ing rationally on ¢. This “free” intersection point will give us a parametrization
of C as in the case of parametrization by lines.

Example 11.2.2. Let C, be the affine curve defined by f>(x, y). See Fig. 13.
flxy) = (2 44y + )7 = 16(G7 + %) .
C; has a double point at the origin (0, 0) as the only affine singularity. But

if we move to the associated projective curve C; defined by the homogeneous
polynomial

fxy,2) = (& +4yz+ 77 = 16(:° +yH)7
we see that the singularities of C; are
O0=0:0:1), Po=(1:£i:0).

Py is a family of conjugate algebraic points on C;. All of these singularities
have multiplicity 2, so the genus of Cj is 0, i.e., it can be parametrized. We also
know that the affine curve C, is parametrizable, from Lemma 11.1.1.

In order to achieve a parametrization, we need a simple point on C;. In-
tersecting C; by the line x = 0, we get of course the origin as a multiple
intersection point. The other intersection point is

0=(@0:-8:1).

So now we construct the system L2 of curves of degree 2, having O, P; ; and
Q as base points of multiplicity 1. The full system of curves of degree 2 is of

-101 Fig. 13
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the form
a1x2 + azy2 + a322 +agxy + asxz + aegyz

for arbitrary coefficients ay, ..., ag. Requiring that O be a base point leads to
the linear equation

az=0.

We apply Lemma 11.2.2 for making P;, base points of L,. This leads to the
equations

as =0,
a—a=0.

Finally, to make Q a base point we have to satisfy
6da;, + a3 — 8ag =0 .

This leaves exactly 2 parameters unspecified, say a; and as. Since curves are
defined uniquely by polynomials only up to a nonzero constant factor, we can set
one of these parameters to 1. Thus, the system L? depends on 1 free parameter
a; = t, and its defining equation is

h(x,y,z,t) = tx* +ty* + xz7 + 8tyz .

The affine version L2 of L? is defined by

ha(x,y,t) = tx? -+-ty2 +x 4+ 8y .

Now we determine the free intersection point of L2 and C,. The non-constant
factors of res, (fo(x, y), ha(x, y, 1)) are

¥,
y+8,

(2561* + 3212 + 1)y + (2048:* — 128¢%) .

The first two factors correspond to the affine base points of the linear system
L?, and the third one determines the y-coordinate of the free intersection point
depending rationally on ¢.

Similarly, the non-constant factors of res,(f2(x, y), ha(x, y, t)) are

2,

(2561* + 3217 + 1)x + 1024¢°.
The first factor corresponds to the affine base points of the linear system L2,

and the second one determines the x-coordinate of the free intersection point
depending rationally on .
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So we have found a rational parametrization of C,, namely

® —102423
X = R
256t% + 3212+ 1
—2048¢* + 12872
y(@) =

25614 4321241

In the previous example we were lucky enough to find a rational simple
point on the curve, allowing us to determine a rational parametrization over the
field of definition Q. In fact, there are methods for determining whether a curve
of genus 0 has rational simple points, and if so find one. We cannot go into more
details here, but we refer the reader to Sendra and Winkler (1994). Of course,
we can easily find a simple point on the curve having coordinates in a quadratic
algebraic extension of Q. We simply intersect C, by an arbitrary line through
the origin. Using such a point, we would ultimately get a parametrization of C;
having coefficients in the respective quadratic extension of Q.

From the work of Noether (1884) and Hilbert and Hurwitz (1890) we know
that it is possible to parametrize any curve C of genus O over the field of defini-
tion K, if deg(C) is odd, and over some quadratic extension of K, if deg(C) is
even. An algorithm which actually achieves this optimal field of parametrization
is presented in Sendra and Winkler (1994). Moreover, if the field of definition
is QQ, we can also decide if the curve can be parametrized over R, and if so,
compute a parametrization over R. Space curves can be handled by projecting
them to a plane along a suitable axis (Garrity and Warren 1989), parametrizing
the plane curve, and inverting the projection.

Exercises

1. Let P, be a family of conjugate algebraic points on the projective curve C.
Prove that all the points in the family have the same multiplicity on C.

2. Which parametrization of C, do you get if you use the point Q, as a base
point for L? in Example 11.2.2?

11.3 Bibliographic notes

A computational method for curve parametrization is described in Abhyankar
and Bajaj (1988). However, the question of algebraic extension of the field
of definition is not addressed. Schicho (1992) investigates more general linear
systems for parametrization.

Sederberg (1986) gives an algorithm for transforming any rational parame-
trization into a proper one, traversing the curve only once, roughly speaking.

An alternative method for parametrization, based on computing a generating
element p of K(x)[yl/({f), the function field of the curve, is presented in van
Hoeij (1994).



Solutions
of selected exercises

Section 1.3

. By inspection. deg(p - q) = deg(p) + deg(q), for non-zero polynomials.

. a. Suppose (a + bv/=5)(c +d~/=3) = (ac — 5bd) + (cb + ad)/=5 = 0 and both
factors are non-zero. Clearly ¢ = 0 is impossible. From the integral part of the
equation we get a = 5bd /c. Substituting this into the coefficient of V=5, we get
c? = —5d?, which is impossible.

b. For a = a + b+/—=5 define the norm N(a) of @ by N(a) = |a|? = a® + 5b*. N
is multiplicative and non-negative for all @ € R. The units £1 of R are exactly
the elements of norm 1. Now

9=3-3=2+v=5-2-V-3),
6=2-3=02++/=5)-(—-+/=5).

All these factors are irreducible, since there are no elements of norm 2 or 3.

Section 2.1

. a. Obviously Lg(a) = Lg(—a). So let us assume that a > 0. Lg(a) = n if and only
if B! <a < B". The statement follows immediately from this relation.

b. For a > 0 we have logga = log, a-log, y. Let ¢ be a positive constant such that
for all integers a, 1 < a < y, Lg(a) < ¢+ L,(a). There are only finitely many
such a, so such a constant obviously exists. Let d := 2max(log/5 ¥, 1). Then for
y<a

Lg(a) = |log,a-logsy] +1<%-(log,a+1)
<d-log,a<d-(llog,al+1)=d-Ly,(a).

So for e := max(c, d) we have Lg(a) <e-L,(a) for all a.
. We assume an algorithm SIGN for determining the sign of a single digit. We consider
the following algorithm:

Algorithm INT_SIGN(in: a (in modified representation); out: sign(a));
1. if @ =[] then {s := 0; return};
2. d:=0,d :=a;

while d = 0 do {d := FIRST(a’); a’ := REST(a'}};

s := SIGN(d); return.

For 1 < k < n there are 2(8 — 1)2p"*~! integers in Z,, i.e., of length n, for which
exactly k digits have to be examined. There are 2(8 — 1) integers in Z, for which
all n digits have to be examined. Z, has 2(8 — 1)8"~" elements.
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Let A denote the constant time for executing step (1), and B the constant time
for executing one loop in step (2). Then

tI*NT_SIGN(n) = Zaezn nnt_sion(@) /1 Z,| = A+B(n/3_"+1+zz;} k(ﬂ_l)ﬂ_k) <
A+B(3 2, k7). By the quotient criterion this series converges to some ¢ € R™,
so we have fjyr () < A+cB ~ 1.

3. Determine whether |a| < |b|. This can be done in average time proportional to
min(L(a), L(b)). If |a| = |b| then return 0. Otherwise suppose, w.l.o.g., that |a| <
|bl. So sign(a + b) = sign(b). Subtract the digits of a from the digits of b, as in
the classical subtraction algorithm until a is exhausted. The carry propagation can
be analyzed analogously to INT.SUMI.

5. Assume that 8 = 2. A similar reasoning applies for 8 > 2. % fn)y <X |loga; =
log(TT_ @) < g(m) < 2([T/_, @) <237 (Uogai ) + 1) =2- f(n).

6. Algorithm INT DIVPS(in: a, b; out: g, r);

[a, b are positive integers; g = quot(a, b), r = rem(a, b). We neglect signs in
B-representations.]
. m:=L@a);n:=LMkb),q:=[],r:=a;

if m < n then return;
2. [normalization]

d:=B/(bp1 +1];

a:=a-d;b:=b-d,
3. [decompose a’ into leading part a” and rest a”]

a’ = al; a” = [ ];

fori =1tom—n do {c :=FIRST(a"); a” := REST(a"); a” := CONS(c, a”)};
4. [determination of digits g, - .., ol

for j=0tom —ndo {[seta’ =0 for L(a”) <i+ 1]

4.1. [guess] g* :=min(8 — 1, (a8 +a,_)/b,_1]);

4.2. [correction] while INT_DIFF(a”, ¢*b’) < 0 do ¢* :=¢* — 1,

4.3. [record digit and continue] g := CONS(g*, q); a” := INT_DIFF(a”, g*b');

ifj<m-—n
then {c := FIRST(a"’); a” := REST(a"); a” := CONS(c, a”)}};

5. [prepare output] g’ := INV(g);

if FIRST(g’) = 0 then g := INV(REST(g"));

r = a"/d; return.

9. An application of the Euclidean algorithm is characterized by the sequence of
quotients it produces. Let a, b be integers with agy = [+, aq, ..., am-1], b =
[+, bo, ..., b,_1], withm > n. Set azﬁ) =[+,an-t1,...,am_1], bzﬂ) = [+, by_1+1],
a(’ﬂ) =[+, a1+ 1,...,041], bz’ﬂ) = [+, bp—1]. According to Exercise 8, apply
INT_GCDEE for computing the sequence of quotients both for a’, ¥’ and for a”, b”,
as long as they agree. When a difference is noted, the exact numbers in the remain-
der sequences are reconstructed from the sequence of quotients and the cofactors,
and the process starts anew.

Section 2.2

1. Od-(d+ D).

2. O(@"83 . (d + 1)*"), if we use the Karatsuba algorithm for the multiplication of
integer coefficients.
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5. The precomputation in step (2) takes m — n ring operations. The computation of a’
in the i-th iteration takes O(deg(m + 1 — i)) operations. So the overall complexity
is O((m — n + 1)(m + n)).
6. Pux" + Pu X"V b ppax™ b 4 poix—a = pux" N+ (ppa+ pao)x" 24
_p"xn + p,,ax"_l
(Pna + pa-D)X" ™+ ppax" 4
~=(Pn@ + pa-)X" "' + (paa + pu_i)ax"?
((Pr@ + pn-1)a + pa-2)x""" + ...

(..-(pna+pn-1)a+..)a+po.
Similarly for division by x? — a?.

Section 2.3

4. In roughly 25% of the cases the result of (ad +bd)/bd can be simplified. In general,
the length almost doubles.

Section 2.5
3. B =20 +a, B =20 + 20, f° =207 b =’ + 207, B¥ =20+ = B. So
mpx) =[x =B ) =x*+ x>+ x+1.

Section 3.1

2. Let I be an ideal in D. If I = {0} we are done. Otherwise let g € I be such that
deg(g) is minimal in /*. Now let a be an arbitrary element of I*. Write a = qg +r
according to the division property. Because of the minimality of g, r = 0. So every
element of / is a multiple of g, i.e., I = (g).

3. The existence of factorization into finitely many irreducibles of every non-unit el-
ement a in D follows from Exercise 1. If a = b - ¢ for b, ¢ non-units, we have
deg(b), deg(c) < deg(a). So by induction on the degree we get the existence of a
factorization of a.

We still have to prove uniqueness. Suppose a = a; ---a, = b; - - - b, for non-
units a;, b;. We proceed by induction on n. If n = 1 then a; is irreducible, so m
must be 1 and a; = b;. For n > 1 we use the fact that (*) in a principal ideal
domain every irreducible element is prime, i.e., if an irreducible element p divides
a product g - r it must divide either ¢ or r. By Exercise 2 the Euclidean domain D
is a principal ideal domain. So a; must divide one of the b;’s, w.lo.g. by = € - a;
for a unit €. Substituting this factorization for »; and cancelling a, we get as - - - ay,
= (eby) - b3 ---b,,. These factorizations must be identical (up to reordering and
associates) by the induction hypothesis.

Proof of (*): In a principal ideal domain (p) is maximal, for if (p) C (g) and
{p) # {(q), then p = q - r for a non-unit r, which is impossible. So F := Dy, is
a field. Now if p|g - r, then ¢ - r = 0 in F, therefore ¢ = O or r = 0 in F, and
therefore plq or p|r.

4. Let the norm function N on Z[i] be defined as N(a + bi) = a® + b>. We let
N be the degree function on Z[i]. Observe that N(¢8) = N(x)N(B), so that for
a, B # 0 we have N(aB) > N(a). Now consider a, 8 € Z[i] with 8 # 0. Let
A, € Q such that @f™' = A + wi. Each rational number is within % of an
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integer, so for some A, iy € Z and Ay, iy € Q with |Ay], {uz] < % we can write
A=Ai+ Ay, p =+ 2. Now @ = (&) + u11)B + (A2 + pai)B. Setting Ay + puyi
=V, o+ ui)f =n wegeta =yB+nn=a-yp € Ll and N(n)
< (% + %)N(ﬂ) < N(B). So y, n are the quotient and remainder of «, .

We apply the technique from above.

5-8  (5-8)(7-3i) 11 71i
T+3i (7+30(7-3) 58 58

The Gaussian integer nearest to this is —i, so quot(5 — 8i,7 + 3i) = —i, and we
get 5 —8i = —i(7+ 3i)+ (2 — i) as the result of the first division. Next we divide
743i by2—iinC to get % + '5—3i. The Gaussian integer nearest to this is 2 + 31,
so the result of the second division is 7 + 3i = (2 4+ 3i)(2 — i) — i. Here we can
stop, because the last remainder —i is a unit, i.e., the ged of 5 — 8/ and 7 4 3i is
trivial.

5. Applying E EUCLID to f and g, we get

1= (1/13)(—x+3)-f+ /1> —5x+T7) g .

u v

Soh=u.f+v- g, where u' = rem(h - u,g) = (1/13)(12x + 3) and v' =
h-v+quotth-u,g)  f=(1/13)(x>+ 8x — 6).

6. r(x) = 5x* + 10x3 + 7x2 — 5x — 4.

8. For simplicity let us assume that n is a power of 2, i.e., n = 2. Then there will
be k = log, n levels of recursion. Working our way up from the bottom, at level
k+1 —i we have to solve 2~/ CRP,’s on integers of size i, so the complexity of
this level is proportional to i? - 2=, So we get the complexity bound

o(iiz . 2’<—"> < o(;&fzk—") = O®k* - 25y = O(nlog?n) .
i=l

i=1

9. We only have to demonstrate that 1 € I +I;N...N1,. Choose u; € I, v; € I; such
that uy + v, =1, for all 1 <k < n. Then

n n
1= ]_I(uk+vk)=2ukn(u,-+v,-) +uv..vyel+LN...N1, .
k=1 k=1 ik

10. We consider the canonical homomorphism ¢ from R to []_, R/;, with kernel
I} N...N I, It remains to show that ¢ is surjective, i.e., for arbitrary elements
ry,...,rp, € R we have to show that there exists an r € R satisfying

r=rmod; for 1<i<n.

Everything is trivial if n = 1. For n > 2 let us assume that we have an element
r’ € R satisfying

rr=rmod I; for 1<i<n-—1.



Solutions 241

1.

By Exercise 9 we have I, + [[\Z} I; = R. So there is ¢ € ﬂ;’;ll I; such that
I —c eI, Hence, r =r"+ c(r, — r’) solves our problem.

By relative primeness, there are iy, ..., &, such that 1 = Y _ (&; ]_[j'.=1!j#,. a;). Let
u; := (cit; mod a;). Obviously d = 3 I_ (u; [1}_, ;4 a;) is of degree less than n

and satisfies d = cmoda; for 1 <i <r. Sod = ¢ mod H:=| a; and therefore
c=d.

Section 3.3

. Analogous to convolution theorem in Aho et al. (1974).

Section 4.1

. By application of Gauss’s lemma.
. Maple program for PRS_SR:

prs_sr := proc(f1,f2,x)
local F,g,h,fp,i,delta,result;
# (1
result:=[f1,£2];
F[1]:=f1; F[2]:=£2;
g:=1; h:=1; fp:=£2; i:= 3;
# (2)
while (fp<>0 and degree(fp,x)>0)
do
delta:=degree(F[i-2],x) - degree(F[i-1],x);
fp := prem(F[i-2],F[i-1],x);
if £p<>0
then F[i]:=simplify(fp/(g*h~delta));
result:=[op(result),F[i]];
g:= lcoeff(F[i-1],x);
h:=h"(1-delta)*g delta;
ir=i+l
fi;
od;
RETURN(result)
end;

4. Obviously [Ti_, f: € I. So we have to show that every g € I is divisible by each

fi» 1 <i < r. Suppose for some i the factor f; does not divide g. W.l.o.g. (perhaps
after renaming the variables) we can assume that f; is primitive w.r.t. x, and we
can write f; as

fi=axi+.. . +ax,+a,

where a; € Klx|,...,x,1], t > 0, and a, # 0. Let g = g1 (x1,...,X,_1) -
82(x1, ..., x,), where g is primitive w.r.t. x,. By Gauss’s lemma f; and g, are also
relatively prime in K (xy, ..., x,—1)[x,]. So there are polynomials 4, k> € K[xi,
...,xpland d € K{xy, ..., x,-1], d # 0, such that

d =hy fi +h - 82 .
Let (cy, ..., cy—1) be a point in A"~'(K) such that

(d'a! 'g])(CI,...,Cn_1)¢0~
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Now let ¢, € K such that fi(cy,...,c,) =0. Then (c|, ..., c,) € H and therefore
g2(cy, ..., c,) = 0. But this is a contradiction to d(cy, ..., ¢,—1) # 0.

5. By Gauss’s lemma f and g are also relatively prime in K (x)[y]. So there are
a,b € K[x,y) and d € K|[x] such that d = af + bg. Let (a;, a2) be such that
flai, @) = glay, az) = 0. So d(a;) = 0. But d has only finitely many roots, 1.e.,
there are only finitely many possible values for the x-coordinate of common roots
of f and g. By the same argument there are only finitely many possible values for
the y-coordinates of common roots of f and g.

Section 4.2
2. Calling PRS_SR with main variable y we get the result

hi=f f=g,

fi=(=x2 420y + (x> +2x2)y* + (0 —ax* +3x3 +4x? —dx)y +
+ x% —4x° +3x% + 443 — 447,

fo=—=x*V + (—=x'0 4+ 6x% — 10x® — dx” 4+ 2325 — 11x° - 12x* + 8x%)y —
— ' 60— 10x% — 4x® +23x7 — 10x® — 12x° + 8x* ,

fs = (x'7 — 10x"6 4+ 36x'% — 40x'* — 74x'? +228x"2 — 84x'' —312x'0 +
+321x% + 117x® — 280x7 + 49x°® + 80x° — 32x*)y +
+ x'8 — 10x"7 4 36x'0 — 40x'® — 74x'* 4+ 228x' — 84x'2 —312x" +
+321x'0 + 117x° — 280x® + 49x7 + 80x° — 32x° .

The primitive part of f5 is y + x and this is the gcd.

Now let us apply GCD_MODm. Choosing x = 0 as the evaluation point, we get
the ged y°. x = 1 yields the gcd y? + y. So O was a bad evaluation point, and it
is discarded. x = 2 yields the gcd y + 2. So 1 was a bad evaluation point, and it
is discarded. x = 3 yields the gcd y + 3. Interpolation gives us the gcd candidate
y + x, which is correct.

3. h =x%=2x + 1. res(f, g) = —~(37)(1619). The gcd modulo both these factors has
degree 3, so both of them are unlucky.

Section 4.3

1. resy(a, b) = 4x3(2x* —4x3 + 4x + 2).

2. tes, (res,(f1, f2), res,(fi, f3)) = —4x2(2x> — 8x* — 16x® — 4x? + 14x — 4), but there
is no solution with x-coordinate 0.

3. resy(res; (f1, f2), res; (fi, f3)) = 5.cx8 - r(x), and res,(res; (fi, f2), res;(f2, f3)) =
10ﬁx“(@c + 1)2 . r(x), where r(x) = 32x> — 216x* + 64x3 — 42x% + 32x + 5. But
there is no solution with x-coordinate 0. The other roots of r(x) actually lead to
solutions of the whole system.

4. Let t = deg(a). So a = a, + ...+ ag, where a; is a homogeneous polynomial

of degree i, i.e., every term in a; is of degree i. Now there exist ¢i,...,¢, € K
such that ¢, # 0 and a,(cy,...,c,) # 0 (if K is infinite). Now we let a := a(x;
F Xy oo Xpeg F Croi Xy, Crxy), and b 1= b(x; + C1Xpy ...y Xpe1 F Cro1 X, CrXr).

Then for every (o, ..., «,) € K™ we have that («y, ..., ) is a common root of
ry
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AW N =

—

a and b iff (o) + 10y, ..., 2,1 +¢,_10,, c,@,) is a common root of @ and b, and

. . Cp_
(aq,...,a,) is a common root of a and b iff (o) — E—:a,, e, O — ’Cr‘oz,, éa,)

is a common root of & and b. Furthermore, it can be easily seen that deg(a) = ¢
and lc@a),, = a,(cy, ..., cr).

Section 4.4

ca(x) = (2 4+ Dx— D2x + 3.

. See Cox et al. (1992: p. 180).

. See Akritas (1989: p. 295).

. p(x) = (x? +2x)(x + 1)? mod 3, and p(x) is squarefree modulo 11.

Section 4.5

. See Horowitz (1969).
cqi=x+lLg=lgs=x—1,a =-1/8,a =1,a3 = (1/8)(x> —4x + 7).

Section 4.6

. q¥ (o) = I i (; — a;). The partial fraction decomposition of k/q* is

J

ho_ gh@/g @)

A R ’
as can be seen by putting the right-hand side over the common denominator ¢g* and
comparing the numerators at the n different values a;, ..., a,.

X =2=(x = V) + VD) (x — i V2)(x +i3/2), and ¢; = Bx/(x* = 2))o;, L€,

Cl=Cz=x/§,C3=C4=—~/§.SO

8
/ p i > dx = ﬁ(log(x - 1/5) + log(x + i/E)) —
— V2(log(x — i V/2) + log(x + i ¥/2))
= V2log(x* — V2) — V2log(x* + V2) .
Now let us compute the integral according to Theorem 4.6.4. r(c) = res,(8x —
c(x* —2), x* —2) = —2048(c? — 2)2. Hence, ¢ = /2, ¢c; = —~/2. Furthermore
v = ged(8x — /2(4x%), x* — 2) = x2 — /2 in Q(+/2)[x], and v; = x2 + /2.

. Yes. Let ¢; = ¢;;. The conjugates c;,, ..., c; of ¢; are also roots of r(c), in fact

]_[;-;l(c —ciy) € QIc] is an irreducible factor of r(c). The corresponding vi; is

obtained from v; by applying the automorphism c¢; + Ci; -

. The complete result is

6x—2)+
22

24/2
f % dx = $log(3x* = 2x + 1) — L log(x? + 1) + T\/— arctan
x

4x3 —4x® +2x — 1

+ log(x) + arctan(x) + 2t + 252
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Section 5.1

2. x> + x + 1 occurs with multiplicity 2 in a. The complete factorization of a is
@4+ x+D2E2+3x +3)(x + 4).

3. 4 factors modulo 2 and modulo 8k+1, 2 factors in the other cases. u(x) is irreducible
over the integers.

Section 5.2
1. Yes, itis. a(x) = (5x + 4)(x — 5)(x + 6).
3. By the Berlekamp algorithm
ax)= x> 4+4x4+3)- (x> +2)-(x+2)-(x+3)mod5 .
——— ———— e N e

uy uy us ug
By an application of LIFT_FACTORS we get

ax)= x> = 1lx+3)- (x> =10x —8) - (x + 7) - (x — 7) mod 25 .
e e, e’
vy v2 v3 V4

Factor combinations yield
a(x) = 2x* — 62> =322 + 8x + D(x + N(x = 7) .

Section 5.3
2 2 3
2. Ilb?‘||2+;;,~,-_1||b;*_1||222 zllb?‘_lgz, 80 . _ ,
167117 = 1671l = w2 N7 17 = 1167 1° = 167,117 = 51 1I°

3. By induction on i. Clearly dy = ||b}||>. Let M = ((b;, b;))1<j.<i- By elementary
column operations (adding columns to the last one) M can be transformed into

M=
MO =

@) i) . 2
MO o MO el

So by the induction hypothesis and expansion of the determinant of M® wrt. the
i-th row we get d; = |M©| = |MD| = |MUD| - b7|12 = [T;_, IIb} 11
We show how to transform M®) into M just for the case i = 3. b) = b},

by = b} + uaib*, by = b} + pu31bt + psbi. Multiplying the first column in M©
by (—p3; + w21 132) and the second column by —us3; and adding the results to the
third column, we get M®.

4. See Lenstra et al. (1982).

. See Lenstra et al. (1982).

6. BASIS.REDUCTION is called with a; = (5'%,0), a = (46966736,1). n = 2.
The “while”-loop is entered with k = 2, [ = 1. After execution of (2.1) we have
b = (46966736, 1), b, = (5'2, 0). REDUCE changes b; to (9306945, —5) and after

9]
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execution of (2.1) we have b, = (9306945, —5), b, = (46966736, 1). REDUCE
changes b, to (432011, 26) and after execution of (2.1) we have b, = (432011, 26),
b, = (9306945, —5). REDUCE changes b; to (—197297, —577) and after execution
of (2.1) we have by = (—-197297, —577), b, = (432011, 26). REDUCE changes b,
to (37417, —1128) and after execution of (2.1) we have b; = (37417, —1128), b, =
(—197297, —577). REDUCE changes b, to (—10212, —6217) and after execution
of (2.1) we have b, = (—10212, —6217), b, = (37417, —1128). REDUCE changes
by to (6781, —19779) and now (2.2) is executed. k is set to 3, the computation
terminates and the output is b = (—10212, —6217), b, = (6781, —19779).

Section 5.4
1. Let «y, ..., a, be the roots of p, and By, ..., B, the roots of 4. Then

px) = bnﬂl(x o), hx,a)= hmﬁ(x - B .
i= i=l1

According to van der Waerden (1970: sect. 5.9)

——
constant ———
norm

resy (h(x, ), p()) = (=1™B" - [[h(x, @) .
i=l

So in fact, if p is monic, then the norm and the resultant agree up to the sign.

2. We compute the factorization with the help of Maple V.2. In fact, the call eva-
la(Factor(f)) would produce the factorization. But we want to see the partial
results.

> p:=x"3-x+1;

p := x'3 -x+1
> alias(al=Root0f(p)):
> £ = x"5+al"2*x"4+(al+1)*x"3+(al"2+al-1)*x"2+al"2 x+al”2;

f := x5 + x3 al + x2 a12 + al2 x4 + x2 al - x2 + al2 x + x3 + al2

> evala(Factor(f));

(x2 + al2 x + 1) (x'3 +al x + a12)

> py:=subs(x=y,p):
> op(factor(resultant (subs(al=y,f),py,y)));

xg + 2 x6 - xs + 3 x4 +x + 1, x6 + 2 xs + 4 x4 + 5 x3 + 4 x2 +2x+1

> n1:="[1]: n2:=""[2]:
> evala(Ged(nl,f));

x3 + al x + al2
> evala(Gcd(n2,f));

x + al2 x + 1

Section 5.5
1. f is not monic as a polynomial in y. So we replace f by

f=Gr—ax+4). f(x > Y

2, .4 3 2
—_—) = -4 4x° .
X —4x+4) yorx rord
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In fact, § =iy + x> — 2x is a factor of f, SO

i(x2—4x+4)y+x2—2x
x =2

pp,(&(x, lcy (f)y)) = =ixy—2iy+x

is a factor of f. .
S0, y) is not squarefree, but f(1, y) is.
2. fx,y) = —ixly =)+ ixty +i).

Section 6.1
1. Let

fizex" 4+ tex™ taux"+ .. +ap,
f=cx"* 4 o™ b+ .+ by,
g=d1x’+...+d0.

Let ¢; = O fori > k. For 1 < j < k (i.e., the highest exponents in fig) the
coefficient of x"*/*/ in fg is

de[ + Cj_Hd]_] +...+ Cj+[d() ,

which is also the coefficient of x"+*/ in f,g.
2. g(x)=x*4+2x>+x +2and h(x) = x> — x.

Section 7.1
2. The extended coefficient matrix A* turns out to be

57 0 0 0 : 57
0 57 0 0 : 57
0 0 57 0 : 57
0 0 0 57 : 57

AB¥ —

so the solution is x = (1,1, 1, 1).

Section 7.3

1. Let g(x) = gux™ + ...+ 8o, and let M®) be the n x n principal submatrix of
@(x*/f). Then we see that M' - M¥® = C* for 0 < k < m. Furthermore, H, =
gnM™ + ... + goM©. Therefore, M ' - H, = g(C).

2. R(x) = g(x)/f(x) if and only if f- (x> 'R) =x*""'.g.

Section 8.1
I.No.Let M =NxN, m,n) — (m',ny < m>m orm=m'and n >n
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1

2.

o <— o0 —> 0 — 0

+ v +

e <— o0 —> e —> 0

+ v +

e <— 0 —> 0 — @

\) e )
Or see Huet (1980).

Section 8.2

. We have to show that every sequence f; > f> > ... is finite. This is achieved by

Noetherian induction on Ipp(f) w.r.t. >.

(a), (b), (c) are obvious. d. Let s be the power product in g, that is reduced, i.e.,
s = u-lpp(f) for some u € [X], f € F.If coeff(s,h) =0then g +h —>r g2+h
by the same polynomial f. If coeff(s, h) = —coeff(s, g,) then g, + h —>r g1+ h
by f. Otherwise gy +h —>f § «—r g+ h by f, where g = g, + h — (coeff(s,
g+ h)/le(f))-u- f=gr+h— (coeff(s, g2 + h)/Ic(f))-u- f.

. <7 is the smallest equivalence relation containing —> . If g —> h then

by the definition of the reduction relation, g — h € (F), i.e., ¢ =(r, h. Because
—Fr € <—7% and = is an equivalence relation we have «—% C =.

On the other hand, let g =(r) h, i€, g = h + 37, ¢;-u; - f; for ¢; € K,
u; € [X], f; € F.If we can show g «—> % h for the case m = 1, then the statement
follows by induction on m. fi —> 0. So by Lemma 8.2.5 g =h+c,-u;- fi % h
and therefore g «—7% h.

Section 8.3

. (@ = (b): f =(r O, so by Theorem 8.2.6 f «—% 0, and by the Church-Rosser

property of —  we get f —% 0.
(b) = (c): Obvious.
()= (a): Letg «—%} hand g, h normal forms of g, h w.rt. — f, respectively.
By Theorem 8.2.6 § —h € I. So, since g — h is irreducible, § = .
Clearly (a) implies (d) and (d) implies (b).

. spol(fi, f2) = 2xy + x* 4+ x? is irreducible and leads to a new basis element

f3 = xy +2x3 4+ 2x% spol(f3, f3) = x* 4+ x3 + x is irreducible and is added to the
basis as fs. All the other S-polynomials are reducible to 0. So {fi, fo. f3, fa} is a
Grobner basis for the ideal. f) can be reduced to 0 w.r.t. the other basis polynomials,
so it is cancelled from the basis. Also f, is cancelled for the same reason. {f3, f4}
is the normed reduced Grobner basis for the ideal.

. G={Z+x4—2x+1,y2+x2—2,x5—6x3+x2—1}. dimQ[x, y, z];; = 10.

Section 8.4

. The projective curve is defined by the homogenization of f(x, y), i.e., f x,y,2) =

x®4+3x%y? —4x2y27243x2y* +y® = 0. The singularities (a : b : ¢) with ¢ = 1 are the
solutions of the system of equations f(x, y) = (3f/dx)(x, y) = (3f/3y)(x,y) =0.
A Grobner basis for the corresponding ideal w.r.t. the lexicographic ordering is
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{x, y}, so the only solution is (0 : 0 : 1). Similarly we dehomogenize f w.r.t. to y
and x, getting the singularities (i : 1 : 0) at infinity.

2. From the Shape lemma we know that the normed reduced Grobner basis w.r.t. the
lexicographic ordering will have the shape {g;(x1), x2 — g2(x1), ..., X, — g, (x1)} if
I is regular in x;. Since / is prime, the polynomial g, must be irreducible.

3.Forl1 <i<rletli=(x —aj,...,x, —a;,) where P, = (a;1, ..., ap), ie., I is
the ideal of all polynomials vanishing on P;. Now we set J; = ﬂ#i I;, ie., J; is
the ideal of all polynomials vanishing on P, ..., Pi_|, Piyy, ..., P.. There must be

an element f; in the basis of J; which does not vanish on P;. After an appropriate
scaling, this is the i-th separator polynomial.

Section 10.1

Lpn)=1qgn)=bn—1)*>4+ctn—1)+d, r(n) = bn®>+cn+cis a regular
representation of a,/a,_;. The bound for the degree of f turns out to be 0. The
solution of the corresponding linear system is f = 1/(d — ¢). Thus,

sl bj2+cj+d
1 I—[j=l bj2+cj+c

c—d

_l ,_
S =S5, — S, =

Section 11.1

1. The result holds for n > 2 and n not a divisor of the characteristic of K.

2. Yes, if the line at infinity z = 0 is a component of the curve, i.e., z| f(x, y, 2).

3. The corresponding projective curve is defined by f*(x, y, z) = (x> + 4yz + y*)? —
16(x* + y*)z%, having double points (0: 0 : 1), (1: =i : 0) in P*(C). So the genus
is 0.

4. x2, xy.
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This book is a translation of Professor Wu’s seminal Chinese book of 1984 on Automated
Geometric Theorem Proving. The translation was done by his former student Dongming
Wang jointly with Xiaofan Jin so that authenticity is guaranteed. Meanwhile, automated
geometric theorem proving based on Wu’s method of characteristic sets has become one of
the fundamental, practically successful, methods in this area that has drastically en-
hanced the scope of what is computationally tractable in automated theorem proving.
This book is a source book for students and researchers who want to study both the intu-
itive first ideas behind the method and the formal details together with many examples.
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Soft cover DM 59,—, &S 415,—. ISBN 3-211-82445-6

J. Kung and G.-C. Rota, in their 1984 paper, write: “Like the Arabian phoenix rising out
of its ashes, the theory of invariants, pronounced dead at the turn of the century, is once
again at the forefront of mathematics.”

The book of Sturmfels is both an easy-to-read textbook for invariant theory and a chal-
lenging research monograph that introduces a new approach to the algorithmic side of
invariant theory. The Groebner bases method is the main tool by which the central prob-
lems in invariant theory become amenable to algorithmic solutions. Students will find the
book an easy introduction to this “classical and new” area of mathematics. Researchers
in mathematics, symbolic computation, and computer science will get access to a wealth
of research ideas, hints for applications, outlines and details of algorithms, worked out
examples, and research problems.
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Soft cover DM 98,—, 6S 686,—. ISBN 3-211-82600-9

This book presents a collection of articles on the general framework of mechanizing
deduction in the logics of practical reasoning. Topics treated are novel approaches in the
field of constructive algebraic methods (theory and algorithms) to handle geometric
reasoning problems, especially in robotics and automated geometry theorem proving;
constructive algebraic geometry of curves and surfaces showing some new interesting
aspects; implementational issues concerning the use of computer algebra systems to deal
with such algebraic methods.

Besides work on nonmonotonic logic and a proposed approach for a unified treatment of
critical pair completion procedures, a new semantical modeling approach based on the
concept of fibered structures is discussed; an application to cooperating robots is demon-
strated.

In preparation:
Alfonso Miola, Marco Temperini (eds.)
Advances in the Design of Symbolic Computation

Approx. 250 pages. ISBN 3-211-82844-3
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Soft cover DM 64,—, 6S 450,—
ISBN 3-211-82646-7

Contents: P. Vihan: The Last Months of Gerhard Gentzen in Prague. - F.A. Rodriguez-
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1996. 22 Abbildungen, 1 Frontispiz. VIIl, 502 Seiten.
Broschiert DM 89—, 65 625,-. ISBN 3-211-82640-8
Computerkultur, Band 6

Charles Babbage, 1791 geboren in Walworth, gestorben
in London 1871. Die Liste seiner Beitradge zur Vermehrung
des menschlichen Wissens scheint endlos: von der
Magenpumpe bis zur Statistik biblischer Wunder. Doch
nicht erst die folgende oder unsere Zeit vergal3 seinen
Wunder({un)glauben wie seine vielen Miszellen zu Mensch
und Welt, um ihm stattdessen die eine und einzige Rolle
als Pionier der Computerpioniere auf den Grabstein zu
schreiben.

~Babbages Rechen-Automate” vereinigt jene Schriften,
die erlauben, sich ein detailliertes und vollstandiges Bild
seiner Rechenmaschinenerfindungen zu machen. Zwar
blieben die (von rudimentiren Versuchskonstruktionen
abgesehen) Entwiirfe auf dem Papier, aber sie enthielten
doch bereits alle wesentlichen Elemente eines Compu-
ters. Nur informiert durch die hier erstmals in so umfas-
sender Form in deutscher Sprache vorliegenden Schriften
kann man einen ihrer vorgeblichen Meilensteine in seinen
tatsachlichen Konturen erkennen.
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